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Foreword 


It is well-known that the theory of models of fluid flow is a hot topic in the applied 
mathematics and physics. Over the past two decades, radiation hydrodynamics 
problems associated with radiation phenomena have been a challenge to many 
investigators. The theory of radiation hydrodynamics finds a wide range of 
applications, including such diverse astrophysical phenomena as waves and oscilla- 
tions in stellar atmospheres and envelopes, nonlinear stellar pulsation, supernova 
explosions, stellar winds, and many others. It has also a direct application in other 
areas, for instance to the physics of laser fusion and reentry of vehicles. 

This book is aimed at presenting some recent results on global well-posedness 
including asymptotic behavior of global solutions to some fluid models, such 
as combustion model of radiative gas, radiation hydrodynamics model, Navier— 
Stokes equations with capillary and p-th power Newtonian fluid model. These 
models have a similar structure, which consist of Navier-Stokes equations coupled 
with other equations or with other effects. Most of materials of this book are based 
on the research carried out by the authors and their collaborators in recent years. 
Some have been previously published only in original papers, and some have never 
been published until now. 

This book is divided into six chapters. In chapter 1, we shall provide some basic 
concepts and inequalities in analysis for the readers’ convenience. In chapter 2, we 
shall deal with global existence and exponential stability of spherically symmetric 
solutions to a compressible combustion radiative and reactive gas. Here our results 
improve the previous work [110, 112, 134, 135]. In chapter 3, we shall investigate 
the global existence, uniqueness and exponential stability of solutions to 
the one-dimensional Navier-Stokes equations with capillarity. In chapter 4, we are 
concerned with the exponential stability of solutions to the compressible p-th power 
Newtonian fluid with large initial data. In chapter 5, we shall deal with the global 
existence and asymptotic behavior of spherically symmetric solutions for the 
multi-dimensional infrarelativistic model. In chapter 6, we shall further concern a 


DOI: 10.1051/978-2-7598-2905-7.c901 
© Science Press, EDP Sciences, 2023 


X Foreword 


multi-dimensional infrarelativistic model and establish the global existence and 
asymptotic behavior of cylindrically symmetric solutions for the three-dimensional 
infrarelativistic model. 

We sincerely wish that the reader will know the main ideas and the essence of 
basic theories and methods in establishing the global well-posedness, asymptotic 
behavior of solutions for the models considered in this book. Also, we hope that the 
reader can be stimulated by some ideas from this book to undertake further studies 
and research after having read the related references and bibliographic comments in 
this book. 

We also want to take this opportunity to thank all the people who are concerned 
about us including our teachers, colleagues and collaborators. 

Yuming QIN is supported in part by the NNSF of China with contract number 
12171082 and the Fundamental Research Funds for the Central Universities of 
China with contract number 2232023G-13. Jianlin ZHANG is supported in part by 
the NNSF of China with contract number 11801133 and by the Special Project of 
Fundamental Research Funds for Zhongyuan University of Technology with 
contract number K2020TD004. 

Last but not least, Yuming QIN expresses his deepest thanks to his parents 
Zhenrong QIN and Xilan XIA, sisters Yujuan QIN and Yuzhou QIN, brother Yuxing 
QIN, his wife Yu YIN and his son Jia QIN for their great help, constant concern and 
advice. Jianlin ZHANG takes this opportunity to express thanks to his parents 
Huaijian ZHANG and Xiuyun CHEN, sisters Xiaozheng ZHANG, Xiaoxiang 
ZHANG and Lianxiang ZHANG, wife Huijun SUN and son Lenan ZHANG and 
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Chapter 1 
Preliminary 


In this chapter, we recall some basic results, most of which will be used in subsequent 
chapters. The reader can easily find detailed proofs in the related literature, see, e.g., 
Adams [1], Bellman [4], Evans [38], Gronwall [45], Nirenberg [91-94], Pachpatte [95], 
Shen and Zheng [124] and Zheng [143]. 


1.1 Sobolev Spaces and Their Basic Properties 


In this section, we shall present some basic concepts of Sobolev spaces and their 
properties. 


1.1.1 Weak Derivatives and Their Properties 


Suppose, as usual, that Q is an open set in R”. We denote the space of continuous 
functions by C(Q), the space of functions with continuous partial derivatives in 
Q of order less than or equal to k € N by C*(Q) and the space of functions with 
continuous derivatives of all orders by C™(Q). 

If the set Q C R” is non-empty, we denote by Q the closure of Q in R”. We denote 
the support of a continuous function f : Q — R” by 


sptf := {x € Q\f(x) # 0}. 


We denote by C(Q) the space of continuous functions whose support is com- 
pactly contained in Q, and by C?°(Q) the space of functions with continuous 
derivatives of all orders and compact support in Q. The completion of C,(R”) with 
respect to the uniform norm is the space Co(R”) of continuous functions that 
approach zero at infinity. 


Definition 1.1.1. A function f € L} (Q) is weakly differentiable with respect to x; if 


loc 


there exists a function gi € Li,.(Q) such that for all ¢ € C%(Q), 
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[ sodae=— f oda. 


Then function g; is called the weak i-th partial derivative of f, and is denoted by O;f. 


Thus, for weak derivatives, the integration by parts formula 


[sade =— | otoas 


holds by definition for all ¢ € C°(Q). Since C%(Q) is dense in Lj,,(Q), the weak 
derivative of a function, if it exists, is unique up to pointwise almost everywhere 
equivalence. Moreover, the weak derivative of a continuously differentiable function 
agrees with the pointwise derivative. The existence of a weak derivative is, however, 
not equivalent to the existence of a pointwise derivative almost everywhere. 
Unless stated otherwise, we shall always interpret derivatives as weak deriva- 
tives, and we use the same notation for weak derivatives and continuous pointwise 
derivatives. Higher order weak derivatives are defined in a similar way. 


Definition 1.1.2. Suppose that a € Nj, No = NU {O}, is a multi-index. A function 
f € Li. (Q) has weak derivative O%f € L} (Q) if for all & € CX(Q), 


loc loc 


| angde= D" f fo%eyae, 
Q Q 


Although we will not make extensive use of the theory of distributions, it is useful 
to understand the interpretation of a weak derivative as a distributional derivative. 
In fact, the definition of the weak derivative by Sobolev, and others, is one moti- 
vation for the subsequent development of distribution theory by Schwartz. 


Definition 1.1.3. A sequence {¢, :n E€ N} of functions , E CS°(Q) converges to 
$ € C%(Q) in the sense of test functions if 


(a) there exists Q' C Q such that sptd,, C Q for every n €N; 
(b) pn — p as n— +% uniformly on Q for every a € NO. 


The topological vector space D(Q) consists of CX (Q) equipped with the topology 
that corresponds to convergence in the sense of test functions. 

A linear functional T is continuous if ¢,, > ¢ in the sense of test functions implies 
that <T,¢, > > <T,@> mR. 


Definition 1.1.4. A distribution on Q is a continuous linear functional 
T :D(Q) >R. 


A sequence {Tp : n E N} of distributions converges to T, written by Ta, — T, 
if <T,,¢> —> <T, > for every ¢ € D(Q). The topological vector space D’(Q) 
consists of distributions on Q equipped with the topology corresponding to this 
notion of convergence. Thus, the space of distributions is the topological dual of the 
space of test functions. 
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One of the main advantages of distributions is that, in contrast to functions, 
every distribution is differentiable. The space of distributions may be thought of as 
the smallest extension of the space of continuous functions that is closed under 
differentiation. 


Definition 1.1.5. For1 < i < n, the i-th partial derivative of a distribution T € D'(Q) 
is the distribution 0;T € D'(Q) defined by 


<0;T,¢> =-<T, ði > for al ġ € D(Q). 
For « € Nj, the derivative 0°T € D'(Q) of order |a| is defined by 
<ET, o> = (1) <T, 9 ¢ > for all @ € D(Q). 


Note that if T € D'(Q), then it follows from the linearity and continuity of the 
derivative 0” : D(Q) — D(Q) on the space of test functions that 0*T is a continuous 
linear functional on D(Q). Thus, 0*T € D' (Q) for any T € D’(Q). It also follows that 
the distributional derivative 0% : D'(Q) — D'(Q) is linear and continuous on the 
space of distributions; in particular if Ta, — T, then 0*T,, — O'T. 

Any function f € Lj,,(Q) defines a distribution T; € D (Q) by 


<T, o> = f fod. 


Any distribution associated with a locally integrable function in this way is called 
a regular distribution. 

A locally integrable function is weakly differentiable if its distributional deriva- 
tive is regular, and its weak derivative is the locally integrable function corre- 
sponding to the distributional derivative. 

The distributional derivative of a function exists even if the function is not 
weakly differentiable. 

We collect here some useful properties of weak derivatives. The first result is a 
product rule. 


Proposition 1.1.1. If f € Li.(Q) has weak partial derivative Of € LL.(Q) and y 
€ C*(Q), then wf is weakly differentiable with respect to x; and 


YF) = (Ow) f+ WOif). 


The commutativity of weak derivatives follows immediately from the commu- 
tativity of derivatives applied to smooth functions. 


Proposition 1.1.2. Suppose that f € Li,.(Q) and that the weak derivative Of, f 
exist for multi-indices «a, fp € Nj. Then if any one of the weak derivatives othr, 
or f; A O"f exists, all three derivatives exist and are equal. 


The next result gives an alternative way to characterize weak derivatives as 
limits of derivatives of smooth functions. 
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Proposition 1.1.3. A function f € Li,.(Q) is weakly differentiable in Q if and only if 
there is a sequence {fn} of functions fa, E€ C®(Q) such that fi > fand Ofan —> g in 
L} (Q). In that case the weak derivative of f is given by g = O*f € Li. (Q). 


loc 


The following results are the weak versions of the product and chain rule. 


Proposition 1.1.4. (1) Suppose that a € C'(Q) and u € LŁ.(Q) is weakly differen- 
tiable. Then au is weakly differentiable and 


O;(au) = a(O;u) + (O;a) u. 


(2) Suppose that f : R > R is a continuously differentiable function with f’ € L® (R) 
bounded, and u € L}.(Q) is weakly differentiable. Then v = fo u is weakly differ- 
entiable and 


iv = f'(u)dju. 


(3) Suppose that ¢: Q > Q is a C'-diffeomorphism of Q onto Q= o(Q) c R”. For 
u € Li (Q), define v € Li, (Q) by v = uo gd |. Then v is weakly differentiable in Q, if 
and only if u is weakly differentiable in Q, and 


> 0; Ov 
Ox; ay; 


1.1.2 Sobolev Spaces 


Sobolev spaces consist of functions whose weak derivatives belong to L”. These 
spaces provide one of the most useful settings for the analysis of PDEs. 


Definition 1.1.6. Suppose that Q is an open set in R”, k € N, and1 < p < +œ. The 
Sobolev space W*?(Q) consists of all locally integrable functions f : Q— R such that 


of € P(Q) for al 0< |a| < k. 
Generally, we write W° (Q) = H*(Q). 
The Sobolev space W*?(Q) is a Banach space when equipped with the norm 
1 
lliwo= | Z f Erd 
lal<k 
for 1 < p < +œ and 


=Q) = ofl. 
IIfll we (@) eae f| 
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Meanwhile, we (Q) is the closure of C(Q) in W*?(Q). As usual, we identify 
functions that are equal almost everywhere. We will use these norms as the standard 
ones on W"?(Q), but there are other equivalent norms, e.g., 


1 1 
flw (| ojd), Plia = max / jde). 
limos X ([ 0a) Mhra ga f 

The space H*(Q) is a Hilbert space with the inner product 


<fa> = | (NOg 


|x| =k 


1.1.3 Some Properties of Sobolev Spaces 


To begin with, some functions defined on all of R” can be approximated in the 
Sobolev norm by test functions. 


Theorem 1.1.1. For kEN and 1< p< +, the space C%(R") is dense in 
W*? (R"). 


Now we define the Sobolev conjugate. 


Definition 1.1.7. If 1 < p < n, the Sobolev conjugate p* of p is 


* np 
P = . 
n= p 
Obviously, 
a S 
>o p n 


The next theorem is about the Sobolev inequalities. Before describing this 
inequalities and its proofs, we introduce some notation and give two preliminary 
inequalities. 

For 1 < i< n and z = (t1, t, . . ., 2n) € R”, let 


1 a n—-1 
=. (Diyas digs ata) ER”, 


where the “hat” means that the i-th coordinate is omitted. We can write z = (x; x/) 
and denote the partial derivative with respect to x; by ô; 

For any smooth function f with compact support, the next inequality is the 
improvement of the fundamental theorem of calculus using the fact 


/ Of (t, x) dt = 0. 
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Lemma 1.1.1. Suppose that g:R— R is an integrable function with compact sup- 
port such that [> g(t)dt =0. If 


then 


KOEST COL 


The following preliminary inequality can be estimated; the L'-norm of a function 
of z € R” in terms of the L” '-norms of n functions of r € R”! whose product 
bounds the original function pointwise. 


Lemma 1.1.2. Suppose that n = 2 and {gi € CS (R""):1<i< n} are nonnegative 
functions. Define g € Co°(R") by 


then 


pri: 


n 
lollo < | [lla 
i=1 


This lemma can be proved by the induction and the Hélder inequality, thus we 
omit it. 


Theorem 1.1.2. Let 1 < p< n, where n= 2, and let p* be Sobolev conjugate of p 
given in definition 1.1.7. Then for all f € Co°(R"), 


IF lc e < CPA ll corey, 
where 


(n= 1)p 


C = C(n, p) = e 


Proof. First, we consider the case p = 1. For 1 < i < n, we have 


DISS f 13A ldt 


Multiplying these inequalities and taking the (n — 1)-th root, we have 


DAE s= [īa 


Preliminary 


where 9,(z) = g,z/) with 


1 
n-1 
4) =( fian |ð: f(t, alat) : 
It follows from lemma 1.1.2 that 


| sees Lis 


i=1 


pri: 


Thus we obtain 


fue rae < (5 y “(IL f or) T 


Note that ="; = 1* is the Sobolev conjugate of 1. 
Again noting that the arithmetic-geometric mean inequality, 


(Ia) <ie 


i=l 


we have 


[umraes(t S fase) 


1 
Illz < s-PAlln- 
2n 


or 


Next we consider the case 1 < p < n. For any s > 1, we know 
= ial = ssgnala[ 
— |x|? = ssgna|x 
dx 6 
where “sgn” denotes the sign function. Thus, 
seo = fo ON aat 
= sf cea) senl alate ata 
which, by lemma 1.1.1, implies 


COES [rte aartea)lat 
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Multiplication of these inequalities gives 
hone QT L(t, at) Of (t, af) [dt 


Let 


ately = ( S Manos ola). 


Applying lemma 1.1.2 and the Hölder inequality, we find 


za < J ala 


=1 


< SIT Ile lav 


i=l 


s n 
=31] flix -1) \Oif ll po- 


IAI 


Lr 


We choose s > 1 so that 


which holds if 


Then 


n 


s n 
UTES (11 Jaslo) 
i=l 


which, using the arithmetic-geometric mean inequality, leads to 


PESA <à ( Suan 


Therefore, we complete the proof. 


1 


>) i 


Remark 1.1.1. The Sobolev inequality in theorem 1.1.2 does not hold in the limiting 


IFI 


O 


case p > n, p* — +00, 
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Remark 1.1.2. For p = 1, the best constant is 


C(n,1) = = 


nAn 


where an is the volume of the unit ball, or 


1 n i 
r aa 
mu n/t - 2 
where T is the gamma-function. For 1 < p < n, the best constant is 


n 


C(n, p) = 


1 S r(1+ 2)T(n) 
niyn \n— P r(2)r(i+n-2) 


Let X, Y be two Banach spaces and X — Y denote that X is continuously 
embedded in Y. 


Theorem 1.1.3. Suppose that 1< p< n and p<q<p* where p* is the Sobolev 
conjugate of p. Then W1?(IR")L4(R") and for all f € W'?(R"), 


lfl < CII we 


with some constant C = C(n, p, q) > 0. 


Remark 1.1.3. Sobolev embedding gives a stronger conclusion for sets Q with finite 
measure. In that case, L” (Q)—=L(Q) for every 1 < q < p*, so W™P(Q)—=L(Q) for 
1 < q< p*, not just p S q < p". 

Definition 1.1.8. A Lebesgue measurable function f : R” — R vanishes at infinity if 


for every e > 0 the set {x ER": |f(x)| > e} has finite Lebesgue measure. 


If f € L?(R") for some 1 < p < +, then f vanishes at infinity. Note that this 
does not imply that limaj +.f(2) = 0. 

The Sobolev embedding theorem remains true for functions that vanish at 
infinity. 
Theorem 1.1.4. Suppose that f € Li.(IR") is weakly differentiable with Df € L?(R") 


loc 


where 1 < p < n and f vanishes at infinity. Then f € L” (R") and 
IFI R» = C|| DF ll re) 
where C > 0 is given in theorem 1.1.2. 


As before, we prove this by approximating f with smooth compactly supported 
functions. We omit the details. 
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Therefore, if the weak derivative of a function that vanishes at infinity belongs to 
D?(R") with p < n, then the function has improved integrability properties and 
belongs to L” (IR"). Even though the function is weakly differentiable, it need not be 
continuous. 


Theorem 1.1.5. Letn < p < +œ and «= 1 E with a = 1 if p = +œ. Then there 
are constants C = C(n, p) > 0 such that for all f € Co°(R"), 


fla < CIDF oer); (1.1.1) 


sup |f| < CIF wiog» (1.1.2) 


where [:]a denotes the Hölder seminorm |[-], gr- 
Note that 
Ilfll oa= sup |f| + y 


and denote by C)*(IR") the space of Hélder continuous functions f whose limit as 
x — + is zero, meaning that for every € > 0 there exists a compact set K C R” 
such that |f (x)| < € if z € R"\K. 


Theorem 1.1.6. Letn < p< +œ and «=1- > Then 
Wi? (R”)=> CP”*(R”) 
and there is a constant C = C(n, p) > 0 such that for all f € Co°(R"), 


IF cor < CIF weg 


Theorem 1.1.7. A function f € Li,.(IR") is Lipschitz continuous if and only if it is 
weakly differentiable and Df € L®(R"”). 


When n < p < +, the above estimates can be used to prove that pointwise 
derivative of a Sobolev function exists almost everywhere and agrees with the weak 
derivative. 


Theorem 1.1.8. If fE WE? (R") for some n< p < +œ, then f is differentiable 


OC 
pointwise a.e. and the pointwise derivative coincides with the weak derivative. 


Therefore, if the derivative belongs to L?(R") with p > n then the function (or a 
pointwise a.e. equivalent version of it) is continuous, and in fact Hélder continuous. 

Suppose that Q is a smooth, bounded domain in R”. We may cover the closure Q 
by a collection of open balls contained in Q and open balls with center x € OQ. 

The statement of the embedding theorem for higher order derivatives extends in 
a straightforward way from the one for first order derivatives. For example, 


WR) SLR") if =, 
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The result for smooth bounded domains is summarized in the following theorem. 
Let X —Y denote a continuous embedding of X into Y, and X ~~ Y denote a 
compact embedding. 


Theorem 1.1.9. Suppose that Q is a bounded open set in R” with C' boundary, 
k,m €N with k= m, and1 < p< +00, 


(1) If kp < n, then 


Wr(Q)GGL1(Q) forl<q< 4 ; 
n — kp 
W?(Q)L(Q) for q=- ae 
More generally, if (k -— m)p < n, then 
k,p m,q < np è 
W? (Q)==— Ww! (Q) LaS an 
w*?(Q)= w™ (o) for q= — 
n—(k— m)p 


(2) If kp = n, then 
WwW? (Q)=>=> 11(Q) forl<q<+o. 


(3) If kp > n, then 
WA) O) 


for O<p<k—Fifk—F <1, for0 < u< lif k-5=1, and foru =1if k-53 >1; 
and 


w*?(Q)— C (0) 


for w=k—F if k—4<1. More generally, if (k- m)p > n, then 


WP (Q)== 0" (Q) 


for O<u<k-— m pi k m pol, for0<u<l1if k-m-5=1, and for 


u=l1if k- m-5 >l; and 


w*?(Q)3 C™(0) 
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These results hold for arbitrary bounded open sets Q if W*?(Q) is replaced by 
Wy'(Q). 


1.2 Some Inequalities in Analysis 


In this section, we shall recall some important inequalities in analysis. These 
inequalities furnish some powerful tools in establishing the global well-posedness and 
asymptotic behavior of solutions to nonlinear evolutionary differential equations 
arising from physics, fluid mechanics, and materials science, etc. More inequalities in 
analysis can be found in Qin [100-102]. 


1.2.1 The Young Inequality 
The following result is a classical result called “the Young inequality”. 
Theorem 1.2.1. Let f be a real-valued, continuous and strictly increasing function on 


(0, c] with c > 0. If f(0) = 0, a € [0, c] and b € (0, f(o)], then 


a b 
[ roa f fF (x)dz> ab (1.2.1) 


with f" is the inverse function of f. Equality holds in (1.2.1) if and only if b = f(a). 


If we take f (x) = x”"' with p > 1 in the above theorem, then we have the next 
corollary. 


Corollary 1.2.1. Let a, b = 0 and a i= 1. If p > 1, then 

p p 

abs 4 =, (1.2.2) 
P q 

IfO< p< 1, then 

p p 

ab> OH +=. (1.2.3) 
Pp q 


The equalities in (1.2.2) and (1.2.3) hold if and only if b = a”. 
In corollary 1.2.1, if we replace a and b with ca and € 'b, respectively, we can get 
the next corollary. 


Corollary 1.2.2. Let a, b = 0 and 5+ i= 1. If p > 1, then for any € > 0, 


PaP” bf 
ab< — + — 


1.2.4 
Fu (1.2.4) 


In addition, the Young inequality has several variants in the following. 
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Corollary 1.2.3. Let a, b20, ++ i= 1 with 1 < p< +œ. Then 


i 
p 
(1) abi< t+ 
1 
(2) arbi < oy E 
pet 
(3) a*b'* < aa + (1-a)b,0<a< 1. 


1.2.2 The Poincaré Inequality 
In this subsection, we shall recall the Poincaré inequality in different forms. 


Theorem 1.2.2. Let Q C R” be a bounded domain. There exists a positive constant 
C= C(n, p) such that for every u € Wy"? (Q), 


HOR C||Vul 


[ul P(Q): (1.2.5) 


Corollary 1.2.4. Ifu € W™?(Q), let a Jo udx = ug. Then there is a positive constant 
C depending only on Q, n and p such that 


ro) < CC, p)||V u] 


[u — uol pO (1.2.6) 


Corollary 1.2.5. Let Q be a bounded domain of C* in R”. Then there is a positive 
constant C depending only on Q, n such that for any u € H'(Q), 


) (1.2.7) 


biastan (Vulso + | foa 


1.2.3 The Bellman-Gronwall Inequality 


Some continuous integral inequalities of Gronwall type can be used in the analysis of 
various problems in the theory of nonlinear differential equations and integral 
equations. In 1919, Gronwall first proved the following famous inequality, which is 
called the Gronwall inequality. 


Theorem 1.2.3. Let u(t) be a continuous function defined on the interval |to, tı] and 
t 

u(t) <a+ 7i u(s)ds, (1.2.8) 
to 


where a and b are non-negative constants. Then we have, for all t € [to, ti], 


u(t) < at=, (1.2.9) 
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In 1943, Bellman extended the original Gronwall inequality, which reads in the 
following theorem. 


Theorem 1.2.4. Let a be a positive constant, u(t) and b(t) = 0 be real-valued con- 
tinuous functions on t € [to, ty], satisfying 


t 


TOETER Waaddi, WET A. (1.2.10) 
to 
Then we have 


u(t) < copd f Kas}, Yt € [to, ti]. (1.2.11) 


Generally, we use the following generalized Gronwall inequality. 


Theorem 1.2.5. Let u(t), a(t) and b(t) be real-valued non-negative continuous func- 
tions defined for |to, T), T< +00, b(t) = 0, satisfying 
u(t) < a(t) + f b(s)u(s)ds, Vt € [t, T). (1.2.12) 
to 
Then we have 
ETOR f a(s)0(s) eol f Kajas} ds, Yt € [t, T). (1.2.13) 


to 


If, in addition, a(t) is non-decreasing, then 


u(t) < a(t) eol f Ksa}, vt € [to, T). (1.2.14) 


1.2.4 The Hölder Inequality 


The Hölder inequality plays an important role in the theory and applications of 
partial differential equations. 


Theorem 1.2.6. Suppose that 1 < p < + and q denote the conjugate exponent 


defined by q:= an or equivalently i + i= 1. Iff and g are measurable functions, 
fE (Q) and g € L(Q), then fg € L'(Q) and 
lallo < lllo ll all coy: (1.2.15) 


Assuming p € (1, +œ) and ||FllrllIllzo) < + 00, equality holds in (1.2.15) if 
and only if |j? and |g|! are linearly dependent as elements of L’ (Q). If we further 
assume that ||fllro and ||gllz(o) are positive, then equality holds in (1.2.15) if and 


only if 


Preliminary 


lal “If 


If0 < p< 1, then 


lllo 2 Illea lIl 


Corollary 1.2.6. If p > 0, q> 0 and r > 0 satisfy 


11.1 
p q r 
and iff € L”(Q) and g € LQ), then fg € L(Q) and 
lllz < lfl lallo 


1.2.5 The Minkowski Inequality 


In this subsection, we shall recall the Minkowski inequality. 


P = lidhi, ae. in. 


15 


(1.2.16) 


(1.2.17) 


(1.2.18) 


Theorem 1.2.7. If 1 < p < +00, f and g are measurable functions, f € L”(Q) and 


g € P(Q), then f+ g € (Q) and 


If + gll ray < lllo + Ig 


P(Q): 


The next theorem is about the Minkowski inequality for integrals. 


(1.2.19) 


Theorem 1.2.8. Let 1 < p < +00. Suppose that f is measurable on R”™ x R”, that 


F(C, y) € LL(R™) for almost all y € R”, and the function y > || fC, y)| 
to L'(R"). Then the function «— fg. f(x, y)dy belongs to L?(R™) and 


Ca f(a, Daa) < a (L. f(a, pdr) ay 


that is, 


FC, y)dy < JIC y) 


L(R”) R” 


1.2.6 The Jensen Inequality 


R” 


L(R”) dy. 


LR") belongs 


(1.2.20) 


Among all inequalities for convex functions, the Jensen inequality should be the 


most famous one. 
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Theorem 1.2.9. Assume that the volume of œw, |Q| < +00. Let ®: R > (—oo, + 00] 
be a convex lower semicontinuous function, © # +00. Let f€ L'(Q) be such that 
f(x) € D(®) a.e. and ®(f) € L'(Q). Then 


1 1 
o(a tot) <q [ou dx. 1.2.21 
(aroe) <q [oa (1.2.21) 
Corollary 1.2.7. Let ®(u) : |x, p] - R be a convex function. Suppose that ax = 0 
(k= 1, 2,..., n) are non-negative constants verifying >", a, > 0, then for any z, 
T2,..., Ln E [a, Bl, we have 
0( 5 aa) < Xi D(a) 
Dizi % Diz % 


Corollary 1.2.8. Let ®(u) : [a,f] > R be a convex function. Suppose that f: t€ 
[a, b] > [a, p], and p(t) are continuous functions with p(t) = 0, p(t) #0. Then 


of LEORDE) — Sa DEO) dt 
SLD J ~it 


1.2.7 The Shen—Zheng Inequality 


The next inequality is very useful and powerful in dealing with the global 
well-posedness and asymptotic behavior of solutions to some evolutionary differ- 
ential equations. 


Theorem 1.2.10. (/124]) Suppose that y(t), h(t) are non-negative functions, y'(t) is 
locally integrable on (0, +œ) and y(t), h(t) satisfy the following conditions: 


dy(t 
WO < AAAH, Vt>0, (1.2.22) 
T T 
f y(t)dt < As, | A(t)dt< Ay, YT>0 (1.2.23) 
0 0 


with A;(i = 1, 2, 3, 4) being given non-negative constants independent of t, T. Then 
for any r > 0, the following estimates holds: 


y(t+r)< (2+ Aor+ A) eds Yt>0. (1.2.24) 
F 


Furthermore, we have 


lim y(t) = 0. (1.2.25) 


t=+ 00 
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Proof. Assume that 0 < t< t+ r with any given r > 0. Multiplying (1.2.22) by 
exp(— f; Ary(t)dt), we have 


d = ` TJAT T 
rr (ae Jf Ayy(t)d )< (A2 + h(s) ei; Ay y(t) )d < A> + h(s ), 
s 
which, by integration between s and t+ r, implies 


ylttr)<y(sjele 4 (Aart Ael 404 < (ys) + Agr + Ag)e4i4s, (1.2.26) 


Integrating (1.2.26) with respect to s between t and t + r, we obtain (1.2.24). 
It follows from (1.2.22) and (1.2.24) that 


A 2 
Y saf (2+ Aart Ae) et) + Ag+h(t)=A,-+A(i), Wt>r, (1.2.27) 
r 


2 
A, =: Ay (= +4Ar + As) a") + Ap. 
r 


Now we prove (1.2.25) by the contradiction argument. Suppose that it is not true. 
Then there exists a monotone increasing sequence {t,} and a constant a > 0 such 
that 


5 A 
t= ree t T YnEeN, 
lim t, = +o, 
n— +00 
a 
y(tn) > 37 0, VneN. (1.2.28) 
On the other hand, from (1.2.27) we obtain 
th 
y(tn) — y(t) < A, (tp — t) + i h(t) dr, as tn — <t< tn (1.2.29) 
t r 


t 
a a n 
Z y(t) <y(tr) — y(t) < = h(t) dr, ee se 
O OROT TH J Aedes ashy 7 <t 
Therefore 
tn a a 
u(t) + f Mr)dt> 7, as ty — 7a StSt (1.2.30) 
targ m 
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Let 


nr= max{ ne Nir + a 


<t< ae 


r 


Thus, 


lim nr= +o. 
T— +œ% 


It turns out from (1.2.30) that for all T > 0, 


aA, T a T 
As + IAZ h(t)d 
aA, I Waa, 
tn i 
2 f y(t)dt + / h(t) dt 
oe. ( tn- 4A, taai 
> # 
Liga 
which contradicts (1.2.23). o 


In order to emphasise the importance of this inequality, we need to give the 
following uniform Gronwall inequality. 


Theorem 1.2.11. (/43, 131]) Let g, h, y be three positive locally integrable functions 
on (to, +œ) such that y' is locally integrable on (to, +œ), and which satisfy, for 
t2 to, 

dy(t) 


i < g(t)y(t) + h(t), 


t+r t+r t+r 
J g(s)ds< a, f h(s)ds < ap, / y(s)ds< a3, 
t t t 


where a;(i = 1, 2, 3) and r are positive constants. Then for any t È tọ, 


a 
y(t+r)< (= + a) e”. 
r 


Compared with the above uniform Gronwall inequality, we easily see that 


(1) The Shen-Zheng inequality generalizes the uniform Gronwall inequality. 

(2) The Shen-Zheng inequality gives the asymptotic result which plays an impor- 
tant role in asymptotic analysis of solutions for some nonlinear evolutionary 
equations. 
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1.2.8 The Interpolation Inequality 


The next interpolation inequality plays a very important role in the theory and 
applications of Lebesgue space. 


Theorem 1.2.12. Suppose that0 < p< q < r< +œ, then P(Q) N LQ) c LQ) 
and 


—À 
770): (1.2.31) 


2 
lfl < lF llf 


where À € (0, 1) is determined so that 
1 A 1—å 
=- + —. 


qp r 
Furthermore, assume 1 < p < q < r < +00, and for f€ L’(Q) N L(Q), let 
fll = Ilo + lI 


Then (L?(Q) A L'(Q), Ill) is a Banach space and the inclusion map of L?(Q) 
N L(Q) into L! is bounded, in fact, 


L"(Q) . 


lfl < maf, (1 — A7) (ileo +flro) (1.2.32) 
where 
ge =) 
11” q(r—p) 


1.2.9 The Gagliardo—Nirenberg Interpolation Inequality 


The Gagliardo—-Nirenberg interpolation inequality is a result in the theory of 
Sobolev spaces that estimate the weak derivatives of a function. The result is of 
particular importance in the theory of partial differential equations. 


Theorem 1.2.13. Let u belong to LI(R”) and its derivatives of order m, D'u, belong 
to L'(R"), 1<q, r< +00. For the derivatives D'u, O< j< m, the following 
inequalities hold 


a 


|| Dulli j S C| D™ aller 


T (1.2.33) 


R” u| 


where 


for alla in the interval 


20 Global Well-Posedness for Some Fluid Models 


and the constant C>0 depending only on n, m, j, q, r, a, with the following 
exceptional cases: 


(1) Iff =0, rm < n, q= +, then we make the additional assumption that either u 
tends to zero at infinity or u € L4(R") for some finite q > 0. 
(2) If1 < r< +œ, and m— j —4 is a nonnegative integer, then (1.2.33) holds only 


r 


for a satisfying i <a<l. 


Remark 1.2.1. Fora = 1, the fact that u is contained in LI(R") does not enter in the 
estimate (1.2.33), and the estimate is equivalent to the results of Sobolev (note that 
we permit r to be unity). 


Remark 1.2.2. For a bounded domain (with smooth boundary), the result holds if we 
add the term C|lul|riggn) to the right-hand side of (1.2.33) for any q>0. The 
constants C > 0 then depend also on the domain. 


Remark 1.2.3. Similar estimates hold for the L” norms of D'u on linear subspaces of 
lower dimension, for suitable p. 


1.3 Cy-Semigroup 


In this section, we shall recall some basic notations on Co-semigroups of linear or 
nonlinear operators. 


Definition 1.3.1. Suppose that (X, I-I) is a Banach space and let R*= [0, +00). 
A mapping S:R*x X — X, (t, x)>S(t)2, is said to be a Cy-semigroup (or a 
continuous semiflow, or a Cy-dynamical system) if 

(i) 90) = J, 

(ii) S(s+t) = S(s)S(t), st ERY, 

(iti) The map (t, z)+>S(t)z is continuous in t, x for all (t,£) € R*x X. 


Definition 1.3.2. A semigroup S(t), t € R*, is called a semigroup of contraction (or 
a non-expansive semigroup) if there exists a constant a € (0, 1] such that 


[Sz Syll <alla— yll for all x,y € X. 


Definition 1.3.3. If A is an operator with domain D(A) consisting of points x such 
that the limit 


Az = lim ae 


h—0 h ee) 


exists. Then A is called the infinitesimal generator of the semigroup S(t). 
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Remark 1.3.1. Given an operator A, if A coincides with the infinitesimal generator 
of S(t), then we say that it generates a Cy-semigroup S(t), t € R*. Sometimes we also 
denote S(t) by e”. 


Definition 1.3.4. e^ is said to be exponentially stable if there exist positive constants 
a and M È 1 such that 


e| < Me™, YteER* (1.3.1) 


Notation: The notations L”(J) (1 < p < +00) and W*?(J) (k € N) denote the usual 
Lebesgue spaces and Sobolev spaces on the interval J. In particular, w*?( J) is also 
denoted by H*(J), Hi(J) = Wy7(J). Ilẹ denotes the norm in the space B, 
l|-|| := ||-I| 2. Analogously, spaces L’(J, B) represent the corresponding Lebesgue 
spaces of B-valued functions on the interval J. In addition, C4({0, T], B) denotes the 
Banach space of B-valued functions on [0, T] which are uniformly Hélder continuous 
with exponent £ € (0, 1). C**(Q), k € No denotes the Banach space of functions on 
Q which are k times uniformly Hélder continuous with exponent £ € (0, 1) in 
variable x € Q. 0; or 4 or a subscript t and ð, or a subscript x denote the derivative 
with respect to t and x in the distribution sense, respectively. The mean value 
TO=! is f(a, t)dz. Letter C will denote the generic positive constant, which 
may vary from line to line, depending on the initial data and the physical coefficients 
of system but being independent of t. 


Chapter 2 


Global Existence and Exponential 
Stability of Spherically Symmetric 
Solutions to a Compressible Combustion 
Radiative and Reactive Gas 


2.1 Introduction 


Since combustion problems requiring theoretical analysis are primarily concerned 
with the flow of reacting and diffusing gases, we shall discuss the combustion fluid 
model of compressible radiative and reactive gases in this chapter. Nowadays, this is 
a hot topic in the field of applied mathematics, including the applied partial 
differential equations and computational mathematics, and fluid mechanics, laws of 
combustion phenomena, many researchers are engaged in this subject. So far, this is 
still a burgeoning research field. 

Extremely rapid exothermic chemical reactions can develop in combustible 
materials. The interaction of the chemistry with the basic fluid flow is described by a 
highly nonlinear, extremely complex, degenerate, quasilinear parabolic system of 
partial differential equations. Some of this complexity is essential: the heat released 
by exothermic reaction is what makes a flame hot. David Leonard Chapman 
and Jacques Charles Emile Jouguet gave a simplified but convincing model which 
laid the foundation for combustion theory. This simplified assumption is that the 
reaction region is infinitely thin or, equivalently, the reaction rate is infinitely 
large, which means the chemical reaction occurs and completes instantaneously. 
Thus noting the difference in the chemical properties between the burned and 
the unburned gases, the expression of the total energy needs to be amended 
appropriately. 

Generally speaking, the fluid micelle is usually a mixture of burned and 
unburned gases in the combustion process. However, the Chapman—Jouguet 
assumption is extremely idealized. Then the simplest way is to consider the mixed 
gases as a whole, a dilute mixture, whose fundamental physical properties (viscosity, 
thermal conductivity, etc.) are defined by a single component. Of course, this is a 
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just method and still far from being accomplished. In this chapter, we shall focus on 
the corresponding system of partial differential equations for the radiative and 
reacting combustion fluid with viscosity and heat conduction. 


2.2 Model and Main Results 


2.2.1 Combustion Model of Radiative and Reactive Gas 


In this subsection, we shall establish equations for this kind of mixed fluid as a whole 
and introduce the corresponding density p, velocity U, pressure P, internal energy e, 
etc. Meanwhile, we also introduce a function Z(x, t) to denote the reactant mass 
fraction of unburned gas (note that the completely unburned gas corresponds to 
Z = 1 and a totally burned gas corresponds to Z = 0). 

Now we establish the reacting fluid dynamic model, which consists of Navier— 
Stokes equations corresponding to the conservation laws of the mass, the momentum 
and the energy coupling with the chemical kinetics equation in Q x (0, +) witha 
smooth bounded Q C R” (see, e.g., [7, 35, 36, 80, 112, 134]). The equation of mass 
conservation is 


Op + div(pU) = 0. (2.2.1) 
The equation of momentum conservation is 
0;(pU) + div(pU 8 U) + VP = divS, (2.2.2) 


where the viscous stress tensor S characterizes the measure of resistance of the fluid. 
The equation of energy conservation is 


O:(pe) + div(peU) + div Q = S : VU — PdivU + kidpZ, (2.2.3) 


where the dissipative function S : VU stands for a real dissipation of the mechanical 
energy into heat, Q = Q(p, 0) represents the heat flux and ¢ = ¢(0) means the 
reaction function. Positive constants k and Å are the coefficients of rate of the 
reactant and the difference in heat between the reactant and the product. 

The chemical kinetics equation is 


d,(pZ) + div(pUZ) — div F = —kopZ, (2.2.4) 


where pZ = pZ(a, t) represents the density of the reactant and F stands for the 
species diffusion velocity. 

Now by the general principle on Newtonian fluids, the admissible form of S reads 
as 


S = u(VU + VU”) + 4divUZ, (2.2.5) 


where u and A; are called the viscosity coefficients satisfying 


Global Existence and Exponential Stability to a Compressible Combustion Gas 25 


u>0, ndAyt+2u>0. (2.2.6) 


Accordingly, S : VU can be written as 


aU; OU)” . 
ij 


< qr]? 
T divU|’. 


The reaction function ¢ = ¢(6) is defined by the first-order Arrhenius law (see, 
e.g, [36)) 


(0) = e, (2.2.7) 


where the positive constant A is the activation energy and p is a non-negative 
number. The species diffusion velocity F is assumed to satisfy Fickian law 


F= DVZ, (2.2.8) 


where D = dp is the reactant flux diffusion coefficient and the positive constant 
d stands for the species diffusion in the reaction. The thermo-radiative flux 
Q satisfies the Fourier law 


4 
Q= Q(p, 0) = —K(p,0)VO,  K(p, 0) = K+ eS, (2.2.9) 


where xj, K2 and q are positive constants. Pressure P and internal energy e consist of 
a linear term in 0 corresponding to the perfect polytropic contribution and a 
fourth-order radiative part 


gt 
P = P(p,0) = Rp0 + So, e= e(p,0) = c+ a7, (2.2.10) 


where positive constants R, c, and a are the perfect gas constant, the specific heat 
and the Stefan-Boltzmann constant, respectively (see, e.g., [27]). 
Now we consider the following boundary conditions 


Ula =0, Qan=9, VZlaq = 9, (2.2.11) 


together with the initial conditions 


(p, U, 0, Z)\(z, 0) = (Po, Uo, 9, Zo) (2). (2.2.12) 


2.2.2 Spherical Symmetry Model of Combustion Model 


Now we study the spherically symmetric solutions of the problem (2.2.1)—(2.2.12). 
First, we construct the corresponding system for radial solutions in the Eulerian 
coordinates. Let r = |z| and take 
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p(z,t) = p(r,t), pU(2,t) = pu(r, =, O(a, t) = O(r,t), Za, t) = Zr, t). 
(2.2.13) 


Then we can obtain from the system (2.2.1)—(2.2.4) by the direct calculations 


n— 1 
Pi + (pu), + —— pu=0, (2.2.14) 
= -1 
pu pu 2 ba H P, = (2u + A1) (| ur + " ul, 2.2.15 
t Ld r r 
pe peu a= l sie K,0, —K| Or 4 GE La, 
t r 
r r 
-1 =L) -1 
= oufe Bi z i) FAY (o p2 u) p(w L2 u) tkappZ, (2.2.16) 
r r r 
—1 —1 
pZ), + (puZ).+ put = —kġpZ DZ. —— DZ, + D,Z,, 2.2.17 
j r r 


where the domain Q is given by Q = {x € R” : a<|z|< b} for some constants a and 
b with 0 < a < b < +œ and the initial boundary conditions (2.2.11) and (2.2.12) 
read as 


ais = 0, On| a,b = 0, Zr|p=0,b = 0, t> 0, (2.2.18) 


p(r,0) = po(r), u(r,0) = u(r), O(r,0) = Oo(r), Z(r,0) = Z(r), rv € (a,b). 
(2.2.19) 


Second, for our convenience, we may transform the system (2.2.14)—(2.2.19) into 
Lagrangian coordinates. The Eulerian coordinates (r, t) are connected to the 
Lagrangian coordinates (€, t) by the relation 


r(č, t) = ro(¢) + [ u(é, t) dr, (2.2.20) 


where (č, t) = u(r(é, t), t) and 
mo(€) =n (é), n(r)= | 8” "po(s)ds, rE (a,b). (2.2.21) 
It then follows from equation (2.2.14) and boundary condition (2.2.18) that 
a re 
af s”! p(s, t)ds = 0. (2.2.22) 


Thus, 


r(č,t) ro(č) 
f s"' p(s, t)ds = 1 s” | po(s)ds = é, (2.2.23) 
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and Q is transformed to Q,, = (0, L) with 


b b 
b= | stpy(s)ds= f s"—! p(s, t)ds, 


which, together with (2.2.20), (2.2.21) and (2.2.23), yields that L is invariant along 
the trajectory {p(s, t) : a < s < b, t= 0}. Moreover, we derive from (2.2.23) that 


Ber (E, t) = [r (E, N plr(é, t), DJ. (2.2.24) 


In general, for any function g(r, t), if we denote @(€, t) := 9 (r(č, t), t), then we 
derive from (2.2.20), (2.2.21) and (2.2.24) by the chain rule that 


P(E, t) = HE(r, t) + ud,e(r, t), (2.2.25) 


ro(r, t) 


8:0(6, 1) = Oro(r, Darl d = oe a 


(2.2.26) 

Finally, without danger of confusion, we still denote (, ñ, 0) by (p, u, 9) and 
(é, t) by (x, t). We use v := 7 to represent the specific volume. Thus by virtue of 
(2.2.20) and (2.2.24)-(2.2.26), equations (2.2.14)—(2.2.17) in the Eulerian coordi- 


nates can be rewritten in the Lagrangian coordinates in the new variables (x, t), 
zE Q, t2 0 as follows 


v = (rtu) p 2.2.27) 
n—1 

u= (E u), P) , 2.2.28) 

v z 
2n—2 0.. n—1 ‘ 

& = ( 2 ‘) H (E k P), = 2y(n — 1)(r”*u?),, + kA@Z, 2.2.29) 
an—-2 7 

a=a(? > ‘) —koZ, 2.2.30) 
v 5 


with € = 4, + 2u and the initial boundary conditions (2.2.18) and (2.2.19) become 
u(z, t)|.—0,1 = 0, 0.(2, t)lz=0,2 = 0, Z,( a, t)| 20,1 = 0, t> 0, (2.2.31) 


u(x, 0) = w(z), u(z, 0) = ug(2), 0(z, 0) = 0o(2), Z(z, 0) = Zo(2), EE Qh. 
(2.2.32) 


Then by (2.2.20) and (2.2.24), r(x, t) is determined by 


t g 1 
r(x, t) = r(x) + f u(x, s)ds, folz) := (+n woja) , n= 2,3, 
0 


0 
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that is, 
=b. (2.2.33) 


n=, ror, =v, Phas 

In this spherically symmetric model, we still consider pressure P, internal energy 

e and thermal conductivity « are the linear term in 0 corresponding to the perfect 
polytropic contribution and a fourth-order radiative part 


0 
paps 30 e= 0+ avb, K= kK + kv". (2.2.34) 
U 


2.2.8 Main Theorems 


We define three classes of functions as 


H! = {(v, u, 0, Z) € H'[0, L] x H'[0, L] x H+[0, L] x H* 0, L] : 
v(x) > 0,0(x) > 0, x € [0, L], u(0) = u( L) = 0}, 


H? = {(v, u, 0, Z) € H?(0, L] x H?[0, L] x H?[0, L] x H?[0,L]: v(x) > 0,0(x) > 0, 
z € (0, L], u(0) = u(L) = 0, 0' (0) = 6'(L) = 0, Z'(0) = Z'(L) = 0}, 


and 


Ht = {(v,u, 0, Z) € H*(0, L] x H*[0, L] x H*[0, L) x H*[0,L]: v(x) > 0,0(x) > 0, 
x € (0, L], u(0) = u(L) = 0, 0'(0) = O(L) = 0, Z'(0) = Z'(L) = 0}, 


which become the metric spaces when equipped with the metrics induced from the 
usual norms. 

In what follows, letters C; (i= 1, 2, 4) will denote the universal constants 
depending on the norms of initial datum (uo, vo, 9, Zo) in H’ but being independent 
of t, respectively. 

Now we shall state our main theorems. Denote E= {(q,f) € R? :q22, 
0<B<q+9}. 

Theorem 2.2.1. Let (q, $) € E. Assume that there exists a constant eo > 0 such that 
w = L! Ji ug(x)dz < £o and the compatibility conditions are satisfied, then for the 
initial data (up, 9,9, Zo) € H', there exists a unique generalized global solution 
(u(x, t), v(x, t), O(a, t), Z(x, t)) E€ H for all t = 0 to problem (2.2.27)-(2.2.82) veri- 
fying for all (x, t) € [0, L] x [0, +20), 


O<a<r(z,)<b, 0<C7!< vlz, t) <C, 0<C'<O(2,)<G, (2.2.35) 
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and 


= Bl \2 oe 
lot) — Olin + eA) Ulin +O — Olan + ZO Min +O = Tlie + reli 


t 
saita 2 
+ f (lo + lull + | 


lod? + lell? + lel)” 4 ZI?) (s)ds< ĉi, (2.2.36) 


lir = Fz + Uri + Zle 


where U= 0 = L f w(x)dz, the constant 0>0 is determined by e(0,0) = 


i; G ug + e(vo, 0o) +12) dz and T = (a” + nbz)". 
Moreover, there exists a constant yı = yı( C1) > 0 such that for any fixed y € (0, yı] 
and for any t > 0, the following estimate holds 


y = a2 = 
e (10O) = Alin + lla lp + (10) -Dlie + ZO in + Ul = THe + n(n) 


t 
m 2 2 z512 2 2 2 
+ 1 e (lv- llin + lulle + |] — Olle + lr — Fle + relle + Zle 


L 
+ lal? + lve? + Lou? + Za + f tite) (s)ds< Ch. (2.2.37) 
0 


Theorem 2.2.2. Under the same assumptions as in theorem 2.2.1, and assume the 
compatibility conditions are satisfied, then for the initial data (uo, v, 0o, Zo) E€ H’, 
there exists a unique generalized global solution (u(x, t), v(x, t), 0(2, t), Z(a, t)) € H? 
for all t = 0 to problem (2.2.27)-(2.2.32) verifying for all (x, t) € [0, L] x [0, +09), 


le) = Wie + le) Mle + 0) — Oligo + ZO + Ir = Fle 
+ [reli + luc + OOP + ZOU? 


t 
—1)2 2 All2 2 2 
- f (le ale + ll + l0 Oll + lir — Flle + Ural 


+Z + Iual? + [| cell? + ll Zal?) (s)ds < C, (2.2.38) 


where 7,0 > 0 and F are the same as those in theorem 2.2.1. 
Moreover, there exists a constant yy = yə( C2) > 0 such that for any fixed y € (0, yə] 

and for any t > 0, the following estimate holds 

y —2 2 2 2 

e" (llac) = Tlie + lulle + 0) — Olle + IZO 

= 2 2 2 2 
+E) = This + UO + le OUP + OOP + ZA ) 
: 2 2 52 2 

+ f e (0 — ale ll +0- Ol +r- Fl 


+ [rallies + Zs + tell? + lOl? + lZ?) (s)ds< Cr. (2280) 
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Theorem 2.2.3. Under the same assumptions as theorem 2.2.1, and assume the 
compatibility conditions are satisfied, then for the initial data (up, w, 00, Zo) € HÊ, 
there exists a unique generalized global solution (u(x, t), v(x, t), 0(2, t), Z(a, t)) € H 
for all t = 0 to problem (2.2.27)-(2.2.32) verifying for all (x, t) € [0, L] x [0, +00), 


Nee) = Wes + Meal) We + (OC) — ie + ZOU Gre + Ur) = Tlie + lee Ollie + lee (Ollie 
+D +Z f (lv lli + lulis + [8 = Olli + lr — Flir + llre? 
0 


IZo + lulle + NOt + Zellers + llin + Oellir + | Zulfin) (s)ds< C1, 


(2.2.40) 


where 0,0 >0 and F are the same as those in theorem 2.2.1. 
Moreover, there exists a constant y4 = y4( C4) > 0 such that for any fixed y € (0, ya] 
and for any t > 0, the following estimate holds 


e (lot) = Oi + uC lle + [0 — Bla + ZC) Uae + Ue) = Fle + De + lhe) 
+CD +Z) + f 2 (1v — Ba + [lulls + [|0 — Bll + lr — Fle + rilis 


[Zs + Nelle + NOA + Zie + Mullin + lOl | Zullin )(s) ds < Cy. (2.2.41) 


The results of this chapter are selected from [120]. Our present results include 
some novelties as follows. 


(1) We establish the global existence, uniqueness and exponential stability of 
spherically symmetric solutions to our problem. To the best of our knowledge, 
this is the first result for this model. 

(2) Our main results hold for E= {(q, p) € R?: q>2, 0<B<q+9}, which 
improves the previous works [110, 112, 134, 135]. 

(3) In our model, we need the assumption of initial data (vo, uo, 0o, Zo) € H' 
(i= 1,2,4). Besides, we also need the smallness assumption of initial datum 


= -1 pL 
w : W = L fy w(a)de<e. 


2.3 Global Existence and Exponential Stability in H! 


In this section, we shall establish the global existence and exponential stability in H! 
for the generalized solutions to problem (2.2.27)—(2.2.32). That is to say, we shall 
complete the proof of theorem 2.2.1, which can be divided into the series of lemmas. 

By the same arguments as those in [99, 109], we can derive from (2.2.33) that for 
all (x, t) € [0, Z] x [0, +), 


0<a=r(0,t)<r(a,t)<r(Z,t) = b. (2.3.1) 
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2.3.1 Global Existence of Solutions in H! 


In this subsection, we establish the global existence of solutions in H!. First, we 
establish some basic equalities or inequalities. 


Lemma 2.3.1. Under assumptions in theorem 2.2.1, there exists a constant Ci > 0 
such that the following estimates hold for any t > 0, 


L L 
L | v(x, t)dx = Lt | ug(x) dx := W, (2.3.2) 
0 


0 


L u2 L 2 
| (c+ > + iz) (zx, t) dz = J (« + 2 + it) (x) dz := Ep, (2.3.3) 
0 0 


O(x,t)>0 0<Z(z,t)<1, (2.3.4) 

U(t) + T V(s)ds< C, (2.3.5) 

[ 2a, t)de+ eff p(z, 8) Z(0, 8)deds = 1 jai (2.3.6) 
[ 2 t) d+ [fp (2 +02") (z, s)dads < C1, (2.3.7) 


where 


U(t) = i (= + R(w — log v — 1) + C,(0— log 8 — D)e t)dr, (2.3.8) 


L 2 2 4 
V(t) - | (5 K j AA i t) de. (2.3.9) 


v0? 


Proof. We can easily get (2.3.2) and (2.3.6) by integrating (2.2.27) and (2.2.30), 
respectively, over Q; := (0, L) x (0, t). Multiplying (2.2.28) by u, (2.2.30) by å, 
respectively, and adding the results to (2.2.29) and then integrating the result over 
Qa, we obtain (2.3.3). 

Equation (2.2.29) can be written as 


n—1 KOs (riu) n—2,,2 
90, + 0Po(r™ u), = He Z— 2u(n— 1)(r" u), + kAbZ. 


v 


(2.3.10) 
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We can derive from the maximum principle and the positivity of 0 that 
O(a, t) > 0. 
Define the parabolic operator £ by 


Ou ofr? ðu 
i ates F n) RO) 
then by (2.2.30), Z(x, t) satisfies 
L7<0: 


Z(z,0)>0, xe (0, L], 
0,Z > 0, z=0,L. 


Applying the maximal principle for the operator £L, we know that for all 
(x, t) € Qi, 
Z(a, t) >0. 


Similarly, we take Z = 1 — Z and can show that for all (x, t) € Q, Za, t) < 1. 
Multiplying (2.3.10) by 4 and integrating by parts, we can obtain 


d f} 4 
al (clog 0-+ Rog w+ 50") dx 


L frk kAbZ (ru)? (ru?) 
= zy | = 9u(n—1 2 | de. 
f ( vl? O E WO Ket T (2.3.11) 
It follows from (2.2.8) and (2.2.33) that 
(ru); (rw), 
e—g 2u(n— 1) J 
1 _ Ayr" tu 
= 1)(2u4 1A ‘uv + ———__— 
5 (o (u+ (n a(r w+ a) 


1 2n—2,/2 
2u(Qu+ ida) pnay) > 2u(2ut+ nay) r Up (2.3.12) 
Qu+(n—1)Ay f Qut(n—1)A, vO arte 


Integrating (2.3.11) over Q; and combining it with (2.3.3) and (2.3.12), we obtain 
t L 
u+ | visassa(i+ f wa), (2.3.13) 
0 0 


By virtue of the Hélder inequality, we easily get, for any 0 < m < 4, 


m 


L L TA a a 
| v0” dx < (/ uae) (/ ude) < C. (2.3.14) 
0 0 0 
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Thus estimate (2.3.5) holds. Relation (2.3.7) can be obtained by multiplying 
(2.2.30) by Z and integrating the result over Q, The proof is now complete. Oo 


Remark 2.3.1. By the Jensen inequality, the mean value theorem and (2.8.5), we can 
know that there exists a point b(t) € [0, L] and two positive constants a1, az such that 
L 


O<a,<O(t):=L! | O(a, t)dx = 0(0(t), t) < %2, (2.3.15) 
0 


: 5 — G 
where a, az are two roots of the equation y-— logy- 1=%. 


The next two lemmas concern the uniform upper or lower bound of the specific 
volume v. We first establish the expression of v in lemma 2.3.2 and then estimate the 
uniform upper or lower bound of v in lemma 2.3.3 based on this expression. 


Lemma 2.3.2. For any t = 0, there exists one point x, = x(t) € [0, L] such that the 
solution v(x, t) to problem (2.2.27)—(2.2.82) can be expressed as for any 6 = 0, 


E D(x, t) a t B(x, s) v(x, s)(P(z, s) — ô) 
v(x, t) = B(a, 2) (1 He f D(a, s) is), (2.3.16) 


where 


1 t L ue 
B(x, t) = exp | e! =| f (= + Po) (x, s)dzds 
vo Jo Jo n 
_ n t L 
+ oa | | (r-"u?)(2, s) dads 
nu o Jo 


t pl 
+n ff (naan sande— t) | (2.3.17) 


L g 
D(a, t) = w(x) exp je (ž/ w) f (r ”w)(y)dydx 


0 0 


-f CO f aC oa] (2.3.18) 
0 a(t 

Proof. The main idea of the proof is similar to that of lemma 5.2.3 in Qin and 

Huang [109]. However, we note that our equation (2.2.28) is more complicated than 

that in Qin and Huang [109]. Moreover, here B(x, t) in the expression of v(x, t) does 

not only depend on t but also on z. Thus we need a detailed analysis. 
rely 
First, let o(a, t) = pica — P, then for any 6 2 0, we can rewrite (2.2.27) as 

1 1 

u——(¢+0)v=—(P—d)v. (2.3.19) 
€ € 
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Multiplying (2.3.19) by exp(-1 fy (¢+6)(z, s) ds), we derive that 


Wta ex (2 f (o+5)as) (w+ + [wp dem(-1 f oaar) is), 


(2.3.20) 


Second, we denote 


oa Í ENT | ” (dou) (9) dy + (01) f ' J E (4, s)dyds, 


(2.3.21) 


L n—1 L 
hy = ru, hi =o+(n-1) f ro ieee u), P4 (n nf ru? dy 
(2.3.22) 
which, along with (2.2.27) and (2.2.31), implies 


_ L 
(vh), = A(r™ tu) +e(r™ tu), —Pv+ i =(), for ru? dy, (2.3.23) 


heel p—0,1, = 9- (2.3.24) 


Integrating (2.3.23) over Q, and using (2.2.31) and (2.3.24), we can get 


1 t L 
7 vhdx = a ug ho dx -f [ (= + Po) o f f r"u? dads 
0 0 0 o Jo 


which, by the mean value theorem, implies that there exists a point 2(t) € [0, L] for 
any t 2 0 such that 


hla (t), t) = Lif whas- f f (= + Po) deds- 2ta e a]. 


(2.3.25) 


Thus by (2.3.21)—(2.3.25), we can derive 


t 
f ao. 8) s-z awd- f f (= + Po) du 
0 U 0 
= t 
ae =a" f fe Ra a 
n 0 JO 
z(t) 
-f ry "wdy — maf f )(y, s)dyds, (2.3.26) 
0 
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Finally, integrating (2.2.28) over [2(t), 2] X [0, t], we derive for any fixed t = 0, 


[ oesi- l ‘o(mn(t), )ds+ fa © (Pu iu) dy 


(n—1) yf [or u? dyds. (2.3.27) 
0 x1 ( 
Then we derive from (2.3.22), (2.3.26) and (2.3.27) that 
t 1 t 
f a(x, s) w=2|f" wwhade — f [ (= “a =ef fe Pe Pdi 
0 vo 
z(t) 
-f n” rode f (r! ug) dy + (n — 1) ff i” r-"u? dyds 
JO 21 ( 
= aji wode f i (2 a dad: nate f f> m id 
vo [Jo n 0 Jo 
x x t 
-f iud f rudy- (n= 1) | J> nu? dyds 
J0 J a(t) 0 Ja 


which, together with (2.3.17) and (2.3.18), leads to 
t 


D(z, t) i i 
= — ô)d 2.3.2 
BaD w(x) exo(= | (o+ ò) s) (2.3.28) 
which, along with (2.3.20), implies (2.3.16). The proof is complete. o 


Lemma 2.3.3. Under assumptions in theorem 2.2.1, the following estimate holds for 
all (x,t) € [0, L] x [0, +00), 


0< O7! < v(x, t) < C. (2.3.29) 
Proof. The main idea of the proof is similar to that of lemma 5.2.4 in Qin and 


Huang [109]. Noting the expressions of pressure P and internal energy e, we can 
derive from (2.2.34) and (2.3.3) that 


L L 
a 4 
uPdz < max, R,= f 0+ v0") dx 
| {Rg} f, Ct 


E max{R,$} f7 P max{ R, $} 


~ min{c,, a} Jo ` min{fc,,a}” 


and 


L 
f u dz < 2 Ep 
0 
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which, along with (2.3.15), implies 


1 f% u? 
0< a <= (urs =) (x, t)dz < a (2.3.30) 
0 


EU 


where 


1 R, 
Jea m=i Ron (BEE y =) a]. 


cT cT min{c,, a} 
Using lemmas 2.3.1 and 2.3.2, we derive for any (2, t) € [0, Z] x [0, +00), 
0< CO! < D(z, t) < C. (2.3.31) 


On the other hand, from lemma 2.3.1 for 0 < m, < 2, it follows that 


| 0™ "6, dy 
(t) 
2 \ a7 pL pdm 5 
sa(f ee) ([ aan") 
0 v0? o K(v,0) 


i L 4 2 
<C Vi(t) ult) iz 
1 K 
0 1 


< C, V2(t) (2.3.32) 


10™ (x, t) — 0™(b(2), t)|< C 


where V(t ga es netede, Thus for 0 < m < 2, 
0 
1 
za" - Ci Vi(t) < 0™ (x, t) < 208™ + C Vi (2). (2.3.33) 


Obviously, we can derive from (2.3.30) and lemmas 2.3.1 and 2.3.2, for ô > 0 and 
O<sKt, 


exp( Ç =) ( ») < ae 2 < ap(- (a -2)¢e- 9): (2.3.34) 


Thus for ô = 0 in lemma 2.3.2, we can derive from (2.3.31)—(2.3.34) that there 
exists a large time tọ > 0 such that as t > t > 0, 


t 
ule t) > C! f Qee ds 


>C J G < = G Vile) ema 


t 
1 — at C V ~a(t-s) q 
>g- e) -A f vetas 


2 
ay 


> > 
~ 4a Ci 


(2.3.35) 
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In addition, we can also derive from lemma 2.3.2 and (2.3.34) (for s = 0) that for 
ô = 0 and for any t€ (0, tol, 


Ses ote tS 0 


which, together with (2.3.35), gives us that for all (z, t) € [0, L] x [0, +00), 
v(x, t)> Cp >0. (2.3.36) 


Now we begin to show the positive lower bound of v. To prove it, we need the 
smallness of the total initial mass w, which is only used to prove the positive lower 
bound of v. 

We choose 0<é < 2241, 


then as W% < £9, we have 


4 a4 
Roy S Ra a a0 


w  &æ ae ae 


which implies that we can pick 6 > 0 such that 


pA > Ra siS ag > ab! 
vo E0 3 
Thus we know 
ô 1/R 
Sa S (=-s) >o, (2.3.37) 
€ € vo 
ey, at. 3 A= 3 ~ —4 — g 
č =-0 8- 1> -4 “ô-—1= & > 0. (2.3.38) 
a a 


Noting that by the Young inequality with and inequality b — 1 — e < (b — 1)? 
x(1 + £") with b € R and any e > 0, we derive from (2.3.37) and (2.3.38) that 


v(P — ô) = R0 + o(5 = ò) (2.3.39) 


o-a) = 300-300) 


and 


AA E 1 ta) 
< 5 Oty max (0 -1- o0) 
< 5 i'o(@ -1) 0t’) 
< ooh -1) (2.3.40) 
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where (x, t) = “S? and 0 is defined by (2.3.15) in remark 2.3.1. Noting that 


0(0(t), t) = 1 and by the Poincaré inequality, we derive 


(si; < TEZI <C (00.1) 
salf Sa el an) 


L 
< Cı no f võtdr< (O Vi(t) 
0 


2 


which, together with (2.3.39) and (2.3.40), gives 
u(P — ô) < R0 + C Vi (t) v. (2.3.41) 


Thus it follows from lemma 2.3.2, (2.3.31)—(2.3.33), (2.3.40) and (2.3.41) that 
t 
v(x, t) < C +C n (O(a, s) + v(x, s) Vi(s)) exp(— é (t — s))ds 
0 


<O+ a f HAVO LIED Sn-B ee 


<Q+ a f v(x, s) Vi(s) exp(— č (t — s)) ds, 


0 


that is, 
t 
F(t) < Gye! + a f Vı(s)F(s)ds (2.3.42) 
0 


with F(t) = e!' maxsejo, v(x, t) = e%*M,(t). Therefore, by the Bellman-Gronwall 
inequality, we have 


t 
F(t) < adiep(a f Vi(s)ds) < Oe", 
0 
that is, 
M(t) <Q 
which, along with (2.3.36), completes the proof of the lemma. Oo 


The next corollary is the key estimate in our proofs which can be obtained from 
lemmas 2.3.1 and 2.3.3. 


Corollary 2.3.1. Under assumptions in theorem 2.2.1, the following estimate holds 
for any (a, t) € [0, L] x [0, +00), 


Cy = Cy Vi (t) < (x, t) < Ci + Ci Vi (t) (2.3.43) 


Global Existence and Exponential Stability to a Compressible Combustion Gas 39 


2 
with Vi(t) = fy S296 


dx and 0<m< att 
The next lemma is aimed at the estimate on vin H. 


Lemma 2.3.4. Under assumptions in theorem 2.2.1, the following estimate holds for 
any t > 0, 


= Ur 
ry — e 
v 


2 t L P 
+ I f (v2 + 0v?) (x, s)dxds< Ci + C1 A? (2.3.44) 
0 0 


with A := supy<s<:l|9(s)|l|z~ and qo = max{4 — q, 0}. 


Proof. Equation (2.2.28) can be rewritten as 


E Ur 
G "u—e )= P 
t 


v 


(n— Lut 


rr 


(2.3.45) 


Multiplying (2.3.45) by r'™™”u — e® and then integrating the resultant over Q, we 
have 


l-n T 


2 t Lo 2 
r ee” + Re f | dads 
v o Jo Y 
2 t L 
, Ov, 4. E 
3 +f f E : z (Z+ at \0s(r u- e=) 
0 0 | oles 3) U 3 v 


Ox 
T9 U—€— 
v0 


2 


(n Nes (ra e=) | dras 


2 t pL 
Pa “|| + f | Ov? dads 
o Jo ` 


U; 
cee 
v 


whence 


E FL 
<O+ a f | [|uOv,| + |u0,| + [0% u0,| + |,v2| 
o Jo 
+ \0° v0. + [u(r — e=) | dads. (2.3.46) 


Vv 


Noting the following facts, 


foes f (KPU e 


t L u2 
0 J0 


L 
dr< C, (2.3.48) 
0 
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"0 wd< [ 040da 
< 1 z 
| wants | 0+0) tds 


< O hoe 4G, (2.3.49) 


and using lemmas 2.3.1—2.3.3, we easily derive that for any e > 0, 


t pL ee 
f lOuv,|deds<e f | Ov? dads + C(e of T Ou? dads 
o Jo o Jo 0 
t pL 
<e f | Ov? dads + Ci (e of latin f Odxds 
o Jo 0 


t L 
<e f | Ov? dads + C;(e), (2.3.50) 
0 0 


f [ Wesa ( f Vils yas) (ge a P ani) 
O Isle (S pe (2.3.51) 


t pL 8,2 
f | \0°0,,u| dads < (f ms Vi( yas) (f {2 we 2 sods) 
o Jo 0 
<O+C,4?, (2.3.52) 
t L vO2y 2 5 
1 f |0zvr|dzds < (f Vi(s yas) (f i Yz “duds 
o Jo 0 0 
X i Gf Ov dvds) 
o Jo 


K(v, 8)|| 
< ef A Ci, (2.3.53) 
o Jo 


< Cı sup 
0<s<t 


II \(0 ?)00,,U,| dads 
0 


L 
tp wief |00,,v,,| dads 
o Jo 0 
L „ot 57 pL vota? 5 t 
< C —— d z Vı(s)d 
= ie | UL stam) (U, stant) pf Moe 


<e sup |lvr(s)|\Z.+ Ci, (2.3.54) 
O<s<t 
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t pb 
‘| | \0°0,,v,|dads 
o Jo 
t pL - i ale 
<fi (0° F)o0,v,ldeas+ | f 07|00,,v,| dads 
o Jo de 


<e sup || vx(s) || +C, 
O<s<t 


t i it L Av? $ 
+a( f visa) (f f voi deds) 
! 0 ils) o Jo K(v, 0) 


1 
v 2 L 2 
<e sup lulls + C + all f mèan) 
<e sup lula +0 IAG) 2 
i L 
Seam aoe f T O2drds+ Ch, (2.3.55) 
O<s<t 0 0 


ae ia v, 
| f ju? (r u — e*t) |dzds 
0 JO v 
t pL PaL E 
<a f A u? dads + a f n u(r u- e”) dads 
0 Jo 0 JO v 
t t L JA? 
<a f || ul| Ze ds + a f le f (ru e=) dzds 
0 0 0 v 


t OTE 
<atO f a| u ež] as. (2.3.56) 
0 


On the other hand, it is easy to verify that 


2 
lvs? < Cru- =| +6. (2.3.57) 
v 


Inserting (2.3.50)—(2.3.57) into (2.3.46), we arrive at 


Ur 2 t L 4 t 2 Ur 2 
ry —e—|} + | 0v2 dxds < Ci + CA? + a f lulli ry —e—l| ds. 
v 0 Jo 0 v 
(2.3.58) 
By the Bellman-Gronwall inequality, it follows from (2.3.47) and (2.3.58) that 
Ur 2 t L i 
rly =e + I Ov? dxds <C +0QA. (2.3.59) 
Y 0 JO 


Moreover, noting that, from corollary 2.3.1, 


1< C040 Vid) (2.3.60) 
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we derive from (2.3.59) and (2.3.60) that 


L t 
[ [ Piste? af Ou? duds + a f Ao Ae. 
0 0 0 


<C+ C, A? 
which, together with (2.3.59), gives (2.3.44). m 


The following lemma plays an important role in the subsequent estimates on the 
absolute temperature 0 and the velocity u. 


Lemma 2.3.5. Under assumptions in theorem 2.2.1, the following estimates hold for 
any t > 0, 


t L 
T (1+ 0)?" v2(x, s)dzds < Ci + CLAF, (2.3.61) 


t pL 
| f (1+0) u? (x, s)dzds < Ci (2.3.62) 
0 Jo 


with 0< m< S. 


Proof. It follows from corollary 2.3.1 and lemma 2.3.4 that 


t pL 
f f (14+ 0)?" v2 dads < af |lvz(s)|| tase f v V(s)||us(s)||? ds < Ci + C1 A?. 
o Jo 
The proof of (2.3.62) is similar to that of (2.3.61). o 
Now we turn to estimate the velocity u in H'. 


Lemma 2.3.6. Under assumptions in theorem 2.2.1, the following estimates hold that 
for any t > 0, 


t 
lul? + f lus(s)|?ds < Ch + CLA”, (2.3.63) 
0 
$ 
lu(ðl? + f luæ()lds< (1+ A)", (2.3.64) 
0 
É 
lu(dl? + f lu(s)|l?ds < C1 + GAB (2.3.65) 
0 


where qı = max{8 — q, 0}. 


Proof. Multiplying (2.2.28) by u and then integrating the resultants over Q, using 
the Young inequality and lemmas 2.3.1-2.3.5, we get 
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lul? + | (sds 


t pL t pL 
f f u? dads + a f il |(1+0°)0,u+ Ov, ul dads 
o Jo o Jo 
t t t pL , 1463 2 92 
< f || ul) 20 ds + a f Vı(s)ds + a f f Ou? + Ou? 4 ( ) u? | drds 
0 0 o Jo 1+0 


t L L 
<0 +0A?+ a f llu(s)||2 (| Oda + (1+ lal)” f (1+0) ds 
0 0 0 
<O4+GA®. (2.3.66) 


Q 


ae 


Q 


Multiplying (2.2.28) by Urs, and then integrating the resultant over [0, L] with 
respect to x, we have for any e > 0, 


| | | ° | A 
al F u, dz 
dt . 0 S 


L 
< Cı | | Uy Ura + Uz Ure + Wax + Uz Ug Ure + (1 als 0°) Ü; Urr + Ov, Ure | dx 
0 


L L j 
<e | u2, dz + al f (u | v Hu uve uve | (1 | 0°) 0° | oal) dz. 
0 0 
(2.3.67) 


Taking e > 0 small enough and integrating (2.3.67) over [0, {| with respect to t, 
using lemmas 2.3.1-2.3.5 and (2.3.63), we can conclude 


mor f || wax (s) ||? ds 


t t 
< C+ CA" + a(1+4) f || ttx(s) [20 ds + ccs aye f Vi(s)ds 
0 0 


t A t 5 
<O +0A? a(i A?) (/ (3) as) (J (980s) +O (1+ A)" 
0 0 


1 t 
< Ci + 047% + COLA” + J llus(5)||*ds, 
0 


that is, 


t 
leo f lus(s)l ds < G +A)", 


with qı = max{8 — q, 0}. 
Multiplying (2.2.28) by u, and then integrating the resultant over Q, using 
lemmas 2.3.1-2.3.5 and (2.3.63), (2.3.64), we can derive for any € > 0, 
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(P+ f le(s)? ds 


<+ 


t 
< +e f || wel]? ds 4 
0 


ffm 


t 
< +0 f lul? ds + C 
0 


2.2 
O° u- 


+ 6°) "62 4 


T 


t pL 
| I (a HUPU + u? + ue? 4 (1 
o Jo 


t É 5 i 
Laatta" f Vi(s)ds+ a f | tell2|| tenell2ds 
0 0 


+ ud) dads 


t t 3 t + 
<e f Iul?ds+ C(1-+ A)" +C: sup satu f u(t) ( f ts) 84s) 
0 O<s<t 0 0 


t 
< Ci + oA +e f 
0 


Thus taking ¢ > 0 


lul? ds+ CA (OJE 


0<s<t 
small enough, we have 


t 
lut)? + f huls)? ds< Ci + CAB. 


Thus the proof is complete. 


O 


Corollary 2.3.2. Under assumptions in theorem 2.2.1, the following estimate holds 


for any t > 0, 


where O0<m< qt 


t L 
I/ (1+ 0)?" u2 dads < C\(1+ A)" 
0 J0 


Proof. It follows from corollary 2.3.1 and (2.3.63), (2.3.64) that 


t pL 
| | 1+0)” u? dads < af ‘a u 2 dads + af [ Vi(s)u;, 2 dads 
o Jo 0 0 


< Ci + CA! + CA" < O(14+ A)". 


(2.3.68) 


Subsequently, we shall establish estimates on the absolute temperature 0 by the 
following two lemmas. 


Lemma 2.3.7. Under assumptions in theorem 2.2.1, the following estimate holds that 


for any t > 0, 


||0(¢) +67 (#) 


t L 
r+ ff (1+0)?*302dads< C, + C,A® 
0 J0 


(2.3.69) 
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where 
1 a 
mand +1 2S if O0<fP<8, 
2 2 
Q= 1 EA 
max 5 +1, a 5 a a}, if B>s. 


Proof. Multiplying (2.2.29) by e and integrating the resultant over Q, we have 


t L 
poreo f f (1 +0)1+ 30 dads 


t pL 
<+ f J (Pe) u+ eur + xK(v, 0) u00 v; + Ag Ze dads 
o Jo 


t pL 
<ata f f +O outa ult (1+ 0)" YO 
0 Jo 
+ (1+ 6)*|uv,| + eu? + |p Zel] dads. (2.3.70) 


By lemmas 2.3.1—2.3.6, we derive for any e > 0, 


t L 
f Í (1+ 0)"|0,u| dads 
0 0 


t L t L 
<ef f 0+0 adst f f (1+0) "tu? deds 
0 0 0 0 


t L 
<e f i (1+ 0)1+*0? dads + Cy + C, Amet?—2000) (2.3.71) 
0 J0 


t L 
f | (1+ 0)*|v,u| deds 
0 0 


t pL t pL 
< a f i (1+0) v2 dads + a f | (1+ 0)*u? deds 
o Jo 0 Jo 


t pL t pL 
< can f f (1+ 0)!" 4 v2 dads+ cae f | (1+ 0)2* tu? deds 
o Jo o Jo 


< O+ QA, (2.3.72) 


t L 
f | (1+6)!*4/0,0,|drds 
0 0 


t pL t pL 
<e | f (1+ 0)!*°0? dads + ato f (1+ 0)!*° v2 dads 
o Jo o Jo 


t L 
< C+ Galore f f (1+0) 30 dads, (2.3.73) 
0 0 
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ee eu rads< f uls (S edt) ds 
<a( [ incoitas) ( f "Inte 


20 Ges (2.3.74) 


t L t L 
| lbZel dads < O, | (0+ 0") Zdzrds 
0 0 0 0 
t L t L 
<Q, | 0bZdxds + Cı f f 01 Zdxds 
0 0 
= Ci TT C [ fi 1 + Vi(s ))ġ Zdzds 
0 
<a+a fi vio odxds 
0 0 
t L 
<a+a f vis) | 0? dads 
0 0 


t L 
<a+a f no f @dzds, for0<8<8 (2.3.75) 
0 0 


t pL t pL 
J | |ġZeļdrds< sup || c(slix f Í p Zdzrds 
o Jo O<s<t o Jo 


<O,+C,A*, for B> 8. (2.3.76) 


or 


Thus for 0 < £ < 8, we derive from (2.3.70)—(2.3.75) that 


L t L t L 
[ eax ff (1+ 0) *0deds<2e | (1+6)"* 6 drds+ Cı 
0 0 0 
af A of 0° dads 
0 


which, by taking € > 0 sufficiently small and using the Gronwall inequality, gives 
(2.3.69). While for 6 > 8, taking € > 0 small enough, we derive from (2.3.70)— 
(2.3.74) and (2.3.76) that 


$ C, A1 +2% $ Ci 


90 + 


fef fa (1+ 0)1+30drds < Ci + C,Alt2® + CLA? 40A! 
0 


which also implies the desired estimate (2.3.69). oO 


Lemma 2.3.8. Under assumptions in theorem 2.2.1, the following estimate holds that 
for any t > 0, 


L t 1 
| (1+ 0)*0rde+ | i (1+ 0)2*36? dads < C,(1+.A)®, (2.3.77) 
0 0 J0 
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where 
B= max{q = 3, 0}, 
—1 
q4 = max! o}, 
2 
qs = max{1 + q, 2q + 44, 83}, 
l6 = max{3 =q, 0}, 
1 1 
q7 = max) q + @+ at g7 (340 + 34 +Q + 98) +5 (90 + q2 + 93 +P)’, 
1 
gg = Max 3 + B,5(m + B) ’ 
3 1 1 
qg = maxįş qs, q7, 1 + gat a) (2 + +q- 1), g+ 3 (40+ qı), ds e- 
Proof. Let 
0 .2n—-2 2n—20 2n—2 Q4 +1 
H) = H(v,0) = f re"*K(4, det er 
0 v U q+1 


Then it is easy to verify that 
H; = H,(r" tu), + 


2n—2 2n—2 0 
Hy = (7 Kh% oe) H,(r"™ tu) oe + Hovel rtu), + (e2) vrb. 
v Vv 


t 


However, we easily know that 


2G. (2.3.78) 


v 


2n—2 0 
|H, + |H] < C(1 +0), (a) 


We rewrite (2.2.29) as 


e90; + OPo(r”*u) € J i= 


n—1,,\2 2n—2 
(r™-1u) (" =) 2u(n— 1) (r"-2a2) + haZ. 


(2.3.79) 


Vv 


Multiplying (2.3.79) by H; and integrating the resultant over Q, we easily obtain 


2 


t L n—1 t L „2n-2 0 
f f eT Cae) er a |k f f ee Hy dds 
o Jo f v o Jo v 


t pL t pL 
+2u(n—1) | f (r? u’) „Hideds = | | kb ZH, dards. (2.3.80) 
o Jo l o Jo 


Now we estimate each term in (2.3.80) by lemmas 2.3.1-2.3.7 and corollaries 2.3.1 
and 2.3.2. Obviously, 
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pen— 2k v, 0) . 
i l oe ) o, dads > Cy a fo + 6°)(1+ 0°) 0? dads 
0 0 


a (1+0)1+ 36 dads (2.3.81) 


and noting the fact that 
|(rtu) |< Ci(lu] + |uee|), (2.3.82) 


we have for any ¢ > 0, 


e99,H, Ci u) dads 


0 


t L 
<a f f Q+o Odu judd 
0 0 
t pl ar t pL i , 
<ef f (1 +0)" *0; dads + aof f (1+ 0)” (u? + u2) dads 
0 0 0 0 
t pl : t pL i 
<ef f (140) Raasta f f (1+0)1+t (u? + u2) deds 
0 0 0 0 
t L 
<e f Í (1+0) +Ë drds+ Ci(e)(1+ A)". (2.3.83) 
0 0 


Applying the Cauchy inequality and (2.3.82), we can derive for any e > 0, 


L n-1,,\2 2n—2 
(orea =e (y i) A 0,dxds 
v 


Vv 


t L 
<a f f (0+ (e u) 0il + (+ 8)" (ru), P10) deds 
0 J0 


t pL t pL 
e 0+0 adsao f f (0t (u), 
0 J0 0 JO 


+140] i) dads 


<e f f Q40 odas aof f (a+) 


+(+ 0) (lut + jus|*) ) deds 


(lul? + ul”) 


t L 
<e f f (1+ 0)*°6? dads+ C (e)(1 + A)T” 
0 JO 


+ C(e) [f (1+ 0) (lut + jul“) dads. (2.3.84) 


t pL t L 
f | (1+0 utdeds< (1+ 4)” | lute f u?’ dads 
o Jo 0 0 


<C(1+4)®, (2.3.85) 


But 
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t pL 
Í Í (1+0) 2 utdæds 
o Jo 


t pL i 
< aaa" f I (140)? uddzds 
o Jo 


t pL t L 
<aa+ae( | | ulards+ | vite) f videas) 
0 0 
< (1+ A)" "( L eu [I eel d+ 4 HC tele) 
<C,(1+ A)! (ise sup Hest s)|? ([ || we tas)! q || a tas)! 


+ ow eD, S vies) ( f ra) 


saN R, 


which, along with (2.3.84) and (2.3.85), gives 


with q3 


t E n-1,,\2 2n—2 
f T (orea, € (r 2) Ea) 0,dxds 
0 Jo y v 


t L 
<ef f (1 + 0)"*36? deds+ Cy(e)(1-+ A)* 
0 


= max{q— 3,0}, q = max{5*,0}, q = max{1 + q1, 2q1 + qa, 43}. 


It follows from lemma 2.3.6 and oda 2.3.2 that 


L n—1,,\2 
(or (r=! u) ae ee, t) =) H, (p u) duds 


v 


<q ae (+O u) P+ (1+ 0)| (ru), ) dxds 


t pL 
< a f f (1+ 0)1+*|(r”tu) |?dads 
o Jo 


t L 
+aa+a f f (lul? + ucl*) dnd 
JO JO 


t L 
<a(+ayr+a(+a) f l= f |u|dzds 
Jo 


+ C( teak |ux|° dads 


<C(1 


4+0 | A) f lets )Èlluz(s)lÈds 


lo t a) 


A+A ayia 


A)" + (+A). sup ah [ Into) (f aC) Fa) 


(2.3.86) 


(2.3.87) 


(2.3.88) 
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Now let us consider the various contributions in the second integral of (2.3.80). 
By lemmas 2.3.1—2.3.7 and corollary 2.3.2, we have 


t L 2n-2 0 2n—2 <0. L 
| | eas (z K ‘) drds > Gf (1+0) dr- Cy, (2.3.89) 
0 Jo v v t 0 
t L y.2n-2 0 
f f T ep, (p u) m dxds 
0 JO v i 


t L 
<af f (1+ 0)' +10, (r"tu) „|dzds 
0 0 


t pL 37 pt pL 3 
<a(f f (1+ 0)?* "02 duds) ce (1+0)"(r"1a),, Peds 
0 0 0 0 = 
wf pt ph z 
<aa+at( f f (1+0) (lu? + ua? + sl?) dod) 
0 0 


q2 +q +q-1 


<Q0+A T (2.3.90) 


and 


L „2n-2 
r KO, pu 
Hysve(r" tu) „deds 


t pL 
<a f f (1+0)'*"|6,u,(r"1u) ,| dads 


calf T (+0! ards) (1 fi (1+ 0)? (rtu) | tazas) 
<Q(1+A yr mf fx rlu iads) 
0 
<aa+aye( f ve adst f f v vads) 
0 0 0 

are t 2 2 l 2 2 ? 

a [ Weltistelas+ i ul lel a) 
saua U (5) ta) (f lulo) as) 


a9 + at q— Za 


£G0-AY ati, (2.3.91) 


Global Existence and Exponential Stability to a Compressible Combustion Gas 51 


Noting the following facts 


t pl i 
f | (rtu); dads < C 
0 Jo 


<C 


<C 
<C 


L 
f (r 2 P) dads < C 


0 


t 
I 
<C 
<C 
t L 
Í $? Z?drds< C 
0 0 


<C 


t pL 
i 1 (ut + ut) dxds 
0 Jo 


f 3 
eh af luz(s)l| |luzz(5)|| ds 


+O, sup mort [ Ica) ( | nae) 


341 > a0 


a4 aye 


ee ute ) dads 
0 


T [ uel ds 
0 
a + 40 
(EZ 0E 
t L 
at f $2’ dads 
0 0 


(1+ A)? 


and using equation (2.2.29), we can obtain 


2 


2n—2 
rko 
— ds 


3, 


( 


i 


U 


t 
<a f (ead? + ore( 
0 


Gaol 


prt u) | 
g£ 


+ 


+ e P+ 12) as 


al (1 
<Q(1+4)* o 


Ay 


(14 0)>u2 (mtua + (rut) + 22") dxds 


t L 
+ 0)9* 30? dads + ace aye f f (1+ 0)!*+*u?dzds 
0 0 


+O(14 C(1+ A) 2 + (14.4)? 
< nee, r (1+0) +*drds+ O (14 Ay" 4 O(A) (2.3.92) 
o Jo 
with gg = max{3 — q,0}. Thus, by the Sobolev inequality, lemmas 2.3.4 and 2.3.7, 


we can conclude for any € > 0, 
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t L ,.2n—2,. 2n—2 
KO. fT K 
“( ) v,0,dads 
0 v v 5 


t pL 
< a f I (1+ 0)"|0,,v,6;|drds 
o Jo 
t pL ae t pL qa rgo? 
<e f f +0 1+ 30 deds + Ci I f ( t ) (7 x ‘) v? dads 
o Jo K?(v, 0) v i 
t L Bead pen 2 0, 
<e f 1 +0 1+ 30? deds + C AP —_ 
0 J0 0 v 
t L oo pen 2 KO 
<e f f + 0)2* 36? dads + C, (e)( (7 ‘) 
o Jo v P 
tefa) 


Mm 


M 


_lleell? ds 


oe 20, 


ji 


ds 


t pL 
<e f I 1+ 0)1* 70? drds + Ci(e)( ml 
o Jo 
t 2n-2 2 2 
0 v z 


1+3@2 dds (e 
<e f f aro 6? deds + C;(e)(1+ A) 


2 2n—2 2 2 
x Cee (1+6)""*02 dads a (7 2) i) 
0 0 0 Uv m 


t L 
<z f f (1+ 0)2* 36? deds + C, (e)(1 + A)" (2.3.93) 
0 J0 


p2n= rn KO 


an 


4% u: 93 


where q7 = max{ qo + @ + 93+ qs, (3go + 341 + @+ 93),3(qo + œ + a + B)}- 
By lemma 2.3.5 and corollary 2.3.2, using the Hélder inequality, we have for any 
e> 0, 


(ru?) Hy(r™u) „deds 


o Jo 
t pL 
<a ff (1+0)|u3 + uu2| dads 
o Jo 
t ds q+4 t L q+4 
<af oi aL a (1+ 0) ® |ulu2drds 
0 o Jo 
calf f (1+0)2*4 ards) 
a vaa) (f f sani) 
o Jo 


341 ie Co 


<HA T (2.3.94) 
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4u ) N dads 


0 


t pL 
<a f J (1+ 0)"|u(u+ ux)||0:| deds 
o Jo 


t pL t pL 
<e f T (1 +0)1+*0 dads + al f T (1+0) uju + up|" deds 
o Jo o Jo 


t L 
<ef [ (1+ 0)"*362 dds + Cy(e)(1-+ A)” 
0 0 


t pL 
+al | f (1+0) u uw deds 
o Jo 


t L 
<ef f (1+0)1+30drds+ C, (e)(1+ A)®* 
0 0 


n +90 
7 


(2.3.95) 


The term on the right-hand side of (2.3.80) can be estimated as follows, for any 
e> 0, 


t L ren 
f ji raz m(t), + o) dads 
0 Jo v 


< a f f +00 + (1+ 0816204) ded 
T ee 
raf zais) (ff (1+0)? (rtu); asas) 


cof fa +6)" 3@2deds+ GOU +A a+ A 
0 


sef (1+0) dxds+ C (e)(1 + A)® (2.3.96) 


with qs = max{ qs + papel. 


Therefore, taking ¢ > 0 small enough, we can obtain (2.3.77) and complete the 
proof from (2.3.80)—(2.3.96). oO 


Based on lemmas 2.3.1—2.3.8, we easily obtain the uniform upper bound of 
||@(4) || zx, which is the most key estimate in the proof of existence of global solution. 


Lemma 2.3.9. Under assumptions in theorem 2.2.1, the following estimate holds that 
for any t > 0, 


LOPETA (2.3.97) 
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Proof. Using the Sobolev embedding theorem, lemmas 2.3.1—2.3.8 and the Young 
inequality, we can derive 


se- ( f od) 


L 
<a f (01+ *0,.| dx 
0 


L 1/2 L 1/2 
<C, (/ Pde) (/ 0 ic) 
0 0 


d9 + 99 


<QO(1+ A)? 


Lœ 


which gives 


99 + 99 


r 1 5 
MMS GA Sp At (2.3.98) 


where we have used that (8, q) E€ E implies q9 + q@ < 2q + 10. Therefore, we derive 
(2.3.97) from (2.3.98) and the Young inequality. Oo 


The next lemma means the global existence of solutions in H+. 


Lemma 2.3.10. Under assumptions in theorem 2.2.1, the following estimate holds 
that for any t > 0, 


[eC + ICIP + Hoe +z f (lvell? + [ucl]? 


+ Oel? + | Zell? + eel? + [Oell? + | Zell? + uzl? + IZel?) s)ds < Ci. (2.3.99) 


Proof. Applying lemmas 2.3.4-2.3.9, we have 
t 
loD + (H? + lAl? + f (lvl? + |] ell? 


+ Oel? + ll? + NOl? + Iuel’) (s)ds < C1. (2.3.100) 


Multiplying (2.2.30) by Z,. and then integrating the resultant over Q, using 
(2.3.100), lemmas 2.3.1 and 2.3.3, we can conclude 


t L t L 
f | |Z: + ZyUx||Zox| dads + a f f |P2||Zex| dxds 
0 J0 0 J0 


tpl . 1 ft 
<+ a i (Z? + Zo? + p’ Z°) dads + if || Zee(s) ||? ds 
o Jo 0 


Q 


t 
[ZCI f NZa c+ 


A 
Q 
| 
Q 


t 1 t 
540 f [Zs)linds+ 5 f [Z9 
0 0 


t 1 t 
<A+O | IZOZ h Zac s) Pas 


1 t 
G45 f NZa 
2 0 
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that is, 
t 
ZC)? + | | Zux(8)||2ds< Ch. (23.101) 
0 


Multiplying (2.2.30) by Z; and then integrating the resultant over Q, using 
(2.3.100), lemmas 2.3.1, 2.3.3, 2.3.5 and (2.3.101), we can get 


t t L 
Z9? + f lZ(slds< +O | f (u? + (rtu)? + Zt + 22?) deds 


t 
<G+G | lZ? Ze(s) [Pas 


t t 
<0+ a f || Z.(s)||?ds+ a f || Zox(s) ||? ds 
0 0 
< 
which, along with (2.3.100) and (2.3.101), leads to (2.3.99). o 


2.3.2 Exponential Stability of Solutions in H! 


In this subsection, we shall establish the exponential stability of solutions in H+. 
First, we show the asymptotic behavior of solutions in H', which implies the 
uniqueness of solutions. 

The next two lemmas are aimed at showing the asymptotic behavior of solutions 


to the problem (2.2.27)-(2.2.32) in H’. 


Lemma 2.3.11. Under assumptions in theorem 2.2.1, the following estimates are 
valid for any t > 0, 


Ol < MUON + luc + Weel? + eeex(€)11°), (2.3.102) 


AOT < (lAN + hH? + el 
+ [ltl D? + ON’), (2.3.103) 


d n : 
glo f (1+0, dx < C(u ON + pO + uO 


+ lle + oZ’), (2.3.104) 
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t pL 
lo f (1+0) drds< C, (2.3.105) 
0 Jo 


T IZO a (120+ 120+). (2.3.106) 


Proof. Differentiating (2.2.27) with respect to z and multiplying the resultant by vy 
yields the estimate (2.3.102). 

Similarly, multiplying (2.2.28) and (2.2.30) by Urr, Zr, respectively, and then 
integrating the resulting equations on [0, L], using the Sobolev embedding theorem, 
we can derive estimates (2.3.103) and (2.3.106). 

Multiplying (2.2.29) by ej‘. and integrating the resultant on [0, L], we can 
derive from the Hélder inequality and the Sobolev embedding theorem, 


d L ,.2n—-2 
Tot | oed 
0 U 


[ (ae. (rlu)? (r?”=?K) 0s 
= € 
0 


€9 veg veg 
Z 2n—2 0, a n—2,,2 
cares Ge i) O ny dev 
€p v? eg €0 


oro? + Ch (ul? + lull? + uelli + Osla + vebl? + GZIP) 
< ono? + Chul? + ltl? + [elle 

+ OPN cell + Naé + al? + ZI) 
< ell Ozal? + Ci (ul? + lll? + usl? + Gall? + NZI). 


Hence taking € > 0, sufficiently small in the above inequality, we obtain (2.3.104) 


and (2.3.105). o 
Lemma 2.3.12. Under assumptions in theorem 2.2.1, we have, as t > +00, 

Il v(t) — Tlm — 9, lull > 0, || u(t) [| z~— 0, (2.3.107) 

lall — 0, |]O(t) — 4]| n> 9, 0E) — Oll > 0, (2.3.108) 

|Z(t) || 9, (2.3.109) 


and for all (x, t) € [0, L] x [0, +00), 
0< O7! < 0(x, t) < C. (2.3.110) 
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Proof. By lemmas 2.3.1—2.3.11, we can know 


t 
| (oel? + lull? + 0al? + Zell?) (8) ds-< Ch (2.3.11) 
and 
t 
d 2 d 2 d 2 d 2 
sh |3 | all” | 4 z < 3. 
J (A Sill Elle | lil (s)\ds<C, (2:3.112) 


which lead to (2.3.107)—(2.3.109). 
We derive from (2.3.108) that there exists a large time tọ > 0 such that for any 


t2 to, 
= 
O(z, 1) > 50 >0. (2.3.13) 
On the other hand, if we put © := 4, using n4, + 2u > 0, and then taking ô > 0 
such that if n = 2, 3, 


ae 2(n — 2)u p 2(n— l)u 


ô<1 
~ (n—l1)e =o 


then (2.3.79) becomes 


2n—2 ©, 2 2n—2 @2 ©? 
«0, = (" di ‘) {= 24 — ((n—1)de—2(n — 2)u) 


v vO v 
Q (= (eô — 2u) rtur ) _ 2u(ede — 2(n — 1)p) pre 
r | (n—1)de—2(n—2)p) ` vo((n—1)de — 2(n — 2)y) 
©” aes uPo g i vP? 
+1) ((r tu), et | vazo e miiy 
(2.3.114) 


which, together with lemmas 2.3.3 and 2.3.9, implies that there exists a positive 


constant C4 such that 
1 2n—2 ©, 
©; < ( 2 ) t Ci. 


eg v 


Defining O(z,t) = Cit+ mMaXsejo, Z] GI —@(a,t) and a parabolic operator 


L:= 2 l £- (27 2), we have a system 
LO<0, on Qr, 
@|,_,20, on [0,2], 
O:|,-92= 0, on (0, to]. 
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Thus the standard comparison argument implies 


min @(z,t)>0 
(2,1)€ Qin 


which yields for any (x, t) € Qp, 


1 —1 
Olz. >| Cyt DA ` 
(z, )=( er ea TO) 


Thus, for all 0 < t< tọ, 
ae ce 
O(2,)>(C ~—} 20! 
(a, t) > ( ito + Er zg) Zi 
which, along with (2.3.113) and lemma 2.3.9, gives (2.3.110). O 


In the following lemmas, we shall establish the exponential stability of solutions 
in H' using Qin’s idea from [99]. Now we introduce the density of the fluids, p = 4, 


then the specific entropy 


4 
n = n(p, 0) = Rlog v+ C,log 0 + 3 0 


satisfies 
On Po On eg 
= = 2.3.115 
a Pa 8" ( ) 
where P = Rp0 + 20t. Considering the transform 
A: (p,0) € Doo = {(p,0) : p > 0,0 > 0} — (v, n) E€ ADp0, 
and owing to the Jacobian n =--> (C,0-' +4ap t0) <0 on Dyo, we 


know that there is a unique function 0 = 6(v, 4) as the smooth function of 
(v, n) € ADp 0. We denote by 


e= elon) = efu Olam) = e20), P= Peon) = Peo (un) = P(=.0), 


(2.3.116) 
then we have 
e =—P, &=0, 
OP? 
Py= (oP, + 2, 
ep 
OP, (2.3.117) 
Pa = RN 
(7) 
OP, 0 
6, =-—, 0, =— 
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Define the following energy form €(v, u, n, Z) by 


1 
E(v, u, N, Z) = zY +4Z+ e(v, n) _ e(, 7) 


ðe 


-amwa -Eaa (2.3.118) 


where e(v,7) = e(v, 0) = C,0 + aX, v= LT aa u(x)dx and 0 > 0 is determined by 
e(0, 0) = e(0,7) = fe ($+ el Tr and 7 = n(v, 0). 
The next lemma is aimed at establishing the bound of the energy E(v, u,n, Z). 


Lemma 2.3.13. Under assumptions in theorem 2.2.1, the unique generalized global 
solution (v(t), u(t), O(t), Z(t) to the problem (2.2.27)—(2.2.82) satisfies the following 


estimates 


1 
sw +4Z+ le-a +- 7°) 


2 
<E(v, u,n, Z) 
1 
< ~ AZ + (lv = T? + |y — 7’). (2.3.119) 


Proof. By the mean value problem theorem, there exists a point (ù, 7) between (v, 7) 
and (¥,7) such that 


evn) = em) + 2° (a, A)(v— 0) EE- 


5 (SS M(v WP E aw- 
£ a i(n—1)’). (2.3.120) 


resem a(n D+ 53 Nl"), (eae 


where 
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By lemma 2.3.3 and (2.3.110), we get 
fA- aot. 
U z? < ĉi, 0< Ci < n z’ <C, 


+l (i, i) <0. (2.3.122) 


0<C;'< 


which implies 


Thus, using the Cauchy inequality and (2.3.122), we have 


E(v, u,n, Z) < sw + AZ 4 afo D +(n 7)’). (2.3.123) 


On the other hand, we derive from (2.3.117) that 


0P? OP, 0 
ew = —P,y = P P, + —#, ey = -P= 0, =-—, Cnn = Oy = — 
(7) ep 


7 


which yields that the Hessian of e(v, 7) is positive definite for any v > 0 and 8 > 0. 
Thus we derive from (2.3.120) that 


Pe ee Amin (ù, 7) (w — D +(1-— m?) 


w+ 1Z+ O (Ww -0+ n-m), (2.3.124) 


where Amin(ù, 7) ( > Cr 1) is the smaller characteristic root of the Hessian of e(%, 7). 
Therefore, combining (2.3.123) and (2.3.124) yields (2.3.119). Oo 


The following two lemmas concern with the exponential stability of the 
generalized global solutions (v(t), u(t), A(t), Z(t)) in H'. 


Lemma 2.3.14. Under assumptions in theorem 2.2.1, there exists a positive constant 
y, =v, (C1) > 0 such that for any fixed y € (0, y1], the generalized global solution 
(u(t), v(t), O£), Z(t)) to the problem (2.2.27)-(2.2.32) satisfies the following esti- 
mate, for any t > 0, 


e (1a + lot) — DP + OC) — BI)” + he? +O 


+(|Z()1? +1Zlln0.n) 


t L 
+ f e (ieh + last? + AP HPNZ f oza) ias 


t 
<G+0, f elds (2.3.125) 
0 
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Proof. From (2.2.27)—(2.2.30), it is easy to verify that (p, u, 7) satisfies 


1 2n—2 0, n—-1 
(c+ +22) = (15 n (E - P) KEN 
2 i v v 


ane 7 
—2u(n — Lr? +14) : (2.3.126) 
v r 


2n—2 n—-1 2 n—-1 
Kpr 0 r’ "Oy (r= u); 
u= (EE) eT) +005 


0 
s BUZU et yg OZ (2.3.127) 
0 g 0 - 
Then it follows that 
0 “v2... (r™10,)° 
E+ a ep(r” u), + Kp —y + kAbZ 
_ feou) (lu), + dap?r”-?Z, + K(1 - 3) 299, — (P— P(a,0)) (ru) 
2u(n— 1) (1 7) (ra?) (2.3.128) 
2 2 
Á P 
5<(&) yha (r"u)| +(n 1) ru 22 paa 
2 \p p f p 
(2.3.129) 


We denote 


2 
y OE Pr a) > l-n 
M(x, t) = e” e+% (2) +— (r "u 
(2, ( 5 (Ee) + MBs (rn) 


with y, a > 0 being positive constants to be specified later. Then, it follows directly 
from (2.3.128) and (2.3.129) that 
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p Pz | p Pals 
Ee (o = 1) ru? ý i P, 7 i P, r T GEOR GEDI 


— 2u(n— 1) (1 - r) (ru) e". (2.3.130) 


Integrating (2.3.130) over Q; and making use of lemma 2.3.13, together with the 
Young inequality and the Poincaré inequality, we can obtain that for any a > 0, 


L trl @ l 3 (r"=10,) 
M(t) = f M(a, t)dr + | | "5 ep(r tu), + Kp + kigbZ | dads 
t pL 2 8.. 
+a f | es ((n- Lyrae Pe at P,- p(r™™"u), (rtu), + Po a dxds 
0 Jo P ' P 
$ tot ae [PN ap, 
= M(zx,0 dtr | | e| E ( ) h = (riu) | deds 
| (20) o Jo 2\p p ( ) 
t pL g 
— 2u(n — nf I e” (1 — 3) (r"?u’) „deds 
o Jo 
t pL 2 t 
<Q+7 f I e” (: pa (=) p “Pe o=) duds + Ca | e”*|[u,(s)|[°ds 
o Jo 2\p p 0 
t 


+ Gra | elaela 


t 
<4 Gy I e (1al? + Zl + lo = 1? + [ln — AI? + lel?) (s)ds 


u(s)[]? 0x8) [2 ds. (2.3.131) 


t t 
+ a f e’ || up(s)||? ds + Gat f e 
0 0 


On the other hand, we know the following facts 


rr) IS I(r) I 


> lulli < || 7a), 


w 
and 


} 0, 2 plr!) 
p ~ P2p  2r?n=20 ’ 


P, = R0 > 0. 
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Thus we can conclude from lemma 2.3.13 that 


-1 yfl > 
M(t) > Ci to" (lu? Zl + lo — OI? + | 
L 2 
taer | s (2) + (ru) = | dz 
FORGED- 
+ on f of G CEOL (r n—1 u)? 
0 Cia (r10) a R0 p? 
H = | dzd 
(«5 set)? 0 2p ves 
+ Cy 4 i e d Zdrds 
1 ad? = = 
> ope ( (3-lea +o- + Ina? + e) 
+ ao of G CEOL (r n—1 u)? 
0 Cra (r"-10,)7 aROp? 
H = | dad, 
(«5 sana)? 0 2p oS 


t L 
+C" | f e’*hZdzds (2.3.132) 
0 J0 


which, taking a > 0 small enough so that 


1 aa?” 0 0 Ga 
> z >0, eg a> 0, KO Zgan >0 


implies 


M (A > OTe (1O? + ZO + — WIP + n) 
+O | e (lul + ll + lll + lvl?) Ods 


t L 
a f f ep Zdzds. (2.3.133) 
0 J0 


By the mean value theorem and the Poincaré inequality, it follows from lemma 
2.3.1, (2.3.3) that 


mill + leI + le (DIP) 
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ljo — 8| < C (llv — a+ ll e(v, 0) — e(U, 0) ||) 
< C (llv — Bl + lle — el] + lull + 121121) 
< Ci(lleell + lleell + [Mell + 41) 
< (lll + [ell + lull + ZI (2.3.134) 


and 


lin — all = |[n(v, 8) — n(@, 0) || 
< @ (llv — || + ||6 — Ol) 
< Ci(|l vl] + [Axl] + | well + IZID (2.3.135) 


with €= ig e(v, 0) dx. 
It follows from (2.3.131)—(2.3.135) that 


e (uO? + 12s HIZO + Hod) — ol? + A — al? + le (BP eI) 
t t L 
+f (luc? + 10sI? + ll? + lel?) (s)as+ oc f f GZs 
0 0 J0 
t 
< Cit Gay f e (lue + 10a + oll + los? + Zo + ZIP) (3) ds 


t 
+ Ga f e” || u(s)||Z~||Ox(s) ||" ds. (2.3.136) 


Multiplying (2.2.30) by Zand integrating the resultant over [0, L] with respect to 
x, we have 


ld j L dr?”-2 5 L j 
IA f Z dx + ef oZ dz =0 
2 dt 0 v2 ` 0 


which implies for some constant yo > 0 


d 
qlZI + (ZÐ + roll ZOI? <0, 


such that we can get for any t > 0, 
t 
ezoa f e (IZAH) ds< G. (2.3.137) 
0 


Thus we derive from (2.3.136) and (2.3.137) that there exists a constant 0<y = 
(C1) < # such that for all y € (0, 7] and for any t > 0, 
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y 2 2 a2 a2 Dlle a2 | 2 
e" (Iul + [Zl +Z +e = al’ + n — all’ + || — O + le — pil 4 De 
i L 

ys 2 2 2 2 2 
+f e (In? + 10 + [leal + lvl? + ZI? + Zell +f ite) ds 
t 
SA+ f eNd 
0 


which gives (2.3.125). o 


Lemma 2.3.15. Under assumptions in theorem 2.2.1, there exists a positive constant 
y € (0, yi], such that for any t > 0, 


e" (luO? + 18O + ZCI?) 


t 
+ fF e (Nul? + [Ol + Za? + ull? + Ie? + Ze?) ()ds< Gh. (23.138) 
0 


Proof. First, we easily verify 
Epuru) p > Cp us, — O (u? + us + v2). (2.3.139) 
Multiplying (2.2.28) by —e’'u,,, integrating the result over [0, L] and using the 


Gagliardo-Nirenberg inequality, the Young inequality and (2.3.139), we can derive 
that 


dy, TEE i : 
g (etal?) + octet f des Feu + e"us? + lel?) 
0 
+ Che" (lull + It |lz bell + [vel + Il) etal 
< Ciye” tcl? + Cre” (Iual? + loll? + 10-1?) 


which implies 


He 


We can easily derive from (2.2.29) that 


1 ji y 
ual?) + ggg ell tel” < ay e (Iual? + vel? + 0l). (2.3.140) 


TE e(r" tu), (re 270), 72240 Up (r”=lu)? 
— €9 egu egu? i epu 
n—2 2 n-i 
a-n e iU ee (2.3.141) 
€o eg eg 


Noting that the fact 
pr(r™™? 0s) Ou > CO,- C10, (2.3.142) 
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and multiplying (2.3.141) by —e’"0,,, then integrating the result over [0, L], using 
the Young inequality and the Sobolev inequality, we derive that 


d yt 2 —1 „yt 7 2 
— | e” llO) + Or A | 0 dz 
dt ( ) i r 


< E lOl? + eO? C eul + || ue 


+ sll celle 
+ [ell = Isl + lll = + Za) Oo 
Y y y y 4 

< Fe Ol? + Creel? + Ce (ell Oa 


nies 


Vell + [8al Ocel” + |] xxl [| el 
d 2 
+ [luel ell? Oll + IZI xxl) 


Y y y n 
< Sera? + ye" ltal? + CO (M0 + Meel? + IZ) 


which, taking y > 0 small enough, gives 


4 (ott) + gh ial 


< ye (IOa? a P) + C)" (luel? +Z? + 8al). (2.3.143) 


Similarly, we derive from (2.2.30) by multiplying (2.2.30) by — e Z: over [0, L] 
that 


d = 
g (CUZ) + g ZP < Ae (ZPA + los?) (28-144) 
Adding (2.3.140), (2.3.143) and (2.3.144) up, we can get 


d 1 
TIE u T 5 0, i Zy *)) DS, a TE ; Orr z Lox , 
Aen (leal + ell? + ZP) ) + see" (ll? + Osel + IZel 


y 2 2 e 2 2 2 2 2 
< pe (Mtua? + Baali?) + Cry e (Mual? + Moal? + 0l + Zell? +121) 


which, taking 0<7(<3 1 ab] small enough and using lemma 2.3.14, yields for any 
t>0, 


t 
e" (Jul? + Go|? + Za?) + fe (Ilse? + al? + Zul?) (3) 
0 
t 
<+ a f é5||u(s)|[2~|]92(s) | ds. (2.3.145) 
0 


Applying the Gronwall inequality to the above inequality, we easily obtain for any 
t> 0, 
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t 
e” (luel? + NOI? + Za?) + f e (luel + Dal? + Ze?) ds < Gh 


(2.3.146) 
From (2.2.28)-(2.2.30) and the embedding theorem, we derive 
| well < Ci (|| acl] + IlOll + Ivl), (2.3.147) 
[Oil] < Ci (lêzel + [el] + lvl] + [uzel + llull + ZI) (2.3.148) 
and 
Zl] < C.(|| Zill + |] Ze] + |] vell + II. (2.3.149) 


Then it follows from (2.3.146)—(2.3.149) and lemma 2.3.14 that for any t > 0, 


t 
f e (ell? + Nel? + IZ?) O< C (2.3.150) 

0 
which, together with (2.3.146), implies (2.3.138). oO 
Till now we have completed the proof of theorem 2.2.1. O 


2.4 Global Existence and Exponential Stability in H? 


In this section, we shall show the global existence and exponential stability of 
solutions to the problem (2.2.27)—(2.2.32) on H° under some relative assumptions 
and complete the proof of theorem 2.2.2, which can be shown by the following 
lemmas. 


2.4.1 Global Existence of Solutions in H? 


In this subsection, we complete the proof of global existence on H? by a series of 
lemmas. First, we estimate the second-order derivatives of u and @. 


Lemma 2.4.1. Under assumptions of theorem 2.2.2, there holds that for any t > 0, 


t 
MeCN + eel OP + Mellin +f luz(s)|? ds < Cy, (2.4.1) 


t 
MADI + NODON f Mads Ce (2.4.2) 


68 Global Well-Posedness for Some Fluid Models 


Proof. Differentiating (2.2.28) with respect to t, 


n—1 n—1 
un = (n—1)r™?r, (os — P) 4 rt (< (re We = P) , 
. a 4 at 


(2.4.3) 


Multiplying (2.4.3) by u; and integrating the resultant over Q, using integrating 


by parts, the Cauchy inequality and theorem 2.2.1, we can arrive at 


t L 1 L 
| | uy uy drds > =f u da — Co, 
0 0 2 0 
t L n—1 
| | ur (1 - P) dxzds 
0 u at 


prot n—1 
-f [ mr (£ ua ae ath Re - aout + dat?) dzds 
o Jo v? 


v v è 


-C ae adst ce f f u dads 
0 


soto ff (u2 + up +67 + ut) dads 
o Jo 


t pL t L 
<Q- os f i u, dads + cx) f lele f u? dads 
o Jo 0 0 
t pL 
<Q- OC" f f u dzds 
o Jo 


and 


lA 


KO, af f tlt +8 + al) dos 
0 
t L 
<O+ af lele f v? dads + a f loane f v? dzds 
0 0 0 0 


t t 
<O+O f (Mel + luc?) ds+ Ce f (10+ ul”) ds 
0 0 


Combining (2.4.3)-(2.4.6), we can obtain 


t 
luO | lrus(s)IPas< C 


(2.4.4) 


(2.4.5) 


(2.4.6) 


(2.4.7) 
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which, by no 


gives 


ting the fact that from (2.2.28), 
| ae ()|] < Co (Il eel] + [vel] + Ieell an + Alla); 


|| Uor(t) || < C2. 


Hence (2.4.1) follows from (2.4.7) using the embedding theorem. 


Similarly, 


2n—2 n-1,,.\2 
e+ (ao tavai), = (Ee) „(£ E 
at t 


differentiating (2.2.29) with respect to t, we can get 


v v 


(2.4.8) 


(2.4.9) 


— 2u(n — 1) (7P) (P(r Tu) ,) + AAZ), 


Multiplying (2.4.10) by 6, and integrating the result over Q, we have 


t pL gopi 
f 1 Cy040,dads > af 0? dx — Cy, 
0 Jo 2 Jo 


L pen 21 
[ f (= me) 0,daxds 
0 0 


— Cy 


IA 


IA 


= Cy 


t L 
7 [ 0° dads + Cze l 0, dzds + C(e of T 6v? dads 
0 0 
ei 0, dads + of leas f 0° dxds 
0 J0 


t pL 
<C — a | I 0°, dads, 
o Jo 
ph ly 
[ff (= z- p) (r'u) Ordos 
0 t 


< af [ (u2,+ us + 0; + 0? u2 + u207) dads 
o Jo 


<O4 


< C4 


t L t L 
-C f A f usl dzds+ Cy f TA f 04||2dxds 
0 0 0 0 
i 2 k 2 
-© f hul f N0? deds 
0 0 


(2.4.10) 


(2.4.11) 


(2.4.12) 


(2.4.13) 
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and 


[ [Comma oe) tds 


t pL 
<Q f Í (0; + uu? + wu2,) deds 
o Jo 


t L t L 
<O+ a | lels f Jusl? dzds+ af | we? dads 
0 0 0 0 
<O. (2.4.14) 


From (2.2.33), (2.3.1) and theorem 2.2.1, it follows 


n—1 
Eg 
v 


<Q, (2.4.15) 


LX 


I (r"2u) |S COll + ltl) (2.4.16) 


L L n—1 
l O,dx Í (e - P) (rtu) dx 
0 0 v “ 


which, by the Poincaré inequality, gives 


L 
ue l idz 
0 


Thus from (2.4.15)—(2.4.18), we derive for e > 0 small enough, 


L n—-1 
| (E-P) (rte) ede s G(r) OA 
0 
< Co] ell + [ftll (Il Mell + lOl) 
< ellOzl? + Co(|| uel] + |] eee); (2.4.19) 


< < Cllull (2.4.17) 


+ Ci||Ocel]| < Co (llull + IlOll). (2.4.18) 


t L t L 
l | ki(pZ),O;dads < Cy | f (0; + Z?) dads < C, (2.4.20) 
0 0 0 J0 


t pL t pL 
f f ((av0"), + (4av6") D) O, dzds < Cy | I (a + 0? + lal) dxds 
o Jo o Jo 


t 
<e f 0alPds+ ©, (2.4.21) 
0 
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t i ph 
dx — f f (2av0?) Oj deds, (2.4.22) 
0 0 


t L L 
| | Aav0°0,0,drds = f (2 av0 0?) 

0 0 0 0 
t pl t pL t pb 
Il (2av0*) 0; dads < af | JulO2dads-+ Cy f |0,” dads 

0 0 0 0 0 0 


t t 
< a | lorliasse f Oul? ds + Cp. (2.4.23) 
0 0 


It thus follows from (2.4.22) and (2.4.23) that 


a [ 4av0" 0,0;dads > ae 0? dx — O -ef lOu? ds (2.4.24) 
0 


which, together with (2.4.10)—(2.4.21), gives 
leo f OKET I ROn f “0(s)[P2deds. (2.4.25) 
By the Gronwall inequality, we obtain 
IAAI? + [ies(sPas< Cy (2.4.26) 


which, by noting that from (2.2.29), 
lOl MAO Oaa + lean +O +12), (24.27 
and the embedding theorem, implies (2.4.2). o 
The next lemma concern the estimate on the second-order derivative of v. 


Lemma 2.4.2. Under assumptions of theorem 2.2.2, there holds that for any t > 0, 
t 

ltd f lvls)?’ ds < C. (2.4.28) 
0 


Proof. Differentiating (2.2.28) with respect to z, we have 


lda _ 9, Hele hu) 
v2 


d rr RO TE = = 
€— (=) + O pl "Un +(1— n)r "vu + 2e 
dt v 


2 
Orr vrhr 2 Ove + 40°62 + SPO =M 
U 


(2.4.29) 
where 


[Ml] < Co (lucell + [uel] + [eel + [ell + Wl ze) 
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By theorem 2.2.1 and (2.4.1), we get for any t > 0, 
t 
i || M(s)|/?'ds < ©. (2.4.30) 
0 


Multiplying (2.4.29) by “*, then integrating the result over Q, and using the 
Young inequality and (2.4.30), we can obtain (2.4.28). Oo 
Now we establish the estimate on the second-order derivative of Z. 
Lemma 2.4.3. Under assumptions of theorem 2.2.2, the following estimate holds for 


any t > 0, 


t 
IZI HIZO HIZO + f Zd Co (2.4.31) 


Proof. Differentiating (2.2.30) with respect to t, we have 


r? Z, 
Zn = a 5 r) kh;Z — kọ Z. (2.4.32) 
xt 


Multiplying (2.4.32) by Z; and then integrating the result over Q, we have 


i L 1 L 
I | Zu Zıdzds = = f Z? dx — O, (2.4.33) 
0 0 2 0 


t pl  /72n-27 t pl t pL 
I/ a( 5 s) Zdas< -cz | f Zideds+ Ce | f Z? dads 
0 Jo v at 0 Jo 0 JO 
t pL 
+ o f f Zv dads 
0 Jo 


t L 
<Q- Cy" | I Z2, dads, (2.4.34) 
0 0 


t L t L 
| l (kb,Z + ko Zi) Z dads < a f Í (07 + Z?) dzds < Cy. (2.4.35) 
0 J0 0 0 


Combining (2.4.32)—(2.4.35), we can obtain 


L t pL 
f Z dx + f J Z? dads < Cy (2.4.36) 
0 o Jo 
which, by noting that from (2.2.30), 
Zell < (IZA + Zell + NZI + lva) (2.4.37) 


and the embedding theorem, implies (2.4.31). O 
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Based on lemmas 2.4.1—2.4.3, we easily obtain the following estimate from 
equations (2.2.28)—(2.2.30). 


Lemma 2.4.4. Under assumptions of theorem 2.2.2, the following estimate holds for 
any t > 0, 


t 
[ (scl? + an + ZP) d< Cb (2.4.38) 


Proof. Differentiating (2.2.28) with respect to x, we can get 
| tcl] < Co tee|] + [uella + [| Pell ze + U9 ll 2) (2.4.39) 


By theorem 2.2.1 and lemmas 2.4.1 and 2.4.2, we have 
t 
| || vexr(s)||’ ds < Cd. (2.4.40) 
0 
Similarly, differentiating (2.2.29) with respect to x, we can obtain 


[|.xzzl| < Co(Ozel] + [Oxo + [eel x2 + [I tell an + [I Zell). (2.4.41) 


By theorem 2.2.1 and lemmas 2.4.1 and 2.4.2, we have 
[ lOl s)|? ds < Cy. (2.4.42) 
Also, differentiating (2.2.30) with respect to x, we can derive 
|| Zell < Co (|| Zall + leell + ll Zell zx + ll8ell + Zell). (2.4.43) 
By theorem 2.2.1 and lemmas 2.4.2 and 2.4.3, we also obtain 
i || Znr2(8)||" ds < Cy (2.4.44) 


which, together with (2.4.40) and (2.4.42), implies (2.4.38). o 


The next lemma means the global existence of solutions in ‘H’. 


Lemma 2.4.5. Under assumptions in theorem 2.2.2, the following estimate holds for 
any t > 0, 


1/2 2 1/2 —1/2 AI 2 
Ir — Fli + lirie + lo) — Ola + luct) — Wipe + lA — Ollie 
= n —2 
HIZO +E — Dli + lut) — Tir + 0) — Dli 
t 
2 2 2 2 2 2 —2 
ville + [uel + ele + Zell” 4 [ie olla + lvla + llu- Ells 


Fl 2 
ullin + |] — Olle + llla + lZ + Zl 
+ [lr = Tas + Ilrilligs)(8) ds < C. (2.4.45) 
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Proof. By equations (2.2.27)—(2.2.30), theorem 2.2.1, lemmas 2.4.1-2.4.4 and the 
embedding theorem, we have 


lDN < Collul)|L ye < ol) 
t f 

f lell? ds < Cy I lulsds< Cr, Ir Òle < Callu(2)|l ye < C, 
0 0 


Irl < ClO SG, Olma < GlloOllz < C, 
uC) Myce < Clud lle < C Om < ClO < C. 


| < GiluOllas, 


Combining lemmas 2.4.1-2.4.3 with the above estimates, we obtain (2.4.45). O 


2.4.2 Exponential Stability of Solutions in H? 


The exponential stability of generalized global solution (u(t), v(t), 0(ġ, Z(t)) in H? 
can be obtained by the following two lemmas. 


Lemma 2.4.6. There exists a positive constant y, = y4( C2) < yı such that for any 
fixed y € (0, y3], the following estimate holds for any t > 0, 


e (lul HOON + ZIP + Meld? + lOH? + | Zcx(0)1)”) 


t 
+ f e (lr + IOs? + Za) (9)ds< G- (2.4.46) 
0 


Proof. Multiplying (2.4.3) by we” and then integrating the resulting equation over 
Qi, using the Young inequality and (2.4.4)—(2.4.6), we have 


t t 
e'u + f lulas C+ f e (lu? + 10? luelh) (ds 24.47) 
0 0 


which, along with lemmas 2.4.1—2.4.5 and lemmas 2.3.13-2.3.15 and noting the 
estimate (2.4.8), implies that there exists a constant y% = y3(C2) < yı such that for 
any fixed y € (0, y5], 


e (uPA hD) + f uad Ce. (2448) 


0 


In the same manner, multiplying (2.4.10) by 0,e”' and (2.4.32) by Oret, respec- 
tively, integrating the resultants over Q, using lemmas 2.4.1—2.4.5 and theorem 
2.2.1 and (2.4.27), (2.4.37), we derive that 


t 
e (10D + ZCI? + NN? + || Zen?) + f e” (0al? + Zal?) (8) ds < Ce 

(2.4.49) 
which, together with (2.4.48), yields (2.4.46). The proof is now complete. m 
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Lemma 2.4.7. There exists a positive constant y2 = yo( C2) < yh such that for any 
fixed y € (0, yə], the following estimate holds for any t > 0, 


t 
ellul? + f e" (Iur? T || 2x” + llOrzsll? Fe | Zll’) (s) ds < Cy. (2.4.50) 


Proof. Multiplying (2.4.29) by *e’’ and choosing y so small that y< y, = 
min{ 5, as} and using lemmas 2.4.1—2.4.6 and theorem 2.2.1, we conclude that 
t t 
CoP S loads G+ f (lve? +a? + ualr) (sas 
i < Gh. (2.4.51) 


Differentiating (2.2.28), (2.2.29) and (2.2.30) with respect to x, respectively, using 
lemmas 2.4.1—2.4.6, we easily get 


t 
fe" (ese? + MOa + Zl?) (3) d5< C (2.4.52) 
0 
which, along with (2.4.51), yields (2.4.50). The proof is thus complete. Oo 
Till now we have completed the proof of theorem 2.2.2. O 


2.5 Global Existence and Exponential Stability in H! 


In this section, we shall establish the global existence and exponential stability of 
solutions to the problem (2.2.27)—(2.2.32) under some relative assumptions and 
complete the proof of theorem 2.2.3 by means of the following lemmas. 


2.5.1 Global Existence of Solutions in Ht 


In this subsection, we shall prove the global existence of solutions in H4. Firstly, we 
give some estimates on uy, Ou and Ze 


Lemma 2.5.1. Under assumptions of theorem 2.2.3, there holds that for any t > 0 
and fore > 0 small enough, 


|| au (27, 0) || + []Oxe(a, O| + || Zee(x, 0)|] < Ca, (2.5.1) 


[uale O)|] + [0u Cæ, O)| + |] Ze(2, 0) || + |] Ueae(2, O)| 
+ ||Orax(2, 0)|| + || Zex(z, 0)|| < Ca, (2.5.2) 
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2 ' 2 i 2 2 
ue QP f Meela Cit f (lel? + el)s 253) 
0 0 


t t 
lou)? + | lorala) ds < Ch + Che f []Ocao(s)|2ds 
0 0 


t 
+e f (tul? + tell? + Zel) (ds, (2.54) 
0 


t t 
IAO f Zed a+c f (Molel) ds 255) 
0 0 


Proof. Differentiating (2.2.28), (2.2.29) and (2.2.30) with respect to x, respectively, 
using lemmas 2.3.10, 2.4.1 and 2.4.3, we can get 


laD C (MuHa + Oe) ln + lOl), (2.5.6) 
laO (MNO + lee) + llan HOHA 2-5-7 


laD S O Zel NZ N o lll O lel 
+l AO eO A 
< C2(Ze() lly + NOl Ollan). (2.5.8) 
Combining (2.5.6)-(2.5.8), we easily obtain (2.5.1). 


Similarly, differentiating (2.2.28), (2.2.29) and (2.2.30) with respect to x twice, 
respectively, using lemmas 2.3.10, 2.4.1 and 2.4.3, we can derive 


[| uae tI S CoM) Ins + oO + Ox) Ize + Ile) eO 
+ [Or CE) IL po Il rae (#) lues Oll llv 


< O (hull + lee) Mle + lllz), (2.5.9) 
lOa Oll < Co ([Ox(#)[ + vet) [ge + [ee Lae + lOr), (2.5.10) 
lZ Dll C(I Zell + Ollan + Ole) (2.5.11) 
or 
lte (Hl C (Mtella + Ul vet) lly + OOla + Ilts), (2.5.12) 


lOe Dl (NOl +M llr + ltl + Zla + lOl), (2-5-13) 
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lZer Dll Co(]ZeC#) M2 + NO Lan + lelle + Ze). (2.5.14) 


Differentiating (2.2.28) with respect to t, using theorem 2.2.2, (2.3.147)—(2.3.149) 
and (2.5.6)—(2.5.12), we have 


hOll S C (NOl + Ul vet) I + NAON NaON + I] tect) |] + Nee) (2-5.15) 
< (lull + lulla + lOl + lZ). (2.5.16) 


Analogously, we can derive from (2.2.29), (2.2.30), (2.3.147)-(2.3.149) and 
(2.5.6)-(2.5.11) and theorem 2.2.1 that 


laD C (Mla + MDH AON e + NOl + DHZ) (2-5-17) 
< O (hÐ + lella + NOl + IZO), (2.5.18) 


laO Ollar + lool ln + a| 
+ |[Zex(t)] + | Zrax(t) || + || Ze(2) 1) (2.5.19) 


< (l| Zll +O [le + Dll + [uc ( ||). (2-5-20) 


Thus the estimate (2.5.2) follows from (2.5.9)—(2.5.11), (2.5.16), (2.5.18) and 
(2.5.20). 

Differentiating (2.2.28) with respect to t twice, multiplying the resultant by uy in 
L7(0, L), performing an integration by parts, and using theorem 2.2.2 and the 
embedding theorem and the Young inequality, we can derive 


ld 2 Z n=l (rtu), 
nee —— n + “=_Pj]jd 
e f (tue) G a 
L n—1 
= n-1 (r u), _ 
| (r Juu) 2 (po P) = 


n—1 
(r°) ptn + m te) z (e E P) j 


L 
r; A 
< f € E Uj dt + O(lluell + || Uae Wel] + |] up|] + Orul 


+ | ual] + cell + žl Hemel 
< = Cy" fuel? + Co(lleull fs + NOA? + uel? + Nul + uel). (2.5.21) 


Thus, by theorem 2.2.2, 


t t 
ue OP fsa) Pds< C+ Ci f (lu? + Bull) (sas 
0 0 
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which, along with (2.5.15) and (2.5.17), gives estimate (2.5.3). 

In the same manner, differentiating (2.2.29) with respect to t twice, multiplying 
the resultant by 6, and performing an integration by parts over L7(0, L), and using 
the embedding theorem and the Young inequality, we have 


ld f* 
ral e00, dx 
L 2n—2 6. L 3 L 
= = (=) budo- f (eon + ew (ru) .) Oude —5 | eg 0, dix 

0 v tt 0 2 Jo 
L n—1 L n—1 
=] (e+ p- 2) (r u) Onde 4 I (£ u), 
0 v i 0 v tt 


í (rtu) n—1 # n—2,,2 
—2 ey t | P-e L (r u) „Pude — 2u(n — 1) (r u ) ubude 
0 ‘ i i 


v 0 


v 
“—— 
3 

3 
l 
an 
Ss 
es 
a 
= 
a 
8 


L 8 
+ka 1 ($2) Onde =: X` A; (2.5.22) 
0 


i=1 
By virtue of theorems 2.2.1, 2.2.2 and lemmas 2.4.1—2.4.6, and using the 
embedding theorem, we derive that for any e € (0, 1), 


Ay < = Cy] reel|? + Co({lGell lell + [| eel zal] cell + lullO 
+ [IO] zl] + [xl] z= I] Gell) Accel 
< = (20) brel? + Co (Oral? + uall? + Il eell Gs + Gull?) (2.5.23) 


MsO f (Uul + 1)? + eal + el) (ul + 0) Bele 


< CANON r (uel + (Gell) (Mell ox + NOl) Oall + ell) + eall + Ol) 
< (NOl + Oll) (Mell an + ell + [Goel] + Itel + Oll) 


< €us? + Coe (lutein + NO? + Oa? + [lel + MOa), (2.5.24) 


L 
A3 < a f (Jusl + 101) 0n de < Cr] Orll z (ull + IOA ul 
0 


SCy((lOuell + Oul) Cual + NOI Oel < Ell Ouel? + Coe Aull’, (2-5-25) 


Ag < elltas? + Coe" lba, (2.5.26) 
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As < Calltalll1Oul (lel zs + NOg) (ell Ol) + I eal 
+ Ou + lel + ull + Hel 
< C,]Oull (ltl gs + Gell + ral + Muzell + Gull + [ete + lel 
< ellus? + Coe (0al? + [lull pe + NOEP + [Gael + Mual), (2.5.27) 


| eure] + | tee” + | uel) (fetce] + lee] Oe] de 


L 
msa f (ual +10 
0 


< Col] eee] eee ||?((] eee] + Ol uell) Ol (2.5.28) 


Ay < lOa lu] + [el + [etal + tla ell + Ital zo eal + Ue lll + Il) 
< alltel? + Coe (lluellin + lus? + lus? + MOa), (2.5.29) 


L 
As < a f (102| + lOu + | Zel) Oujda < Ci (0+ Oall + IZel Ol 
0 
< e( l0uall? + || Zell?) + Coe? (Nal? + Zale + Oila )- (2.5.30) 


It follows from (2.5.28), by the Hölder inequality, that 


[tots 4,200 (flutas) ( fins) 
x (float? 104? e)a) 


t 
<o( sup Moat) f lutas) + Ge. (2.5.31) 
O<s<t 0 


1 
4 


Thus we derive from (2.5.22)—(2.5.31) that for any e € (0, 1) small enough, 


t 
NaCI? f Mwl) 


t 
< Ce’ + c f ]Ou(s)||° ds 
0 
t 
+ Ciel sup MOa f (lul? + uel? + Ze?) as). (2.5.32) 
O<s<t 0 


Therefore taking supremum in ¢ on the left-hand side of (2.5.32), picking 
e € (0, 1) small enough, and using (2.5.17), we can derive estimate (2.5.4). 

Differentiating (2.2.30) with respect to t twice, multiplying the resultant by Zy in 
L7(0, L) and integrating by parts, we can obtain 
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1d 2 [dr j 
ATAO -f = Zuda— kà | ($2),Zude 
2 dt 0 tt 0 


VU 


L 4,2n—2 72 
dr Z? 
S n da + Co( (|| Zell + || ucell + |] Zell) |] Zenl 


+ IZel (lall + Zell + lusla + lella )) 
< = (20) || Zul? + Zal? + Oral]? + luel? + | ell 
+ [lodia + Ul Zulli + Il Zell”). (2.5.33) 


Thus, by lemmas 2.4.1-2.4.6 and (2.2.28), 
2 : 2 f 2 2 
[Ze + f Mais C+ f (12PHP) (2534 
0 0 


which, together with (2.5.17) and (2.5.19), gives (2.5.5). The proof is complete. O 
Secondly, we establish estimates on Urn Orte and Zyre 

Lemma 2.5.2. Under assumptions of theorem 2.2.3, the following estimates hold that 

for any t > 0 and for e > 0 small enough, 


t t 
DNA f Yas) ds Cr+ Coe? f (lull? HNO) ds (25.35) 
0 0 
2 i 2 f 2 
DPH f Mods Cot Cae? [Ia (2.5.36) 
0 0 


t 
Zao f || Zaru(8)||" ds < Cy. (2.5.37) 


Proof. Differentiating (2.2.28) with respect to z and t, multiplying the resulting 
equation by u» in L7(0, L) and integrating by parts, we have 
zg lull = Bo(t) + Bi (t) (2.5.38) 


with 


z=0 


B,(t) = = ie (oe P) ) “ands. 


Employing lemmas 2.4.1—2.4.3 and lemma 2.5.1, the interpolation inequality and 
the Poincaré inequality, we can get 
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Bo(t) < C(I tell px + [Gell z=) (lurli + Well + leell 2) + Iltzrll ze + IlOll z 
+ [luzze] coe FU eel coll eetll zo + Ul tell Ul eal + |] We | ae + Ul 
+ [lell z illz + [eel co [Beall co + Or lOl + Itel lvl) nell re 


< O(Bo + Bo)llunlPll url? (2.5.39) 


where 
Bor = || tell a + [0il + [Ozell 
and 
1 1 1 1 1 1 
Boz = lA zxe||?||@xze||? + || eae |?|| zzril? + || eae || + || Ure ||? || ace ||?- 


Applying the Young inequality several times, we have that for any e € (0, 1), 


2 


1 1 
Co Bor || uzel? || tzn? < 


E = 
< Flavell” + Coe (Muelle + Orlin + lvl?) (25.40) 


and 
1 1 g È 
Or Boz | rill axl? < Z Mcn? + & (Mine? + Minell?) + CE (ull? + Meli?) 
(2.5.41) 
Thus we derive from (2.5.39)-(2.5.41) and lemmas 2.3.1-2.3.13 and 2.5.1 that 


Bo <6? (Nusa + Ote? + lta”) + Coe” (10? + llre + Oel? + lll”) 
(2.5.42) 
which, together with theorem 2.2.2, further leads to 


t t 
| Basse f (lcal? + Orzel? + [etazell”) (8) ds + Che, (2.5.43) 
0 0 


Analogously, by lemma 2.5.1 and theorem 2.2.1 and the embedding theorem, we 
can get that for any e € (0, 1), 


L 2n—2 
r 
Bı < -| E€—— Uy Ae + (Cell + [Gell + Meel) Oel + ll eel) 


2 
H [eae] + Oael] + [eel zo ell + I| endl zo I tae] + [I tel ce [ I 
+ [lee] + NOl + tel?) tezel << — (201) "I tell” 


+ Co {Il tellin + Gel + lll? + lel?) (2.5.44) 


which, combined with (2.5.38), (2.5.43) and theorem 2.2.2, gives that for any 
e € (0, 1) small enough, 
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t t 
DIP f Mads Ot Coe? f (le? + ltenl®)(3)ds. (2.5.45) 


On the other hand, differentiating (2.2.28) with respect to x and t, and using 
theorem 2.2.2 and lemma 2.5.1, we can derive 


ltl] Chl] ere) | + Co (Ieee) Mize + NEn +O +e) (2-5-46) 
Thus inserting (2.5.46) into (2.5.45) implies (2.5.35). 
Similarly, we derive from (2.2.29) that 


ie fg z 
zah tet! > Pl) (2.5.47) 


where 


L 2n-2 0, L n—1 
D,(t) = fi a Otrs dX, D(t) == €y + P = sas (rtu), On dx, 
0 y tx 0 4 J 


L 1 L 
D3(t) = -f (cout + g C018 + cob Oisdz, Dy(t) = 2u(n — nf (ru?) gOude, 


D;(t) = af CARA 


0 


By virtue of lemmas 2.3.13, 2.5.1, and (2.5.35), and using the embedding theorem 
and the Young inequality, we derive that for any € € (0, 1), 


Dy(t) < = (201) Orell? + © (Ilu m+ (Gcllin + Gillin); (2.5.48) 


Do(t) < èul? + Coe*( url + [Gell + ||taell” + Ivelin) (2.5.49) 


D3(t) < 2 Oirr wee Coe*( Ur a T 0; A +r ale + lunll? + lesll?), (2.5.50) 


= 


Dy(t) < Onal? + Coe*( usla + lju ? + |ual?) (2.5.51) 


Ds(t) < Co(IIZell ie + I Zal? + 1020) (2.5.52) 


which, along with (2.5.47)—(2.5.51), implies (2.5.36). 
Analogously, differentiating (2.2.30) with respect to ¢ and z, multiplying the 
resultant by Z,; and performing an integration by parts, we arrive at 


Global Existence and Exponential Stability to a Compressible Combustion Gas 83 


1d 2 2 (dr”™®= Z, : 
zg lZ =- f (—= _ isnt — ka ($Z) Zed 


v 0 
bye ge 
<-d Le “ida + Ci((|| Zall + [uella + Ul Zell) | Zell 
+ || Zee] {| Ozell + |] Zee] + |] Zell) 


< = (2C) Zeel? + C (1 Zell? + Zel? + 8al? + leel?) (25-58) 


which, together with lemmas 2.3.10, 2.4.1, 2.4.3 and 2.5.1, gives (2.5.37). o 
Finally, we turn to show estimates on u, v, 6, Zin H'. 


Lemma 2.5.3. Under assumptions of theorem 2.2.3, we have for any t > 0, 


eel]? + Mezel? + [Oral]? + Oall? + Zel? + Zell” 


t 
+ f (lus? + lel? + [Ol + [onl + Zeal? + Zon?) (d< Coy (2.5.54) 


lezel a + I| taas llin + IlOll + | Zece llin + Itel? + IOl? + | Zell” 


t 
+f (Mrl? + leans + MOa? + [axe Fis + N Zel? + I Zell 7s) (8) ds < Cı, (2.5.55) 
0 


t 
[ (Wellin + loli + Meslin + MZe) ds C (225.56) 


Proof. Adding up (2.5.35)-(2.5.37) and choosing ¢ > 0 small enough, we conclude 
t 
Fea? + GC DIP HIZO f (lel? + Ozel? + [| Zeal”) (8) ds 
t 
< on + oe f |lusu(s)l|” ds. (2.5.57) 
0 


Now multiplying (2.5.3), (2.5.4) and (2.5.5) by £, Æ and e, respectively, then 
adding up the resultants to (2.5.57) and picking € small sufficiently, we obtain 
(2.5.54). 


Differentiating (2.2.28) with respect to z and noting that Vr = (r"1U) z, We get 
È (=) = Pye = "ug + Elz, t) + (1 — n)r vu (2.5.58) 
where 
E(a, t) = Put + 2P 08x 4 2Py0O, + Po0r — 2€ % (rtu), + des (a). 
Do? 


Ur Oa Vy i 292, R \ 4 3 _ Ur n-1 Us n—1 
2R 2R + 8a0" 0.4 (7 : TD 2e(2 (r u) (r 9a): 


v v2 
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Differentiating (2.5.58) with respect to x, we can get 


0 (= 


(= ) — Py vpn = E(x, t) (2.5.59) 


where 


Urg Ur 


E(x, t) = Ey (2, t) Pre Vox t e( 5) ) + r” umr + 3(1 = n) r!” vug 
U t 


+(1—n)(1— 2n) "oP + (1 nr oy. 
Obviously, we can derive from theorem 2.2.2 and lemmas 2.5.1 and 2.5.2 that 
IEIS (lvla + [lel ge + [Gell ze + Il tice) (2.5.60) 


and 
A 
[ laoPas a. (2.561) 
0 


Multiplying (2.5.59) by “= over L7(0, L), we can obtain 


d Vere ||? _1|| Vexe ||? 
|=) +c7/-2 s ano (2.5.62) 
which, combined with (2.5.61), gives 
t 
Iran f vnl ds < Cy. (2.5.63) 
0 


Noting (2.4.39), (2.4.41), (2.4.43), (2.5.12)-(2.5.14), (2.5.54) and (2.5.63), and 
using the embedding theorem, theorem 2.2.2 and lemmas 2.5.1 and 2.5.2, we can 
derive for any t > 0, 


t 
2 2 
|| uexe[| gg || Ox” + [| Zaz ||” F lulto + CA + || Zaz [| + f (|| uzrl g + || Ox || gr 
+ || Zexell in + oe = lOa lly + || Zeell Gy )(s) ds < C4. (2.5.64) 


Differentiating (2.2.28)-(2.2.30) with respect to t and using (2.5.54), (2.5.63), 
(2.5.64), theorem 2.2.2 and lemmas 2.5.1 and 2.5.2, we can conclude 


| ial] < Cx l|ewell + Co (lusla + [eel] + Oall + NON IlOll + lull) < Ca, (2.5.65) 


[|r|] < CillOul| + © (luzll zn 


[vell + lOs + Nella + uall + IZ) < Cr, (2-5-66) 


|| Zeal] < Cill Zell + C2 (|| Zell + [eel ze + Mella + [eel] + llI) < Ca (2.5.67) 
which, combined with (2.5.12)-(2.5.14) and (2.5.64)-(2.5.66), implies 
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t 
| ern) |” + (nelly F | Zone (t) ||? + f (| Urrell” [9 rar” + || Zill? 
+ lec” + || xxl” + || Zeaxel|”)() ds < C4. (2.5.68) 


Therefore it follows from (2.5.64), (2.5.68) and the embedding theorem that 


|| eae (Olli + beldi + || Zone (8) Il 


t 
+ f (lmls + Oslin + Zal?) (3) ds< Ch (2.5.69) 


Now differentiating (2.5.59) with respect to x, we find 


o TLLL 
E= (- LLI ) = P jüri = E(x, t) (2.5.70) 
Ot\ v 
where 
E(x, t) = F,,(2, t) + Por Vere + (=) . 
t 


Using the embedding theorem, lemmas 2.5.1 and 2.5.2 and (2.5.64)—(2.5.69), we 
derive that 


|| Exx(t) || < Call eel] zs + [cll gs + ll ell 2), 


( Ur =) 
v2 at 


< Cy || tart | ae Ca (|| tell gs ae KAIRE T lvla) 


‘Life + tll + 


whence 


EHI] < C1l|eaecel] + Ca (llull gs + Gell zs + lvez). (2.5.71) 


We derive from (2.5.15)—(2.5.20) that 
t 
fF (lua? + Noal? + Zul?) (s)as< Cy (2.5.72) 
0 
which, together with (2.5.46) and (2.5.54), gives 


t 
1 |ltzrz(5)|| ds < Ca. (2.5.73) 
0 


Thus it follows from (2.5.64), (2.5.68), (2.5.71), (2.5.73), theorem 2.2.2 and 
lemmas 2.5.1 and 2.5.2 that 
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$ 
[ Boas C (2.5.74) 
0 


Multiplying (2.5.70) by “= in L°(0, L), we can get 


d Urrrr 2 — Urrrr 2 
ala | 7G 1 < C,|| EHI? (2.5.75) 
whence, by (2.5.74), 
t 
lD f |lVrrz(s)l| ds < Cy. (2.5.76) 
0 


Differentiating (2.2.29) and (2.2.30) with respect to x and t, respectively, and 
using theorem 2.2.2 and lemmas 2.5.1 and 2.5.2, we can derive 


[Prax] < Ci |]Oreel] + Co (lulla + Ueell ge + Gell zs + UOcel] + Zall), (2-5-77) 


||Zrzxel] < Cill Ziel] + (|| Zell 2 + Ul ell as + Ivellas + zl] + || Zerll)- (2-5-78) 


Thus, 
: 2 2 
l (IOl + || Zins )(s)ds< C. (2.5.79) 
0 


Differentiating (2.2.28) with respect to z three times, using lemmas 2.5.1 and 
2.5.2 and theorem 2.2.2 and applying the Poincaré inequality, we derive 
|| Uzzrzel| < Ci || texas |] + C2 (||Uell zs + || ell as + |||] 73) - (2.5.80) 
Thus we derive from (2.5.63), (2.5.64), (2.5.68), (2.5.69), (2.5.73) and (2.5.76) 
that 
t 
| || vcr $)|| ds < Cy. (2.5.81) 
0 


Similarly, we can derive from (2.2.29), (2.2.30), (2.5.68), (2.5.76) and (2.5.79) 
that 


A 
| (Iesel? + [| Zeal”) (5)ds < Ca. (2.5.82) 
0 


Hence, (2.5.55) and (2.5.56) follow from (2.5.63)—(2.5.82). oO 


By lemmas 2.5.1—2.5.3, we have proved the global existence of solutions to the 
problem (2.2.27)—(2.2.32) in H? with arbitrary initial datum (ug, vo, 99, Zo) € H* and 
the uniqueness of solutions in H* follows from that of global solutions in H! or in H?. 


Global Existence and Exponential Stability to a Compressible Combustion Gas 87 


2.5.2 Exponential Stability of Solutions in Ht 


In this subsection, we shall use estimates established in lemmas 2.5.1—2.5.3 to prove 
the exponential stability of solutions on H4. We first estimate ||uj(t)||, ||Ou(t)|| and 
|| Zel: 


Lemma 2.5.4. Under assumptions of theorem 2.2.3, for any (w, w, 9,2) € HÍ, 


there exists a positive constant yw = yo (Cr) <Yyə(C2) such that for any fixed 


ye (0, P] , the following estimates hold for any t > 0 ande € (0, 1) small enough, 


t 


t 
wl f e’ |lunel(s)||? ds < Ca + a | e’ || Oax( 8) || ds, (2.5.83) 
0 


0 


ev 


t 
eloo f e” Ons (s)||?ds 
0 
-3 -1 ' ys 2 2 
< Cre? + Ge I e” (lOl? + IZel) (8) ds 
0 


t 
+e f e (tual? + Itall?) (8) ds, (2.5.84) 
0 


t t 
ezo f e” || Zils)? ds < Ca + a | e (1 Pial? + | Zell”) (8) ds. (2.5.85) 
0 0 


Proof. Multiplying (2.5.21) by &” and using (2.5.17) and theorem 2.2.2, we obtain 
g y 8 


t 


i = Í ys ys 
sella? Ca- (C= Cry) f ellla f euls) 
0 0 
t 


t 
<C,-(Cp'- aw | e!®|| tpe( 8) ||’ ds + af e ||Orls)||?ds 


which gives (2.5.83) if we take y > 0 so small that 0<y< min (ze, 72(G)). 
i 


Similarly, (2.5.84) and (2.5.85) can be obtained from (2.5.22), (2.5.33) and 
theorem 2.2.2. o 


Next, we give the following estimates on || uz(t)|], Oal] and || Zat) 
Lemma 2.5.5. Under assumptions of theorem 2.2.3, for any (w, w, 00, 2) E€ HÍ, 
there exists a positive constant yo) = (C4) <7 such that for any fixed 
yE (ah the following estimates hold for any t> 0 and for e € (0, 1) small 


enough, 
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2 f 2 í 2 2 
CMa) f ert) Pass Cr+ Coe f eju? Oel) ds, 25.86) 
0 0 


t t 
eload f e” lOns(s)|| ds < Cy + oe f e” (Pull? + ltil?) (s)ds, (2.5.87) 
0 0 
t 
CMa | eZl) Ce (2.5.88) 
0 


Proof. Multiplying (2.5.38) by e” and using (2.5.43), (2.5.44) and theorem 2.2.1, we 
derive that for any € € (0, 1) small enough, 


1 = t n 
zeal? < C- (20) E e” [urs (s)||*ds 
0 
t 
+e f e (Nuel? + lbet) (ds 
0 


which, together with (2.5.46), gives (2.5.86) if we take y > 0 and e € (0, 1) so small 
that 0<y< min( 1 ?) = yo) and 0<e< min (5; 1). 


8G? BC? 
In the same manner, we easily derive (2.5.87) and (2.5.88) from (2.5.47)—(2.5.63) 
and theorem 2.2.2. O 


Finally, we establish estimates on ||urrs(t)|| go |[@z2(t)|| y and || Zrxr(t)|| z based 
on lemmas 5.5.4 and 5.5.5. 


Lemma 2.5.6. Under assumptions of theorem 2.2.3, for any (w, w, 9, 2) € HË, 


there exists a positive constant Y4 <P such that for any fixed y € (0, ya], the 


following estimates hold for any t > 0, 
e" (luud? + MtO + OON? + ON + ZON + lZa®lP) 


t 
+ f e (Nisl? + lull? + lOc? + Buel? + IZel? + Zul”) (3) d5< Cr, 
0 


(2.5.89) 
t 

eleda f || Uree(8) [jn ds < Ca, (2.5.90) 
0 


y 2 2 2 2 2 
e (lum()n + || xxx (Hll + || Z(H) [| Zp + || eetace (4) |] Fr + || toe (t) [I zp 


t 
0 


+ [[Orccll 0 + [Zeal ips + Iual? + NOl? + Zull?) ds < Ch. (2.5.91) 
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Proof. Multiplying (2.5.83), (2.5.84) and (2.5.85) by e, È and e, respectively, then 
adding up the resultants and (2.5.86)—(2.5.88), and picking ¢ > 0 small enough, we 
can obtain the estimate (2.5.89). 

Multiplying (2.5.62) by e”, using (2.5.60), (2.5.89) and theorem 2.2.1 and 


choosing y > 0 so small that 0<y<y, = min (a), we conclude that for any 


t> 0, 
Ure 2 I i 
TEL t | +5) ys 
U (2) 2C 0 e 


o 


v 


2 t 
= (s)| ds< C+ a f || By (s)||2ds< Cy 
0 
whence 
t 
eluent f e” || Ure (8)||"ds< Cy (2.5.92) 
0 


which, along with (2.5.68), (2.5.69), (2.5.72), (2.5.73), (2.5.77), (2.5.78), (2.5.89), 
similarly to (2.5.64), leads to that for any fixed y € (0, y4], 


e( | eden t) llin + || Qa (t) in $ [| Zoxe(t) || + [ts (dln T || Ora (t) 7 


t 
Tv || Ziax(t) in I) + f e (|| ane F llêrzrllin F aie T || excell Zr 
0 


H [Orlin + |l Zecell zr )(s) ds < Ca (2.5.93) 


and 
' 2 2 2 2 2 2 
0 


Similarly to (2.5.92), multiplying (2.5.75) by e”, using (2.5.71), (2.5.89), (2.5.92)— 
(2.5.94) and theorem 2.2.1, we conclude that for any fixed y € (0, y4] and any t > 0, 


Urrrr A 1 ? ys 
= Co | tg | o 


whence 


e 


TT 2 f 
“= (9)|| ds< Cot C1 f e*||Ea(s)|'ds< Ci (2.5.95) 
Vv 0 


Vrzal 8)||? ds < Ci: (2.5.96) 


t 
eol S e" 
0 
Similarly to (2.5.79)—(2.5.82), we derive that for any fixed y € (0, y4], 
t 
J Skos + || @xxxee||” + | Paal) (s) ds < C4. (2.5.97) 
0 


Finally, we derive the desired estimates (2.5.90) and (2.5.91) from (2.5.89) and 
(2.5.92)-(2.5.96). Oo 


Till now we have completed the proof of theorem 2.2.3. O 
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2.6 Bibliographic Comments 


Combustion is, to a large extent, a superset of fluid mechanics, but — unlike 
that subject — one does not find within it a rich interaction of mathematics and 
experiment. In recent years, applied mathematicians have been attracted in growing 
numbers by a subject whose richness affords ample scope for their talents. There are 
some related works concerning the combustion of the compressible viscous radiative 
and reactive gas. Donatelli and Trivisa [22] studied a multi-dimensional model for 
the dynamic combustion of a viscous, compressible, radiative and reactive gas with 
higher order kinetics, and the pressure depends not only on the density and tem- 
perature but also on the mass fraction of the reactant. By the spirit of Feireisl [39], 
Feireis] and Novotny [40] established the existence of global weak solutions using 
weak convergence methods, compactness and interpolation arguments and extended 
the results of Donatelli and Trivisa [23], where the pressure depended only on the 
density and temperature. For the three-dimensional case, we can also see the results 
in Ducomet and Feireisl [29, 30] and Feireisl et al. [41]. For the one-dimensional case 
with various boundary conditions, the global well-posedness of cylindrically sym- 
metric solutions have been studied by many researchers. We can refer to [13, 15-17, 
26, 47, 71, 108, 112, 113, 129, 137] and the references therein. 

In recent years, compressible Navier-Stokes systems with additional correction 
terms in the pressure, the internal energy and the thermal conduction modeling the 
radiative hydrodynamics have been paid a lot of attention (see [26-30, 34-36, 108, 
109, 112, 142]). Ducomet [27] established the global existence and exponential decay 
in H' of solutions to the one-dimensional model for q = 4 with the Dirichlet-Neu- 
mann boundary conditions. Later on, Ducomet and Zlotnik [34-36] established the 
existence of global solutions to the one-dimensional model under rather general 
assumptions on q and x. Moreover, they obtained the exponential stabilization for 
solutions by constructing new Lyapunov functionals. Recently, Zhang and Xie [142] 
proved the global well-posedness of the one-dimensional MHD with thermal radia- 
tion and self-gravitation effects for the Dirichlet-Neumann boundary value problem 
under quite general assumptions on x and for q > 3. Qin and Hu [108] improved 


Zhang and Xie’s results for q > 2+ Vail = 1.83. On the subject of global existence 
and large time behavior of smooth/strong solutions for the one-dimensional motions 
of viscous polytropic ideal gas under various conditions, we refer the readers to 
Kazhikhov and Shelukhin [72], Kawohl [71], Chen [13], Jiang [62-64], Zheng and Qin 
[144], Qin [99, 103, 104], etc. For free boundary problems, we would like to mention 
the work of Nagasawa [89, 90], Tani [129, 130] and Hsiao and Luo [56]. 

For the free and pure Neumann boundary value problem, Umehara and Tani 
[134] established the global existence, uniqueness of a classical solutions under 
assumptions 4 < q< 16 and 0<ß< #. Soon after, Umehara and Tani [135] 
improved the range of (q, J) to q 2 3 and 0 < £ < q + 9 which includes the most 
interesting physical case q = 3. Later on, Qin and Huang [110] gave a refined proof 
of the global existence and exponential stability with the smallness assumption 
imposed on initial datum up, where (q, f) € E with E = E, U Es and 
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a 12 
Ey =) (9,8) ER : = <a, 0<B <8), (2.6.1) 


12 
Ey = fap) ER? oe eS Oh B<2q+6, p>} 


U{(q, P) ER?:3<q, B<qt+9, B> 8}. (2.6.2) 


Subsequently, Qin et al. [112] further strengthened the results for (q, J) € E, 
where E = F U Ey and 


E, = { (q, P) ER? :2<q<3, 0<B<2q+6}, (2.6.3) 


E> = {(q,B) €R’:3<q, 0<B<q+9}. (2.6.4) 


Recently, Jiang and Zheng [68] obtained existence results for q 2 2, 0 < $ < 
q + 9. Jiang and Zheng [69] obtained similar existence results of the one-dimensional 
viscous radiative and reactive gas with the higher order kinetics under the same 
assumptions. Moreover, the asymptotic behavior and exponential stability of global 
solutions can also be stated, but there are assumptions of smooth initial data 
(u, uo, 0o, Zo) € Ch+%(Q) x (C?+(Q))? in [68] and (vo, uw, %, Zo) € H*(Q) x 
H?(Q) x H?(Q) x H?(Q) in [69]. Especially, in [68, 69], they imposed the following 
assumptions on the heat conductivity x = x(v, 0): 


(F1) x is strictly positive, i.e., there exists a positive constant x such that 0 < x < 
K(v, 0). 
(F2) «(-,-) € C?(R* x R*). Moreover, x(v, 0) satisfies the following growth con- 
dition for some q 2 2: 

for any ô > 1, Www € [6,8], 0 >0, 

0<xK1(5)(1+ 0)? < x(v, 0), 

(K+ |o] + [rol + |Kol) (v, 0) < K2(ô) 1 + 0)". 


(F3) For any 6 > 0, there exists a constant xo(ô) > 0 and some r € [2, min(8, q)] 
such that for v 2 ô, 


x(v, 0) /v > rolô)0". 


For spherically symmetric Navier-Stokes equations, we would like to refer to 
[48, 51, 64, 67, 139] and the references therein. 


Chapter 3 


Global Existence, Uniqueness and 
Exponential Stability of Solutions 

for the One-Dimensional Navier—Stokes 
Equations with Capillarity 


3.1 Introduction 


In this chapter, we shall study compressible fluids endowed with internal capillarity. 
In order to model fluid capillarity effects, the formulation of the theory of capillarity 
with diffuse interfaces was first introduced by Korteweg [74] a century ago, and 
actually derived by Dunn and Serrin [37] in the 1980s using the second gradient 
theory (see also [61, 132]). At first, the Young—Laplace theory claims that the phases 
are separated by a hypersurface and that the jump in the pressure across the 
hypersurface is proportional to the curvature of the hypersurface. Here the main 
difficulty consists in describing the location and the movement of the interfaces. 

Another major problem is to understand whether the interface behaves as a 
discontinuity in the state space (sharp interface) or whether the phase boundary 
corresponds to a more regular transition (diffuse interface). The sharp interface 
models can be regarded as a problem with free boundary, while the diffuse interface 
models have the advantage of considering only one set of equations in a single spatial 
domain (the density takes into account the different phases), which remarkably 
simplifies the mathematical and numerical studies. An interesting use of this model 
is the application to liquid—vapour mixtures with phase changes. 

Korteweg-type models are based on an extended version of non-equilibrium 
thermodynamics, which supposes that the energy of the fluid not only depends on 
standard variables but also on the gradient of the density. It is a hot topic on the 
study of this model in the field of fluid mechanics and applied mathematics, 
especially partial differential equations. 
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3.2 Model and Main Results 


3.2.1 Korteweg-Type Model 


Let us consider a fluid of density p = 0, velocity field v = (v1, v2,..., Un) E R”, energy 
density e and temperature 0. 

The following compressible capillary fluid model can be derived from a Cahn- 
Hilliard-like free energy (see the pioneering work by Dunn and Serrin in [37] and also 
[2, 9, 49, 60]), and we take the equations of balance of mass, momentum and energy 
as 


Op + div(pv) = 0, 
O,(pv) + div(pu Q v) = div(S+ K), 


a, (o(e+ =)) +aiv(po( e+ =) = div(«V 0) +div((S + K) - v), 


where the viscous stress tensor $ = (5;,;) and the Korteweg stress tensor K = (K;;) 
read as (see [2, 9, 37, 49, 60]) 


Sij = (Adivu = P(p, 0))6;, + 2ud;;(v), 
K 
Kij = 5 (Ap? — |Ve|")0ij — Kô:pð;p, 


GA O;v; « 2 ae k kai 
where d;;(v) = Sieh + Sieh is the strain tensor, and the Lamé viscosity coefficients 2 and 


u depend on the density p and satisfy u > 0 and Stokes’ law ni + 2u > 0. The 
thermal conduction coefficient a = a(p, 0) is a given nonnegative function of 
temperature 0 and density p, coefficient of capillarity x is a regular function. 
Specially, notice that when x = 0, the system reduces to the compressible Navier— 
Stokes system. The divK allows to describe the variation of density at the interfaces 
between two phases, generally a mixture liquid—vapour. P is a general pressure term. 

In this chapter, we are interested in the following one-dimensional 
non-isothermal Navier-Stokes equations with capillarity, which comes from 
Slemrod [125] and Dunn and Serrin [37], 


Ut = Ur, (3.2.1) 
Ut = Or, 
2 


(e+ Z cl) £) = (01), t Qrt (Olw)tete)es (8.23) 


where subscripts indicate partial differentiations, u, v, 0, e and Q stand for the 
specific volume, velocity, stress, internal energy and heat flux, respectively. The 
stress o is given by Korteweg’s theory of capillarity, i.e., 


o = —P(u, 0) + plu, 0) = — ; Pli — C(u) tne (3.2.4) 
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where C(u) is the capillarity coefficient, u(u, 0) is the viscosity coefficient, P is the 
pressure, 0 is the absolute temperature. Note that u, 0 and e may take only positive 
values. We take the heat flux Q satisfying Fourier’s law 


Qlu, 0,01) = au, 0), (3.2.5) 


and let the capillarity C(u) = x be a positive constant and hence the Korteweg 
tensor K = K(tz,) = —KUg, in order to simplify calculations. Thus, we wish to prove 
the global existence, uniqueness and exponential stability of solutions for the 
following system with the reference density pọ = 1 


Uy = Up, (3.2.6) 
) —KUpee, (3.2.7) 


Uz 


y= —Pr+ (u 


u 


v? u? Ur 0, 
(e+ as jar Pv+ u u Kust) + (2, 0) w=) lunda (3.2.8) 


in the region {0 < z < 1, t = 0} under initial conditions 
u(x,0) = u(x), v(2,0) = u(x), O(2,0) = Oo(x), xe [0,1] (3.2.9) 


and the boundary conditions, namely, homogeneous Dirichlet conditions for the 
velocity 


v(0, t) = v(1, t) = 0, (3.2.10) 
and the Neumann conditions for the specific volume 
u,(0, t) = u,(1, t) = 0, (3.2.11) 
and the temperature 
6,(0, t) = 0,(1, t) = 0. (3.2.12) 


The second law of thermodynamics is expressed by the Clausius-Duhem 
inequality 


nyt (2) >0. (3.2.13) 


For a one-dimensional homogeneous real gas, e, o, 7 and Q are given by the 
constitutive relations 


e=e(u,0), g=a(u, 0,02), n=n(u,A), Q= Q(u, 9, O:) (3.2.14) 
which in order to be consistent with (3.2.13) must satisfy 


a(u, 0,0) = P.(u, 0), n(u, 0) 
= —Po(u, 0), (a(u, 0, w) — o(u,0,0))w>0, Q(u,O,g)g<0, (3.2.15) 
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€u(u, 0) = —P(u, 0) + 0Po(u, 0), (3.2.16) 


Po(u, 0) = n,(u, 0), eo(u, 0) = Ong(u, 0) = —0¥oo(u, 0), (3.2.17) 


where P(u, 0) = e(u, 0) — On(u, 0) is the Helmholtz free energy function. 

Compared with the case of compressible Navier-Stokes system [55, 58, 59], the 
main difficulty we encounter here is the appearance of the higher order of the specific 
volume u which brings more difficulties to derive the uniform a priori estimates for 
solutions of the initial boundary value problems. 

We assume that e, P, o and a are smooth sufficiently (to be precise later on in 
theorems 3.2.1-3.2.3) on 0 < u < + and 0 < @ < +, and there exist exponents 
q and r satisfying one of the following relations 


1 1 l-r 
< is 

R<TS 5: z Sh (3.2.18) 
1 3 4r+1 

<r< < 3.2.19 
eo. ae A ( ) 

3 2r+1 

5s z <4 (3.2.20) 


In order to describe clearly growth conditions with respect to the temperature, 
we require that there be positive exponents r and positive constants €, p1, p2, ao, and 
that for any u > 0, there be positive constants N(u), p3(u), pa(u) and aı(u) such that 
for all u>u, w € R and @ 2 0, the following conditions hold 


e(u,0)>0, e(1+0") < e9(u, 0) < N(u)(1+ 6), (3.2.21) 
0<p, <ulP(u, 0) — K(w)]<m1+0'*"), (3.2.22) 
—p3(u)(1+0'*") < Py(u, 0) < — pa(u)(1+0'*"), (3.2.23) 
|Po(u, 0)| < pa(u)(1+ 0"), (3.2.24) 

a(1+0%) <a(u, 0) <o(u)(1+ 0°), (3.2.25) 

| (4, O)| + [tuu lu, O)| < oe (u)(1 + 64). (3.2.26) 


The above growth conditions are motivated by the facts in [3, 140], where it is 
pointed out that e grows as 6'*" with r#0.5 and a increases like 6% with 
4.5 < q < 5.5. In addition, we suppose that the viscosity u(u, 0) is independent of 0, 
uniformly positive, and bounded, i.e., 


ulu, 0) = fy > 0. (3.2.27) 
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In order to establish the existence and exponential stability of time globally 
defined solutions to problem (3.2.6)—(3.2.12), we encounter the main difficulty from 
the higher order nonlinearities of 9 and partial derivatives of u in system (3.2.6)— 
(3.2.8). To overcome them, we make full use of corollaries 3.3.1 and 3.3.2 to reduce 
the higher order of 0 and interpolation technique, and our main idea comes from Qin 
[99, 103, 104]. 

In order to state our results clearly, we define the following three classes of 
functions as 


Hi, = {(u, v, 0) € H?[0, 1] x H'[0,1] x H’[0,1] : u(x) > 0, 0(z) > 0, x € [0,1], 


and 


Hi. = {(u, v, 0) € H°[0, 1] x H*[0,1] x H*[0, 1] : u(x) > 0, 0(z) > 0, x € [0,1], 
u' (0) = u’ (1) = 0, v(0) = v(1) = 0, 6'(0) = (1) = 0}, 


which become the metric spaces when equipped with the metrics induced from the 
usual norms. 

In general, without the danger of confusion, we will use the same symbol 
to denote state functions as well as their values along a thermodynamic 
process, e.g., P(u, 0) and P(u(a, t), O(a, t)). Letters C; (i= 1, 2, 4) will denote 
the universal constants depending on the norms of initial datum (uo, vo, 99) in 
H'_, minzc[o,1;Uo(Z) and minz<io,1199(x), but being independent of t, respectively. 


3.2.2 Main Theorems 


We are now in a position to state our main theorems. 


Theorem 3.2.1. Assume that e, P, o and a are C° functions on u € (0, +99) and 
8 € [0, +), and assumptions (3.2.13)-(3.2.27) hold. Then the problem (3.2.6)- 
(3.2.12) admits the unique generalized global solution (u(x, t), u(x, t), O(a, t)) in H}, 
which defines a nonlinear Co-semigroup S(t) on H}. Moreover, for any 
(u, w, 90) € H}, there exists a constant yı = yı(C1) > 0 such that for any fixed 
y € (0, yı] and for any t € (0, +œ), the following estimate holds: 


[Cece o, 0) — 0,8) fj. = SC, wo, 80) — 0, Dlia 
< Qe”, (3.2.28) 
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that is, the semigroup S(t) is exponentially stable on H}. Here 


1 
u= wW = | u(x) dx (3.2.29) 
0 
and the constant 0 > 0 satisfies 


duie f ! (e165) + Diajar (3.2.30) 


and (t9,0,0) is the unique solution to the corresponding stationary problem to 
(3.2.6)-(3.2.12). 


Theorem 3.2.2. Assume that e, P, o and a are C? functions on u € (0, +99) and 
0 € [0, +00), and assumptions (3.2.13)—(3.2.27) hold. Then the problem (38.2.6)— 
(3.2.12) admits the unique generalized global solution (u(x, t), v(x, t), O(a, t)) in HŽ, 
which defines a nonlinear Co-semigroup S(t) on Hi. Moreover, for any 
(u, w, 90) € HÊ, there exists a constant yo = yo(Cr) > 0 such that for any fixed 
y € (0, yo] and for any t € (0, +œ), the following estimate holds: 


||(u(z), v(t), O(t)) — (u, 0, 8)| m = || S(t) (u, vo, 80) — (7, 0,9)|| 2 
< Qe" (3.2.31) 


a 


that is, the semigroup S(t) is exponentially stable on Hi. Here ū and 0 are the same 
as in (3.2.29), (3.2.80) in theorem 3.2.1. 


Theorem 3.2.3. Assume that e, P, o anda are C? functions on u € (0, +09) and 
0 € [0, +œ), and assumptions (3.2.13)-(3.2.27) hold. Then the problem (3.2.6)- 
(3.2.12) admits the unique generalized global solution (u(x, t), v(x, t), O(a, t)) in H£, 
which also defines a nonlinear Cy-semigroup S(t) on H$. Moreover, for any 
(uo, w, 00) € H$, there exists a constant y4 = y4(C4) > 0 such that for any fixed 
y € (0, y4] and for any t € (0, +œ), the following estimate holds: 


(u(t), v), 0) — 0,8) lj. = SC, vo, 80) — (0, iz 
< Oe, (3.2.32) 


that is, the semigroup S(t) is exponentially stable on Be, Here Mand 0 are the same 
as in (3.2.29), (3.2.80) in theorem 3.2.1. 


Remark 3.2.1. Here we consider the non-isothermal case and our model is the more 
generalized than those in [127, 133]. 


Remark 3.2.2. We have not obtained similar results with O<r< ł in this work, so 
we may study this case by the other technique in the future. 
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The results of this chapter are selected from [121]. Our main novelties are as 
follows. (i) Slemrod [122] only considered the thermal conductivity a(u, 0) is positive 
constant, but here we consider the thermal conductivity a(u, 0) depends not only on 
the specific volume but also on the absolute temperature. (ii) In the proof of exis- 
tence and exponential stability of global strong solutions, we make full use of the 
higher order partial derivatives of the specific volume. Moreover, our method and 
initial value space are different from those in Kotschote [76] who only proved the 
existence and uniqueness of strong solutions when the initial data (uo, vo, 00) € 
W3-2/P.P x W2-2/PP x W?-2/PP (n +2 < p< +00, n2 1). 


3.3 Global Existence and Exponential Stability in H n 


In this section, we shall obtain the global existence, uniqueness, asymptotic behavior 
and exponential stability of solutions to the problem (3.2.6)—(3.2.12), that is, we 
shall complete the proof of theorem 3.2.1 in terms of a series of lemmas. 


3.3.1 Global Existence in H! 


First, we establish some basic inequalities or equalities by the following two lemmas. 
Lemma 3.3.1. Under assumptions of theorem 3.2.1, we have the following estimates, 


O(x,t)>0 on[0,1] x [0, +00), (3.3.1) 
1 j P 1 a ae 
f e+ -= +k- da= | e(x,0)+ 2 (2) + «x (x) | dr = Ey, Vt>0, (3.3.2) 
A 22 R 2 2 


L 
f (0+6'*")(x, t)da<C, Vt>0, (3.3.3) 
0 


f u(x, t)dz = 3 uo(x) dz = %, Yt > 0. (3.3.4) 
0 0 


Proof. Using equations (3.2.6) and (3.2.7), we can obtain from (3.2.8) 


2 
eolu, 0)0; + OPpv, — m £ = (xu 0) =) (3.3.5) 
u 


u) » 
Thus estimates (3.3.1), (3.3.3) and (3.3.4) can be proved in a similar way to that 
in lemma 2.3.1 (see also Qin [99]). Integrating (3.2.6) over Q;:= [0, 1] x [0, #], we can 


also get (3.3.2), the conservation law of total energy. Oo 
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Lemma 3.3.2. Under assumptions of theorem 8.2.1, the following estimate holds that 
for any t € (0, +00), 


1 2 2 t 1 2 qd\ Q2 
f (o Inf—1+9'*" 4 5 ee) a f | (e+) dads < Ci. 
0 0 0 


(3.3.6) 
Proof. Denote 


E(u, 0) := P(u, 0) — ¥(1,1) — Bu(1, 1)(u — 1) — Po(u, 0)(0 — 1). (3.3.7) 
By (3.2.9) and (3.2.10), we derive from (3.3.5) and (3.2.14)—(3.2.17) after a direct 
calculation that 


© ee 2 00 
(rot E) jj eg 
A 


2 uO ul? 
= (ov , O= Date, on) P(1, 1) vr + K (Ure) p (3.3.8) 


Integrating (3.3.8) over Q, and using (3.2.10)—(3.2.12), we obtain 


[| (eao+t4 tapa | S (us = + ee ants 
[ (2w, 0) + 2 


+ et) i (3.3.9) 


In view of (3.2.23), we have Y„„(u, 1) = —P(u, 1) > 0 for all u > 0. Therefore it 
follows from the Taylor theorem and (3.2.21) that 


E(u, 0) — Y(u,0) + Y(u,1)+ (0 


~ 1)¥o(u, 0) 
= ¥(u, 1) — P(1,1) — 


Y,(1,1)(u— 1) 


1 
= (u— yf (l= OP a(1+ Gu — 1), dé > 0. 
0 
Thus, 


E(u, 0) > (u, 0) — ¥(u, 1) — (0 — 1) 'Po(u, 0) 


—(1-0) | (1—1)®oo(u, 0+72(1 — 0)) dt 


>(1-0 f (1-1) — — dt 
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i.e., 
v1—6") (1-—0+") 
E(u, 0) > v(0 — Ind — 1) + m mi S for r>0 
2v(0 — Ind — 1), for r=0, 
which, together with (3.2.23) and (3.3.9), leads to (3.3.6). oO 


The next two lemmas give us two expressions of the specific volume u(x, t) which 
play an important role in our analysis. 


Lemma 3.3.3. For any t € [0, +00), there exists one point x = x(t) € [0, 1] such 
that the solution u(a, t) to problem (3.2.6)—(3.2.12) can be expressed as 


t u(x, s)(P — K)(a, Pas) 


u(z, t) = D(x, t) Z(t) (1 taf De.) Z(8) (3.3.10) 


where 


D(a, t) = w(x) exp {a U, u(y, t)dy — f voly) dy 


1 1 x 
+ =| wl) f nada) \ (3.3.11) 


Z(t) = exp -f (v + u(P — K))(y, saya (3.3.12) 


Loto 


Proof. Replacing P — 6 by P — K and letting 6 = 0, then going along the line of 
argumentation in the proof of lemma 2.3.2, we can complete the proof of this lemma. 
See also lemma 2.1.3 in Qin [99]. Oo 


Lemma 3.3.4. For any t € [0, +0), there exists one point a(t) € [0,1] such that the 
solution u(x, t) to the problem (3.2.6)—(3.2.12) can also be expressed as 


t 


u(x, t) = BY) h p u(x, s)(P — K)(zx, s) Y (s)B(x, s) as| (3.3.13) 


Ho Jo 
where 
Y(t) = uo(a(t)) exp GJ (P— K)(a, ds), (3.3.14) 
1 1 f* 
Ble, 1) = ryg G I (ved = al Da) , (3.3.15) 


u(a(t), t) = W. (3.3.16) 
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Proof. Replacing P — 6 by P — K and letting 6 = 0, then repeating the same 
argumentation in the proof of lemma 2.3.2, we can also prove this lemma. See also 
lemma 2.1.4 in Qin [99]. oO 


Based on the above lemma, we can obtain the next lemma on estimates for 
uniform upper and lower bounds of the specific volume. 


Lemma 3.3.5. Under assumptions of theorem 8.2.1, the solution u(x, t) to the 
problem (8.2.6)-(3.2.12) has the upper and positive lower bounds, that is, for any 
(x, t) € [0, 1] x [0, +09), 


0< C < u(r, t) <C. (3.3.17) 


Proof. The proof is similar to that of lemma 2.3.3, here we omit the detail. See also 
lemma 2.1.5 in Qin [99]. o 


Remark 3.3.1. This lemma gives the estimate on the upper and lower bounds of 
specific volume u under the assumption (3.2.22). If we replace (3.2.22) with 
0< pı < uP(u, 0) < p(1 +017"), we can obtain the same result by some strict limi- 
tations on the initial energy Eo = J (eo + 5 + Ku.) dz <1, i.e., Ey is chosen 
small enough. 

The following corollary is very important for our further analysis. 


Corollary 3.3.1. Under assumptions of theorem 8.2.1, the following estimate holds 
that for any (x,t) € [0,1] x [0, +00), 


C! — OVA < 0™ (x,t) < C+ OVCE) (3.3.18) 


with0 < mı < m = (q+ r+ 1)/2 and V(t = fj ph ode verifying je Vi (t) dt 
< +00. 


Now we turn to estimate the first-order derivative of the specific volume. 


Lemma 3.3.6. Under assumptions of theorem 3.2.1, the following estimates hold for 
any t € (0, +00), 


t 
[ Weolixass a, (3.3.19) 
0 
t 1 
J f 0+0, s)dzds< Ch, (3.3.20) 
0 40 


t 1 
ue( 12+ | f [1+ 0"+ u + u] (2, s) deds 


By 
<C (1+ sup sup ||0(s Iz=) (3.3.21) 


0<s 


with Pı = max(r + 1 — q, 0), fo = max(1, pı). 
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Proof. Estimates (3.3.19) and (3.3.20) can be obtained by the weighted Hélder 
inequality, the equation (3.3.5), lemma 3.3.1 and corollary 3.3.1. 
The equation (3.2.7) can be rewritten as 


(v =r =) +(P-K),=0, (3.3.22) 
US t 
that is, 


(v — m “y + P (u, 0), — K, (x, t) = Po(u, 0),. 


Multiplying (3.3.22) by v — u% in Q, we have 


2 t i P 0 2 t 1 K, 
+f I Ho ult, a, J Up Ur rd d 
0 Jo u 0 Jo u 
Up 2 t pl lu t pl 
7 | | (Putv+ Pate (v— E") ) dads+ f f vK,dzds. 
0 Jo u 0 JO 


Using an integration by parts and noting the boundary conditions (3.2.10) and 
(3.2.12), we can obtain 


popl 2 
SES Hotta ls: CATT “dads — pox f | we deeds, (3.3.23) 
0 o Jo “u 
t pl t pl i pt 
I | vK,dzds = -f | Kopdeds =x | J Urr Vr dds. (3.3.24) 
o Jo o Jo o Jo 


Using the Cauchy inequality and the assumption (3.2.23), we can derive from 
corollary 3.3.1, 


[o-a tl +f fo ((1+0"*')u2 + w2,) deds 
<a+of f (( (0+0) Juzu + (1 + 0") 


1 


1 
2 


U0 


an 


(0 — Uy | + | tien u2] + [taro|) deds 


<arof T (1+0 +") (eu? + Ov") dads + of Vi(s)ds 
0 


2 t 1 
+ off A a v? drds + cef f (1+0'+")u?drds 
0 0 
(1+0 f j t ; t 1 
: a erideds +e f vol as+c f . as+c f KOE. 
o f f OH ards +e [ues ast f jotas © f ulhas 


By t 1 t 
<a(i+ <a TOPS +cef f (140!4")u2dads-+ cf I/us(s)||2ds 
O<s<t 0 0 0 


t 
+0 f lulled 


with f4 = max(r +1 -— q,0). 
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Using lemma 3.3.2, the Sobolev embedding theorem and the Cauchy inequality, 
and noting the following facts 


t 
[leccoPass c (14 sup 1h) (3.3.25) 
0 O<s<t 


and 


t t t 
f ue(s) [ids < | | tex(s)|[24s+ Ch f lus(o)|?ds 


t By 
<e | || tez(s) ||? ds + a(1+ sup TOPS , (3.3.26) 
0 O<s<t 


we have for small € > 0, 
t pl 
utes f f (0+0 ub +d.) ads 
o Jo 


By 
<0 (1+ sup TOPS +a(14 sup 1A ) 
O<s<t 


O<s<t 


By 
<a (1+ 2 TOPS 


0<s<t 
The proof of this lemma is complete. O 


Corollary 3.3.2. Under assumptions of theorem 8.2.1, the following estimates hold 
for any t € (0, +©°), 


t By 
oI? + Hee)? + | (Iul? + Itl?) (8) ds < a(i sup TOPS , (3.3.27) 
0 O<s<t 


t 1 By 
I / (1+ 0)" '@ dads < a(ı+ sup TOPS i (3.3.28) 
o Jo 0<s<t 
t 1 By 
| Í (1 +0)” u2dzds < C, (1+ sup TOPS (3.3.29) 
o Jo 0<s<t 


with Pı = max(r + 1 — q, 0), 8, = max(1, f,). 
Lemma 3.3.7. Under assumptions of theorem 3.2.1, the following estimate holds for 
any t € (0, +00), 

By 


t 
f (lulis + lulle + lulli ) (8) ds < a(ı+ sup 10C) . (3.3.30) 


O<s< 


Proof. The inequality (3.3.30) follows from lemma 3.3.6 and the Sobolev embedding 
theorem. O 


Next, we establish some estimates on the velocity v. 
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Lemma 3.3.8. Under assumptions of theorem 8.2.1, the following estimates hold that 
for any t € (0, +00), 


t 
luO? + | llve(s)||?ds < a(1+ sup TOPS (3.3.31) 
0 0<s<t 
5 5 t 5 1+r+ py 
[vD + lull + : I| Yax(s)||" ds < Cy 1+ sup Aly , (3.3.32) 


t g 1+3(r + By) 
| || Ue( 8) ||G0 ds < Cy (14 sup TOPS ; (3.3.33) 
0 O<s<t 


Proof. Multiplying (3.2.7) by vin Q; and using (3.3.19)—(3.3.21) and lemmas 3.3.5- 
3.3.7, we can easily derive from lemma 3.3.2 and corollary 3.3.1, 


t By 
lle)? + I lve(s)|[’ ds < C (1+ sup TOPS , 
0 0<s<t 
which, together with (3.3.25), implies the estimate (3.3.31). 


Multiplying (3.2.7) by Vrm then integrating the resulting equation over Q, and 
noting the equation (3.2.6) and the boundary condition (3.2.12), we have 


[ 3 Uzes Vex dtds = [ [ Urr Unt tds = = i Urrt Ure deds = — [ ( te) ds 
0 0 t 


which, together with (3.3.19)-(3.3.21), lemmas 3.3.5-3.3.7 and the Cauchy 
inequality, implies 


lOl +u f llvæ(s)|[? ds 


t pl 
<+ cf | (tre Vee] + (1+ 6'*")| ue Ynel + (1+ 0")|0,022|) deds 
o Jo 


1f i 
SOH f MaDi f N(x ds 


l+r 
+a(i+ sup sup Nets) (le) Ih (1+ 0)'*"u2drds 


(lt r)- 
o (: sup als Min) 


0<s 


1 t 5 t g 1/2 t A 1/ 
<7 f lento) wal fel is) ( flew is) 
0 0 0 


l+r+ Bp, 
+C (1+ sup TOPS +6 (1+ sup TOPS 
0<s<t 0<s<t 


1+r+ py 1 ft > 
cG(1+ sup lon) +3 f las 
O<s<t 0 


2 


2(1+r)—q 
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j j t 23 ; l+r+ Bp, 
vH lE + |] a(t) ||" + i || Ure (s) ||" ds < C1 Lae eap I (s)| z= . 


Finally, by the Sobolev embedding theorem and the Hölder inequality, we can 
also get 


i ; 1+4(r+ f2) 
[ ass afis m TOPS | 
0 O<s<t 


The proof of this lemma is complete. O 


Corollary 3.3.3. Under assumptions of theorem 3.2.1, the following estimates hold 
for any t € (0, +00), 


t pl q+2+4(r+ By) 

B (1+0)? 0? dads < a(1+ sup sup Na Sli) ; (3.3.34) 
0 
By 
[iw TE afis, sup As l=) . (3.3.35) 
t 1 Bs 
T (1+0! v,’ dads < a(ı+ sup TOPS l (3.3.36) 
0 0 0<s<t 
t i 2+5(r+ By) 
[leoteassc.(14 sup ool) / (3.8.37) 
0 0<s<t 

t pl Bo t2+3(r + By) 

| 1 (1+0) "vt deds < a(1+ sup sup 0 Sli) (3.3.38) 
0 0 


where 


fs =m ax(14 r+ B24 5(r+ 2); 
fb; = min 


By = min (fs. 3 2+ i 
( 


bx+qt+1,= str+p)), 


Bg =m ax(q — 7,0). 
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Proof. Using lemma 3.3.2 and (3.3.33), we can derive 


t 1 q+1 
Il (14.0)9*"* 92 dads < c(1+ s sup l0(s Ml) [iva (otis f (1+0)!* "dads 


<a (1+ sup 06) 
O<s<t 


rs 


Using the Gagliardo—Nirenberg inequality and the Hélder inequality, we easily 


obtain 


t pl t 
| | |u|? dads < cf 
o Jo 0 


<C sup ||u(s 
O<s<t 


<a(1 


5 2 
l[ve(s) |P] v8) [ds 


Ay 


(Uf leas Fas) (f ne Pa) 


3(2+ r+ Bo) 
ub 0 (li) | 


O<s<t 


In addition, we also derive from (3.3.32) and the aUa inequality, 


[f |v,|*dads< C sup |lv,(s 
o Jo O<s<t 


nN 


<C sup Heel s) 
O<s< 
<a(1+ 
O<s<t 


Thus, we have the estimate 


Obviously, it follows from (3.3.35) that 


(3.3.35). 


(fits Pas) Uf Ira al Fas) | 
2+ of f tetas) ( f Iata) 


Bs 
ar li) 


t 1 Bat+aqt+l 
[ foro taessa, s 0c) 
o Jo OSsSt 


On the other hand, we can 


also derive 


t pl t pl ; , 
n, (1+ 0)"*"|u,|* dads < cf (1+ 0)?" v|? dads 
0 0 0 0 
t l £ t 5 1 3 
<o f f \vPacas+ © f jelos 
0 0 0 


<a(1+ sup ||0 
O<s<t 


+C 


<a(1 
<a(1 


sup ||ve(s)|} 


O<s<t 


+ sup | 


O<s<t 


+ sup || 


O<s<t 


lin) 


O Iata) ( vaa) 


Pa 301 +r+ By) 
Sie) + G(14 su 10) 


St r+ pa) 
l=) , 
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where V(t) = f ldg satisfies [i ° V2(t)dt< +00. Thus we get (3.3.36). 
In the same manner, we also a 


t 1 th 
f | dass cf lu(lPllva(9)lds 
0 0 0 
wka (f teoa) ( [toa a) 
O<s<t 


(r+ Bo) 
<a(1+ sp al) l 


O<s<t 
Furthermore, we can get 
t pl Bo t2+3(r+ Bo) 
f Í (1+0) "vidads < a(1+ sup sup Nels TE) l 
o Jo 
Therefore, we complete the proof. O 
Now we shall give some estimates on the absolute temperature 0. 


Lemma 3.3.9. Under assumptions of theorem 8.2.1, the following estimate holds that 
for any t € (0, +00), 


t 1 Bio 
poro o+ f | (1+0)! "0 dads < a(ı+ sup TOPS , (3.3.39) 
0 J0 O<s<t 


where 


bz = max(3r+3 — 2¢,0), 
Bg = max(2r + 1 — 2¢,0), 


By = min (s spr) , 


1 
Bro = max( f+ 5 sbs t35 50+); 
Proof. The equation (3.2.8) can be rewritten as 
v 0, 
et + Pur — Up T = afu, 0) aE = 0. (3.3.40) 


Multiplying (3.3.40) by e over Q; and using lemmas 3.3.1-3.3.8, we have 


[0+ o+]? +f f (1+ 0)'* "0; dads 
t 1 
<atra f lee f (1 +0 Yards+ cy f f (1+ 0)7"*? vus|dzds 
0 0 J0 


1 
ra [ (140) Yodldrds+ cr f f (1+0)9*"*"|0,u2|dads. (3.3.41) 
0 0 0 0 
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Using the Hélder inequality, we 


t pl 
f f (1+0)"*?|vu,| dads 
o Jo 
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have 


pl 3 
< (/ f 1+0) +? vasas) (/ T art? dras) 
o Jo 0 
i 1 3 
<a(it s sup p A) (LA [aro udras) 
o Jo 
ayi (tage es) 
0 


By + 5B 
<Q (1+ sup TOPS . (3.3.42) 
0<s<t 


Similarly, we also have 


ek (140) 0,lddss ( f 
safis s 
safi s 


1 
PHOT 2? z 
Vi( (9) i, [ oo Ji dxds 
$Br 
snp alu dl) (f fi 1+0)?” ands) 


57 
+ sup » 0S) ) 


t 1 t 1 
If (146) ""|u0pldeds< 7 f f (1 +0)" dads 
o Jo 4 Jo Jo 
Bs pt 1 
a(t sup TOPS T (1+ 0)?" v" dads 
O<s<t 0 JO 


1 t 1 = Bs 
<if f (1 +0)" Pdeds + a(i m TOPS 
4 Jo Jo i 0<s<t 


t 1 , 1 t 1 a Bo 
If (1 +6)?" "}00,| dads < if f (1+6)"*"02drds-+ a(i an TOPS 
o Jo 4Jo Jo 0<s<t 


(3.3.43) 
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On the other hand, by the Cauchy inequality and corollary 3.3.2, we have 


t pl l rep . Bo +1 
If (140) YOjugldads< 7 f f (1+0) dris + A (14 sup TOPS . 
o Jo 4 Jo Jo O<s<t 

(3.3.44) 


Therefore, inserting (3.3.42)—(3.3.44) into (3.3.41), we can derive from lemmas 
3.3.1-3.3.8 that 


t 1 
porote f | (1+0)'* "6 dads 
0 40 


1+5(r + Bo) Bi +42 
ia (1+ ais TOS +a (1+ sip TOPS 
0<s<t 0<s<t 
Bo By +1 
ra (1+ sip TOPS pa (1+ m TOPS 
O<s<t O<s<t 
Bio 
<c (1+ sup TOPS 
0<s<t 
which implies the estimate (3.3.39). o 


Lemma 3.3.10. Under assumptions of theorem 3.2.1, the following estimate holds 
that for any t € (0, +00), 


1 t 1 Biz 
f aoka f f (1 +0)"* "02 deds < ai(1+ ais TOPS (3.3.45) 
0 o Jo O<sX<t 


where 
By = max(3q+2—r,0), By = max(fy9 + Bi, 1+ r++ By), 


Biz = min| fi, 1+5 s(r+ B+ Bot Bu); Buu = max (26, + 2B + Bio, 2 + Be + S(r a); 


i7 = max 


Bis = max( 26,- 2B +r+2, Bo+ Bo +q+2,2+ BoA S(r ba); Big = min(By4, Bis), 
(24 Be + 5 (r + Ba), Bis; D 


Proof. Let 


He, 9 = Huo) = f auw) ae xa f (14.0)9* "dads. 
0 0 


Then we easily obtain that 


a0 Oz 
H; = Hy Vz $ ; » Ay = € ) F Huts + yy Vr Ug F (=) uzb. 
u t UF u 
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Multiplying the equation (3.2.8) by H, over Q, we can get 


t 1 t 1 0, Hiz 
| I (cot + O0Pov, — ) Hdoas-+ f Meit deds = 0. (3.3.46) 
0 Jo 0 JO u 


Obviously, we can derive from (3.2.25) and (3.2.26) that 


2 
Ho VU, 
u 


|Hul + |Huul < CA0. (3.3.47) 


Now we need to estimate each term in (3.3.46). We easily derive from (3.2.21), 
(3.2.25) and lemma 3.3.5 that 


2+q+h(r+ py) 
) (3.3.48) 


t pl 
f | e90,H, dads > CX(t) — o(1 + sup |/0(s)]| z 
o Jo O<s<t 


Similarly, 


È 1 2 
T f (orn ae $) H,dzds 
o Jo u 


C 
< x+ a(1+ sup [10(s) ll = 
O0<s<t 


2+q+h(rt By) 
al ) 


Ps 
+6 (1+ sup TOTS 
0<s<t 


2+ Bo +3(r + Bo) 
+ (1 + sup TOPS 
O<s<t 


C 
al as a(i sup [10(s)l| = 
O<s<t 


~ 8 
t 1 
Ld 
and 
t 1 
Oz 
| f P H yvr + Heuts) dads 
o Jo u 
1 


t 
<cf f (1 + 6)24+2((0,t2| + [uvl dads 
0 0 


t 1 t 1 t 1 
<C f (1+ 0)49*?@ deds + cf f v2 dads + cf f u2v? dads 
0 J0 0 J0 0 J0 


Bu pt 1 ? 1l+r+ py 
<G(1+ sup losin) S f 0+0 ddt (1+ sup 1O) 
O<s<t 0 J0 O<s<t 


<c (1+ sip TOTS 
O<s<t 


= ( ) 
3.3.49 


, 


a0, 
u 


0, ‘i 
(=) drds > c f (1+0) dr- C (3.3.50) 
u t 0 


Piz 
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On the other hand, using the Hélder inequality, we can derive 


1 
0, 
(Hy, Una + Alun Ur Ur) dxds 
u 


t 1 
<a ff ara iut |tty0¢0,|) dads 
0 0 


<a(f' f arogas) [( f tet DE (f i Jek ora) | 


+5(7 + Bo + Bio + Bi) 


1+5( 
< 64(1+ sup o) 
O<s<t 


Therefore, we can derive from the above two estimates that 


fh 


Applying the Young inequality and lemmas 3.3.1—3.3.9, we can get 


Big 
safis, sup ||0(s l=) . (3.3.51) 


O<s<t 


æ + Hyy VU) dads 


1 a *) 


_iaPedads 


cl (1+0)" 


dzds 


an sOi 


yf a (+o) 


co) 


t pl 
+(/ | (1+0) ads) 
o Jo 


< cx t)+C 4 [ (= mae (1+ 0)? "u2 dxds 
C i tlað ll? 
<—xX(tH)+CQ sup CETA a ds 
8 O<s<t o I U Wa 
C + Be a0, 1140, (a0, 
< 5 } - - 
< z0 i sup p lec de) [ (al 7 | E (=). dx | ds 
C Bo + Bs Bo pt pl f 
< EX()+ (14 sup lo ate (14 sup (sin) ff +0)" Eara 
8 O<s<t 0 Jo 


7 1/2 
ins 
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which, together with (3.3.6), implies 
i “0, 


=) u,O,dxds 
UW u 


285 + Bo + Bro Bo + Bo +4Bi9 
xQ+G(1+ s sup A lin) +a(1+ s sup |04 Jl) 


ifr 
x{xoe ff (aortas +0) anu) 
0 0 


285 + 2By + Bio 2+ q+3(" + By 
X()+G(14 sup 0G ili) +a (1+ sup TOPS) 
0<s<t 


O<s<t 


< 


2+ Be +3(r + Bo) 
+a(1+ Di TOPS 
0<s<t 


pa 


Bu 
X(t) + CG (14+ s sup 0C lin) : (3.3.52) 


However, we can also derive that 


a 


e 0,dxds 


eer (ee) (1+ 0)9-"u2 dads 


Bo + Bo 
X(t)+ a(ı+ sup ||0( d=) 


O<s<t 


{ff 1+0 odrast f f 1+ 6)", (=) aca} 


s+ Bs DER at 
<Exo+afi+ sup » (sin) { (1+ sw 0o) f Oa 


+([ vs a) (f [earn (=) ats) 
< x+ G (1+ sup 100s 


yo 
Bo + Bo +tt? t pl | (00, 
+o(14 i LOPS E, asom|( J 
O<s<t Y 7 “ : 


Bo t+Pot+q+2 
X(t) + a(1+ sup TOS +a(1+ sup ||6(s)|| z~ 
0<s<t O<s<t 
2+ q+4(r + Bo) 2+ Bg +(+ By) 
+6 (1+ sup 10l) +6,(14 sup 0) 


Bis 
<—X(t)+ a(t sup TOPS 
O<s<t 


= 
<£ 
5 


S/Q 


5 1/2 
ii) 


waa 


< 


T4 
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which, along with (3.3.52), leads to 


A [ a (-) _waOideds 


Therefore, inserting (3.3.48)—(3.3.53) into (3.3.46), we can obtain (3.3.45). Oo 


Big 
< = x4 a(t k aip TOPS (3.3.53) 
4 O<s<t 


The next lemma shows us the global existence of solutions in space H 1 


Lemma 3.3.11. Under assumptions of theorem 3.2.1, the following estimates hold 
that for any t € (0, +00), 


lell < C, (3.3.54) 


NOON? + MON? + MoA + teH? 


t 
+ f (luc? + 10-1? + ld? + Tes? + esl? + el?) Cr. (8.3.55) 


Proof. Similarly to the proof of lemma 2.3.9, using the Sobolev embedding theorem, 
lemmas 3.3.2—3.3.10, and the Young inequality, we can obtain 


f 1 Biz 
oar te < Qt a f (1+ 0)"@dxr< a(1+ sup TOPS . (3.3.56) 
0 O<s<t 


Similarly, 
1 1 1/2 1 1/2 
posara f |01+10,|dr < O+C, (| (1+0)*02ae) (/ war) 
0 0 A 


which implies 


1 1 Bio + Biz 

aat < C+ a f (140a | Prt dr< a(i sup TOPS i 
0 0 O<s<t 

(3.3.57) 


After a lengthy calculation, we can derive from assumptions (3.2.18)—(3.2.20) 
that io + fiz < 2q + 2r + 4 or pır < 2q + r+ 3. Therefore, using the Young 


inequality, we derive from (3.3.56) or (3.3.57) that 
lOl < Gi, 


which, along with lemmas 3.3.6-3.3.10, implies the desired estimate (3.3.55). o 


3.3.2 Asymptotic Behavior in H! 


The next two lemmas are aimed at showing the asymptotic behavior of global 
solutions to the problem (3.2.6)-(3.2.12) in H}. 
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Lemma 3.3.12. Under assumptions of theorem 3.2.1, the following estimates hold for 
any t € (0, +00), 


Slee < les IP + eD, (3.3.58) 

FIO C f+ 6)", de< C (lel), (3.3.59) 
119.2(t) | +f f (14+0)""02,deds< C,, (3.3.60) 

S (MeD + eet OIP) < Ci (NoD + eD + 0e()1F). 3.61) 


Proof. Inequalities (3.3.58)—(3.3.60) follow from lemma 2.3.11 (see also lemma 2.1.13 
in Qin [99]). Multiplying (3.2.7) by Um, noting that Urt = Vrm, using the embedding 
theorem and (3.3.55), we can easily obtain (3.3.61). oO 


Lemma 3.3.13. Under assumptions of theorem 3.2.1, we have as t > +00, 


|| u(t) — Toll ze 0, llu) = Tllin— 0, lul > 0, u(t) — wllze— 0, (3-3-62) 


le) lL 9, | ux(4)|| — 9, (3.3.63) 
I|9.(¢)|| — 0, (3.3.64) 
leE — Olla 9, [0E — 4]. 0. (3.3.65) 


Proof. Applying the Shen—Zheng inequality (theorem 1.2.10), we derive from 
lemmas 3.3.11 and 3.3.12 as t > +00, 


lull > 0, lell > 0, lll > 0, [uH 0. (3.3.66) 


Furthermore, (3.3.62)—(3.3.64) follow from the embedding theorem and the 
estimate (3.3.4). 

Noting the estimate (3.3.2), lemmas 3.3.1-3.3.12 and the Poincaré inequality, we 
can conclude 


en 0) ~ edla eno- feu, ote + WADE, mC 


< (llull + Ol lD (3.3.67) 


with ù = A udz = a ug dx = UW. By the mean value theorem, we know that there 
exist ñ and @ with ŭ = 40 + (1 — 2)0 and ŭ = Au + (1 — 4)u such that 
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e(u, 0) — e(ù, 0) = e,(%, 0)(u — u) + e9(%, 0)(0 — 8). (3.3.68) 
Thus we derive from lemmas 3.3.1-3.3.12 that 
0<C,!< min(u,ū)<ŭ< C, 0< min(0,0)<0<C 
which, along with (3.3.66) and (3.3.68), gives us that as t > +00, 


||9 — 8|| < [eg * (%, 8) [e(u, 0) — e(a, 0)] || + leg (%, O)e,(%, 8) (u — a) || 
< Ci(|| uel] + |]Ox|] + lvl) — 0. (3.3.69) 


Therefore, (3.3.65) follows from (3.3.66) and (3.3.69). o 


Lemma 3.3.14. Under assumptions of theorem 3.2.1, the unique generalized global 
solution (u(t), v(t), O(t)) to the problem (3.2.6)-(3.2.12) in H} defines a nonlinear 
Cy-semigroup S(t) on Hi, and satisfies for any (w, v, 9) € HL, 


(u(t), v(t), 0(t)) = SE) luo, wo, 90) € C({0, +00), H4). (3.3.70) 


Proof. By lemmas 3.3.11 and 3.3.12, we know that for any t> 0, the operator 
S(t) : (uo, wo, 90) E H} — (u(t), v(t), 0(t)) € H} exists and satisfies on H} for any 
ti, to € [0, +00), 


S(t + ty) = S(t) S(t) = S(t) S(h). (3.3.71) 
Moreover, S(t) is uniformly bounded on H: with respect to t > 0, i.e., 


ISOa, my S C (3.3.72) 


Now we verify the continuity of S(t) with respect to the initial data in H} for any 
fixed t > 0. Assume that (uoj, voj, 90;) € HL, (uj, vj, 0) = S(t) (uoj voz Oo (j = 1, 2), 
and (u, v, 0) = (w, v, 01) — (te, ve, 82). Subtracting the corresponding equa- 
tions (3.2.6)—(3.2.8) satisfied by (u, 14, 01) and (u2, v2, 02), we obtain 


Ut = Urs (3.3.73) 
vy = — P, (w, 01) ur — (Palu, 01) — Pauluz, 02))uer — Polu, 01) Ox 
— (Pols 01) = Polta 02) 0a + ty [= — HE — (BH) | eus (83.74) 
UL Uy U1 U2/ y 
€9(u1, 01)0; = —(e9 (a1, 01) — (€9( U2, O2)) O24 — (euf, 01) — eu( U2, O2)) Vz 
— y(t, 01) v, — P(w, 01) vr — (P(w, 01) — P( ue, 02)) v2 
a 01) 0. (“ 01) a( up, =) ts, (3.3.75) 


Uy U2 


Global Existence, Uniqueness and Exponential Stability for Navier-Stokes 117 


with 
t=0: ; , 0=0o, 
i Pa i (3.3.76) 
z=0,1:u,=0, v=0, 0, =0. 
By lemmas 3.3.11 and 3.3.12, we easily get 
d ? = 
5 (MP+ | Vata o E) + Cr (1 0I) 
< CH) (MaD + 0n) (3.3.77) 


where M(t) = [0A + lOa + [vrO MeN + Or)? lOH? 
+ 1 satisfies for any t > 0, 


[ Hoes a+. (3.3.78) 
0 


Differentiating (3.3.73) with respect to x, multiplying the resultant by u, and 
integrating by parts, and using the Cauchy inequality, we derive that for any small 
ô > 0, 


£ h(l < òllva (Ðl? + CO) llu. (3.3.79) 


Multiplying (3.3.74) by Vrn, integrating it over [0, 1] with respect to x, and using 
lemma 3.3.11, the embedding theorem and the mean value theorem, we obtain for 
any small ¢ > 0, 


£ (Mua (DË + lDN) + Cvet 


< ell Uee(t) ||? + C(e) M (8) (Ilex + |lu(d) ln + KOIA (3.3.80) 
Similarly, by the equation (3.3.75), we also have 
S| vata nO + ro 
< OF ( (NDË + llu(d[l2n + LOCO In) (3.3.81) 


Adding up (3.3.77) and (3.3.79)—(3.3.81), and taking ô > 0 and ¢ > 0 small 
enough, we finally get 


É Milt) < A(O (NoD + lu) Bn + OCI) 
< C,H, (t)M,(t) (3.3.82) 
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where 
M(t) = huD + e + lo)? + lve) I]? + uO 
+ || Veotea, 09000) |) + |] VaGa, Oye.) 
satisfies 


Cr (loin + lhe) Iz +O) <M 
< C1 (10e + ellie +O) 
(3.3.83) 
Thus (3.3.82), combined with the Gronwall inequality, (3.3.78) and (3.3.83), 


implies for any fixed t > 0, 


t 
lu Nie + Dle + OO) hin < OMO) ep( 0 f m(s)ds) 
< © exp( C14) (luo + livollên + lolle)» 
that is, 


ILS(t) (wor, vor, 0o01) — S(t) (u02, v02, bo2)ll z 
< Cı exp( C1 t)||(u01, vo1, 901) — (u02, w2, O02) Nl (3.3.84) 


which leads to the continuity of S(t) with respect to the initial data in H1. By 


(3.3.71) and (3.3.72), we know that only if we prove that for any (uo, vo, 00) € H}, as 
t—> 0*, 


I|S(4) (uo, vo, 80) — (uo, wo, 90) lz. > O (3.3.85) 
which also leads to 
S(0) = I, (3.3.86) 


with I being the unit operator in H}, we can also obtain (3.3.70). Indeed, we can 
choose a function sequence (ub, uj’, 00) which is smooth enough such that as 
m— +00, 


[Cu a, 85") = (u, w, 8o)|| z > 0. (3.3.87) 
By the regularity results, we know that for arbitrary but fixed T > 0, and 


(x, t) € (0, 1) x (0, T), there exists a unique global smooth solution (u”, v”, 0™) in 
H?,. Thus we have, for m = 1, 2, 3,... and as t > 0*, 


J(u" (4), VCE), OP) — Cu", 80") [Lin 0 (3.3.88) 
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Fixing T = 1, by the continuity of the operator S(t), (3.3.84) and (3.3.87), for any 
t € [0, 1] and as m > +00, 


IC E), v(t), 0) = (ule), w(t), OC) Ilan = [SC (ug? w, 80) — SE) Cuo, w, 80) || 
< Ci||( (u , U» 05') P (u, vo, 90) llan = 0, 


which, together with (3.3.87) and (3.3.88), yields, as m — +œ and t> 0°, 
ILSE) (u0, w, 80) — Cuo, vo, o)l = II(u(t), v(t), O) — (w, vo, 80) Ile 

eo v p ee ea 

+ ||(w(t), 0 (8), 8") = (gs 08", 00) lar 


+ || Cuo", w n — (uo, vo, 90) la > 0. 


Thus we obtain (3.3.85) and (3.3.86). The proof is complete. m 


The following lemma gives the uniform global (in time) positive lower bound- 
edness (independent of t) of the absolute temperature 0. 


Lemma 3.3.15. If assumptions of theorem 38.2.1 hold and the initial data 
(uo, w, 00) € H}, then the generalized global solution (u(t), v(t), A(t)) to the problem 
(3.2.6)—(3.2.12) satisfies for any (a, t) € [0, 1] x [0, +00), 


0< CT! < Ola. t). (3.3.89) 


Proof. By contradiction, if (3.3.89) is not true, that is, 
O(a, t) = 0, 


inf 
(a,t)€[0,1] x [0, + 00) 
then there exists a sequence (£n, tn) € [0, 1] x [0, +00) such that 

lim O(a, tn) = 0. (3.3.90) 
However, if the sequence t, has a subsequence, also denoted by ta, converging 

to +00, then by the asymptotic behavior results in lemma 3.3.13, we have that 

l lim O( an, tn) = 0>0 

which contradicts (3.3.90). If the sequence t, is bounded, then there exists a constant 
N > 0, independent of n, such that for any n = 1, 2, 3,...,0 < ta < N. Thus there is 


a point (2*,t*) € [0, 1] x [0, M such that (ap, tn) > (2*, t) as n > +. On the 
other hand, by (3.3.90) and the continuity of solutions, we know that as n > +00, 


lim O(n, tr) = O(a*, č) = 0, 


which contradicts (3.3.1). Thus the proof is complete. Oo 
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3.3.38 Exponential Stability in H 
In this subsection, we shall show the exponential stability of Co-semigroup S(t), 
i.e., (3.2.28). Similarly to the assertion in Qin [99], let the density of the fluids p = 4, 
then the entropy 7 = n(2 ; 0) naturally satisfies 


On Po On eg 


dp. ° 3o 0' 


(3.3.91) 


Define the transform 
A: (p,0) € Do = {(p, 9) : p > 0,0 > 0} — (u,n) E AD, Oo, (3.3.92) 


we know that there exists a unique function 0 = 0(u, 7) as the smooth function of 
(u,4) E€ AD, o. Thus functions e, P can be also regarded as the smooth function of 
(u, n), then e and P satisfy 


OP? OP, OP, 0 
P] Py = : Ou a 2 6, = . (3.3.93) 
0 


2 
ey = —P, e, = 9, Pu=—p° Py z g z 
0 0 0 


We define the following energy form 


Oe _ de 


E(u, om the) = GOP + Su + elun) — eC) — 5 (ti) (uw) ~ 5° (AD) 


where @=4,7= n(3,9) and %, 0 are the same as in (3.2.29) and (3.2.30). 
The next lemmas show the exponential stability of the generalized global solu- 


tion (u(t), v(t), A(t) in H} (or, equivalently, of the Cy-semigroup S(t) on H}). 


Lemma 3.3.16. Under assumptions of theorem 3.2.1, for the unique generalized 


global solution (u(t), v(t), A(t)) to the problem (3.2.6)—(3.2.12), the following esti- 
mate holds 


1 
SPA Sut Olu — + n — AP) SE(u, v, ur) 
1 
< 5074 sue + C(\u— ul? + ln — 7l). (3.3.95) 
Proof. Similarly to the proof of lemma 2.3.13, we can obtain (3.3.95). o 


Lemma 3.3.17. Under assumptions of theorem 3.2.1, there exists a positive constant 
y, =7,(C,) > 0 such that for any fixed y € (0, yi], the generalized global solution 


(u(t), v(t), A(t)) to the problem (3.2.6)—(3.2.12) satisfies for any t € (0, +), 


e (10 + u(t) — W? + 0 — OI)? + lee)? + oD + lut) 


t 
+f e (Iual H loal? + Oal? + [eell” + Ivell? 4 llull?) (s)ds< Ci. (3.3.96) 
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Proof. We easily derive from equations (3.2.6)—(3.2.8) that (p, v, 7) satisfies 


) = (—Put Hop Vur + “pO, — KU: + KUr Ur) p (3.3.97) 
t 


Aplr v N? 
n=|- + Ho +p a (3.3.98) 


Noting that ū,= 0, 0;=0, we derive from the equations (3.3.97), (3.3.98), 
(3.2.6) and (3.2.7) that 


1 9 0° 
ae UN, Ue | +o Lop, + op 
1. 
in a(1 5) p0, (r P(Z.0) )e F KUp Ur — Kurr U (3.3.99) 


E NE Pe 2 Pa Pss 
hele) F [gv | ] HoP ps F KHo Urre p Ho Po j Holp Vvs) + Hop Vg- 


(3.3.100) 


Multiplying (3.3.99), (3.3.100) by &”, Be”, respectively, and then adding the 
results up, we can get 


d „T0 È p p PO 
G(t)- yt 2 x P, z ja zi pe” 2 
(t) +e É (ro? xp 3) B (u F K Hou, p Hoto 5 HoP Ys 


1 1 p i p 0 
ee yt = ; 2 $ } x yt 2 > 
= ye eons) s(ze() Mov | e Ee 5) 00, 


+ (1 — P) Lop vur G P(2,0) Jo eu Ke) (3.3.101) 


T 


where G(t) = e" eG v, 1), Ur) +p (418 (#) uws) 


Multiplying (3.2.7) by vz, in L7[0, 1], we have 


d [K 2 1 2 E a Ug U 
— | 5 || Uer(t 5 || Vz(t = — P; 
S (Fl le) +40 f a= f (Pet wo 


*) vade. (3.3.102) 


Integrating (3.3.101) over [0, 1] with respect to z, multiplying (3.3.102) by &”, 
adding the results up, and then using the Cauchy inequality and the Poincaré 
inequality, we derive from lemmas 3.3.11, 3.3.12 and 3.3.14-3.3.16 that for small 
£ > 0 and for any y > 0, 
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e" (lolt) = PI? + NË + nE — AI? + DN? + eA + ole 


t 
+ f e (pal? + leel? + MOa? + loza? + lull?) (8) ds 


t 
yp = 512 
SOH cn f e” (lp — PI + ol? + [10 — BJ + losl? + vel? + Ml?) (8) ds 
(3.3.103) 


Therefore, we know from (3.3.103) that there exists a constant y = y1(C1) > 0 
such that for any fixed y € (0, y1], (3.3.96) holds. o 


Lemma 3.3.18. Under assumptions of theorem 3.2.1, there exists a positive constant 
yı = yı(C1) < y} such that for any fixed y € (0, yı], the generalized global solution 
(u(t), v(t), A(t)) in H} to the problem (3.2.6)-(3.2.12) satisfies for any t € (0, +), 


t 
e (WDN + OCI?) + f e” (Uvel + [lOae? + Merl? + lee? + Ie?) (6ds < 0. 


(3.3.104) 
Proof. Noting the fact 
|| uae (t) |] < Cr (|| tee (#)|] + lve) I] + O lve), 
and similarly to the proof of lemma 2.3.15, we can prove this lemma. O 
Now using the above lemmas, we complete the proof of theorem 3.2.1. O 


3.4 Global Existence and Exponential Stability in H - 


In this section, we shall complete the proof of theorem 3.2.2, that is, the global 
existence, asymptotic behavior and exponential stability of solutions to the problem 
(3.2.6)—(3.2.12) on H? under some relative assumptions. For the convenience, we 
suppose that assumptions in theorem 3.2.2 always hold in this section. 


3.4.1 Global Existence and Uniqueness in H? 
We first deal with the boundedness of v,.. and Orr- 


Lemma 3.4.1. For any t € (0, +œ), the following estimates hold 


t 
OPH + f lva(s)l? ds < Cy, (3.4.1) 
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[ laiiPass a, (3.4.2) 
0 


t 
ADP HMDA f Mads Cy (3.4.3) 


Proof. Differentiating (3.2.7) with respect to t, 


Ur 
ae Prd Ho(—) Kt (3.4.4) 


Multiplying (3.4.4) by v, in Q, and using an integration by parts and the Cauchy 
inequality, we can derive the estimate (3.4.1) from corollary 3.3.3 and lemmas 3.3.10, 
Sila 

Similarly, multiplying (3.2.7) by uv; in Q: and using (3.4.1), we can get (3.4.2). 
The estimate (3.4.3) can be obtained by the same method as that in lemma 3.2 of 
Qin [103]. Oo 


The next lemma shall concern the boundedness of Urre- 


Lemma 3.4.2. The following estimates hold for any t € (0, +00), 


t 
E OE (3.4.5) 
2 t 2 
|| Wore (t) | +f || Ura ( s) | ds < Cy, (3.4.6) 
t 
f Waas O. (3.4.7) 
0 


Proof. The estimate (3.4.5) comes from the equation (3.2.7) and lemma 3.3.11. 
Multiplying the equation (3.2.7) by Urra noting that Urr = Vren, and using the 
Cauchy inequality, we have 


2,2 2,44 4 
fe wet f fe v dads < o [e vet uU t we + ou + Uy 
0 0 o 
Lu? 
t 


20? + 01+ 0.) dads, 


which, combined with the Sobolev embedding theorem and lemmas 3.3.11 and 
3.3.12, implies the estimate (3.4.6). 

Differentiating (3.2.8) with respect to x, using the Young inequality, the 
Gagliardo—Nirenberg interpolation inequality and the Poincaré inequality, we can 
derive (3.4.7) from lemmas 3.3.1-3.3.12 and the estimate (3.4.3). Oo 
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Lemma 3.4.3. As t > +00, we have the following conclusions 


u(t) — Wl gw 0, Nle 9, |] C4) — Ol] yo— 0. (3.4.8) 


Proof. By the equation (3.2.7), we easily see that 
lise < CDN + MCO + NON DN Heal ID. (3-4-9) 


Multiplying (3.2.7) by treet in L?(0, 1), we can derive from the estimate (3.4.3), 


LAOT < AEO + [tlO + OON + lve? + ve + 1). 
(3.4.10) 


Differentiating (3.2.6) with respect to x and multiplying the resulting equation by 
Veet, We can obtain 


4 Hoya)? < Clean? + laD), (3.4.11) 


which, along with the Shen—Zheng inequality (theorem 1.2.10), leads to, as 
t— +00, 


|| V(t) || > 0. 
By the equation (3.2.8), we derive that 
lOD CNAA + MODNE MvH uH). (3.4.12) 
Differentiating (3.3.5) with respect to t and multiplying the resultant by 6; in 
L7(0, 1), we have 
< out)? + lall? < C (10l? + lul? +A? + livad), (3.4.13) 


which, combined with lemmas 3.3.11 and the estimate (3.4.3), by the Shen-Zheng 
inequality (theorem 1.2.10), leads to, as t > +00, 
latl — 0. (3.4.14) 


Furthermore, using theorem 3.2.1 and lemmas 3.3.11, 3.3.13 and 3.4.2, we can 
derive the desired estimate (3.4.8) from (3.4.10)—(3.4.12). Oo 


Lemma 3.4.4. The problem (3.2.6)—(3.2.12) admits a unique generalized global 
solution (u(t), v(t), O(t)) in H?, which defines a nonlinear Co-semigroup S(t) (also 
denoted by the uniqueness of solutions in H} ) on H? such that for any initial data 
(uo, w, 0o) € HF, 


[SCE (uo; vo, 8o) ll = IU, o(4), lle < C, Yt > 0, (3.4.15) 


S(t) (uo, vo, 90) = (u(t), v(t), O(t)) € C([0, +00), HÊ), (3.4.16) 


Global Existence, Uniqueness and Exponential Stability for Navier-Stokes 125 


u(t) € C2([0, +00), H3), v(t), (t) € C2([0, +00), H’). (3.4.17) 


Proof. The uniqueness of generalized global solutions in H i follows from that in 
H?,. Moreover, the proof of the continuity of Co-semigroup S(t) is also similar to that 
of lemma 3.3.14. See also the proof of lemma 3.4 in Qin [103]. 

For any h 2 0, t > 0, differentiating (3.2.6) with respect to x twice and inte- 
grating the resultant over [t,, t] X [0, 1], and using the Hélder inequality, we can 
derive from lemmas 3.3.11 and 3.4.2 that 


ua 
: z I 1 
O = le < f f (lel + oel? + leel) (ds 1t- t< Galt — f. 
t 


Furthermore, by lemma 3.4.2, we also have 


/ ' luss(s)lÊds 


u(t) € C2([0, +00), H°). 


luft) — uft) ll < C + |lu(t) - u(t) Ie < Olt- tb, 


SO 


In the same manner we can show v(t), O(t) € C?([0, +00), H!). Thus we get 
(3.4.17). o 


3.4.2 Exponential Stability in H A 


The following lemma gives us the exponential stability of semigroup S(t) on H4 
(or, equivalently, of generalized global solution (u(t), v(t), 0(t)) in HŽ). 


Lemma 3.4.5. There exists a positive constant yo = yə( C2) < yı such that for any 
fixed y € (0, yo], the generalized global solution (u(t), v(t), A(t)) in H? to the problem 
(3.2.6)—(3.2.12) satisfies for any t € (0, +00), 


e" (10e +106) -| 


t 
2 = ys 2 2 2 
ret lhu(t) alin) + f (lvl? + Ga? + eel?) ds C 


(3.4.18) 


Proof. Similarly to the proof of lemma 2.4.7, using the Sobolev embedding theorem 
and the Young inequality, we know from lemmas 3.3.11—3.3.18 that there exists a 
constant y2 = y2( C2) < yı such that for any fixed y € (0, ys] and any t € (0, +00), 


t 
e” (10D + vtd) + f e” ||uals)l|? ds < C. (3.4.19) 
0 
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Multiplying (3.2.7) by tne’ over Q, and using lemmas 3.3.11-3.3.18, the 
embedding theorem and the Young inequality, we easily derive 


1 s 2 *) | yg || Urzr 
SE ana (t IL d 
50 (lD D) +40 feel as 
t 2 
Lo y Vrrr 
50+ (Cr+) f e s)ds 
Aa aT 


t 
raf e (all? + vell? + Ilora? + Iuzsll? + 82x”) (3) ds. 
Similarly to the deduction of (3.4.19), we can also obtain 
t 
e” (l(t)? + læ (Ðl?) + I e*|| User(s) ||’ ds < C. (3.4.20) 
0 


Analogously, we can easily derive from the equation (3.2.8) and lemmas 3.3.11- 
3.3.18 that 


t 
e" (OC)? + NDP) + fe bas) Pas < Cy (3.4.21) 

0 
which, combined with (3.4.19), (3.4.20) and lemmas 3.3.16, 3.3.17, yields the 
estimate (3.4.18). oO 


Now applying the above lemmas 3.4.1—3.4.5, we can complete the proof of 
theorem 3.2.2. o 


3.5 Global Existence and Exponential Stability in H és 


In this section, we shall complete the proof of theorem 3.2.3, that is, the global 
existence, asymptotic behavior and exponential stability of solutions to the problem 
(3.2.6)—(3.2.12) under some relative assumptions. For the convenience, we also 
suppose that assumptions of theorem 3.2.3 hold in this section. 


3.5.1 Global Existence in H$ 


Firstly, we can obtain the following two lemmas which play an important role in our 
subsequent analysis. 


Lemma 3.5.1. The following estimate is valid for any t € (0, +0), 


t 
| le(s)? ds < Ci- (3.5.1) 
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Proof. Differentiating (3.2.7) with respect to z, we have 


Un = — Pa + to(—) —KUrerr, (3.5.2) 


then 


+ |[Verl| + || Vez tzl| + || tss Yell + || ue v1) (2), 


which, together with lemmas 3.3.11, 3.3.12, 3.4.1 and 3.4.2, implies (3.5.1) by the 
embedding theorem. o 


Lemma 3.5.2. For any (u, vw, 0o) € H$ and any t € (0, +œ) ande € (0, 1) small 
enough, we have the following estimate 


lve (Dle + lulz + f Melies 


t t 
< oette f |voa(s) Pas+e f [tezel 8) || ds. (3.5.3) 
0 0 


Proof. Multiplying (3.5.2) by Urren over Q, using lemmas 3.3.11, 3.3.12 and 3.4.1 
and the embedding theorem, we get 


t 
lOe +O +f llve(s)llžr ds 


t 
< 61+ C4 f (esl? + Ite!) (ds 
0 


t 
+ f (Il Vrni Ureat || p20 Ez | Une Uz Ureat || r + | Vrt Uresct|l zo) (s) ds. (3.5.4) 
0 


By the embedding theorem and the Cauchy inequality, we can get for any 
e € (0, 1) small enough, 


1 i 
| Veer Urna ll p20 < Call Vez llel] Ureve||? || eaezell zc 


< el) texto + Ell Veawe||” + C427 *|| Voxel”, (3.5.5) 


| Une Ur Uxrzt || poe < ell Urrrt ie + Cie (| tell at | ull’) , (3.5.6) 


1 į 
|| Vrt Uae || go < Ca || vzel ?||Veztl|? || Uaxze || poe 


< Ell trz llo + Eltra? + Cae |l nell”. (3.5.7) 


Inserting (3.5.5)-(3.5.7) into (3.5.4) implies the estimate (3.5.3) by lemmas 
3.3.11, 3.4.1 and 3.4.2. O 


Second, we establish the following estimates on the initial quantities. 
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Lemma 3.5.3. For any (uo, %, 90) € H$ and any t € (0, +œ), we have 
|| Uee(2, O)|] + |]Oax(2, 0)|] < Ca, (3.5.8) 


[| v(x, 0) || + [[Oxe(x, 0) |] + || vex (2, O)| + |]Oxxe(x, 0)|| < Ca. (3.5.9) 


Proof. Similarly to the proofs of (2.5.3) and (2.5.4) in lemma 2.5.1, we easily 
complete the proof. Thus we omit the details. O 


Third, we give some estimates on vy, Oi, Uz and Ort 


Lemma 3.5.4. For any (ug, w, 90) € Ht and any t € (0, +œ), the following esti- 
mates hold 


t t 
MORH eae f podat f [8an(s)ds, (85.10) 
0 0 


A 
leuD? + f ]@su(s)|[2ds 


t 
0 


t 
< Cye3 + ce | |]Oave(s) |2ds-+ ae f (losl? + lvl?) ds (3.5.11) 
0 


Proof. Differentiating (3.2.7) with respect to t twice, we have 
Ur 
Vit = —Patt + Uo (=) —KUrrrtt- (3.5.12) 
US att 


Multiplying (3.5.12) by vg over Q, we can conclude from lemma 3.5.3 and the 
embedding theorem, 


t 
lee? + eN +f llveu(s)|[? ds 


t 
<A+O f (Pall + loval? +E) 
0 


t 
< C+ af (Moel? + hvel? + vell? + [el]? 
+ lOa? + lOu?) (8) ds. (3.5.13) 
It follows from (3.2.8) that 


lOO C MOa + Ne ON NEON + MOH MoO Oel 0e). 
(3.5.14) 
Inserting (3.5.14) to (3.5.13) and using lemmas 3.3.11, 3.3.12, 3.4.1 and 3.4.2, we 


obtain the estimate (3.5.10), while (3.5.11) can be obtained in a way similar to that 
in lemma 2.5.1. O 
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Lemma 3.5.5. For any (uo, vo, 00) € H4 and any t € (0, +), we have the following 
estimates 


eC? + loan +f lvls)? ds < Ca, (3.5.15) 


t t 
MaA f Maad Ctt Cae? f (Uol + Oul + Oena) 0) 
(3.5.16) 


Proof. Differentiating (3.2.8) with respect to t, multiplying the resulting equation 
by Ur over Q, and performing an integration by parts and using the Cauchy 
inequality, we obtain 


t 
lee + oa? f lveu(s)|? ds 


t 
< Ca++ a f velz + (cel? + [fecal + u0? + Oevel]? 
0 


2 
+ [020l]? + || ex Vel” + || ta Dee ll” t on )(s) ds, (3.5.17) 


which, along with lemmas 3.3.11, 3.3.12 and 3.4.1-3.4.3, leads to the estimate 
(3.5.15) by the embedding theorem. The estimate (3.5.16) can be obtained in a way 
similar to that in lemma 2.5.2. o 


Lemma 3.5.6. For any (uo, w, 0o) € H$ and any t € (0, +œ), we have 
Moa H MO + Me + NOON + Mte ON H vel 


t 
+ f (Mrl? + Meal? + omal + ol?) (3)d5< Cs (3.5.18) 
0 


||Oxne(t) || < Cy, [lOr] < Cy. (3.5.19) 


Proof. Multiplying (3.5.10) and (3.5.11) by € and é”, respectively; then adding the 
resultants to (3.5.16), choosing € € (0, 1) small enough, we obtain 


t 
uIP + Ou? + 10a IP + rma? f (lll? + Meel? + Nvl?) (8) ds 


t 
< CP + Coe? fOr) PO) a 


which, along with the estimate (3.5.15) and by the Gronwall inequality, gives the 
estimate (3.5.18). 
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Differentiating (3.2.8) with respect to t, we derive from (3.5.18) that 
lOc Dl CDH C ve O + MoO + [Axe (#)|] + OOl) S Ca. 


Analogously, differentiating (3.2.8) with respect to x, we can complete the proof 
of (3.5.19) from the estimate (3.5.18). m 


Finally, we obtain the global existence of solutions in H Fa 


Lemma 3.5.7. For any (u, w,0o) € HE and any t € (0, +0), the following esti- 
mates hold 


t 
eo) ps + I et) liye + f (Iluclli + Iluclliya~ )(s)ds< C, (3.5.20) 
2 2 ' 2 2 
velde + lee) Ie + f (lvall?e + llelli )(8) ds < Cr, (3.5.21) 
2 i 2 
lOe f 10rd < C (3.5.22) 
t 
f (oP leu) (as C1, (3.5.23) 
0 
2 f 2 2 2 
lD + J (Muellir + l0al?r + Oilio )(8)ds < Ci, (3.5.24) 
t 
f (olat ll )(s)as< Ce (3.5.25) 


Proof. Differentiating (3.2.7) with respect to t, we have 
va = — Pa + Ho (=) —KUgaxt- (3.5.26) 
at 


Multiplying (3.5.26) by Uzrr2¢ over Q, and using the embedding theorem and the 
Cauchy inequality, we conclude from the estimate (3.5.18), 


t 
lOe HD+ f ll Yan's) [ds < Ch. (3.5.27) 


We derive from the equation (3.5.26) that 


|| eect || z < Co (|| vall z F || vzr|l zæ =r || ace zo F || Ort] z F CAAS lr CANS 
+ || U2Bell p + [8264] p20 + Ilve trll zoo + Ilva zoo + [urval] g) (3.5.28) 
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Using the embedding theorem and the Cauchy inequality, we get from lemmas 
3.3.11, 3.3.12 and 3.4.1-3.4.3, 
lta (lt < CCl? + lorie tI? + lence tI? + [ene ( 2) |? 
+ veat OM? + MOON + NOON? + I] (II? 
-OCD + vaD? + lD) (3.5.29) 


Thus, inserting (3.5.29) into (3.5.3), we obtain from the estimates (3.5.18) and 
(35.27); 


t 
Iie +D f Nords Cy (3.5.30) 


which, along with lemma 3.5.1 and (3.5.27), implies the estimates (3.5.20) and 
(3.5.21). 

Using lemma 3.5.6 and the embedding theorem, we easily get the estimates 
(3.5.22)-(3.5.24) from the estimate (3.5.30). Differentiating (3.2.7) with respect to 
zand t, we have 


Ur 
Unit = — Port 4 1 (—) eo KUgrrrrt, (3.5.31) 


thus, noting the fact that Urrrrt = Vere, We can get 


|| Vara (4) |] < Ca (|| Onee(t) |] + ll Yor (t) |] + |] Oance( 4) |] + |] One (4) II vl 
+ [ree (t) |] + Mer Dl + |] axe (t) [|)- (3.5.32) 


Differentiating (3.2.7) with respect to x three times, we have 


Urrrt = —P ra mi ni T Ho (=) ae Urrrrrr, (3.5.33) 
thus, 
|| Uzzzzzz(t) || < C4(|| Vrzel t) | T || Vzzzzz(Ċ) || F || x22 (t) || F || Ox () | ar || Urxe( t) || 
+ || tooze(t) || + || Canoe (t) || IlO), (3.5.34) 
which, along with (3.5.32), leads to the desired estimate (3.5.25). oO 


Lemma 3.5.8. For any (uo, vo, 90) € H$, the following estimates are valid for any 
t € (0, +00), 


2 2 2 2 2 2 2 
lut) = oll az + lulla + Melle + lunli + OC) ae + lolle + [veel 


t 
sc RES 
+ |] O(t) — Ollia + lOe + lOa? + | (llu — Tolls + ellis + [level 


+ [loal + [9 — Ol ps + lle + ull in) ds-< Ci, (3.5.35) 
H 
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t 
fF (Wulf + Neele + uel) ds< Ch (3.5.36) 
0 


Proof. Noting the equation (3.2.6), exploiting lemmas 3.3.11, 3.3.12, 3.4.1, 3.4.2, 
3.5.1-3.5.7, we easily obtain the estimates (3.5.35) and (3.5.36). Oo 


From lemmas 3.5.1-3.5.8, we have shown the global existence of solutions to the 
problem (3.2.6)—(3.2.12) in H4 with the arbitrary initial data (ug, vo, 0o) € H$, the 
uniqueness of solutions in H4 follows from that of solutions in H} or in H°. 


3.5.2 Asymptotic Behavior of Solutions in H! 


Now, we shall study the asymptotic behavior of solutions. 


Lemma 3.5.9. As t > +00, there hold that 


I| w(t) — w| 


w> 0, Ola 0, 0 -Ila 0. (3.5.37) 


Proof. Multiplying (3.5.2) by ter in L (0, 1), using an integration by parts and the 
Sobolev embedding theorem, we can derive from the estimate (3.5.29), 


d _ 
— || ree ( 8) ||? oI C; “| rane (2) ||? < Ca (llved)? T [uD + || ene (t) ||? 


di 
+ ter? + |] ou ()|I? + |] oan) 
+ |[Ocx2(t)||’ +1), (3.5.38) 


2 
| 


which, combined with (3.5.25) and theorem 1.2.10 and lemma 3.5.6, gives us, as 
t— +00, 


Differentiating (3.2.7) with respect to x twice, multiplying the resultant by Urrexrt 
in L7(0, 1), and performing an integration by parts, we can derive by the embedding 
theorem, 

d 
dt [uzrel tll? oF [terz () |? < Ca (llv? a [trOll F || ccxe(t) |? 
+ |] Oran (t)||? + || et) |? + OA 
which, along with (3.5.39), lemma 3.5.8 and theorem 1.2.10, leads to, as t > +00, 


Thus, using the Poincaré inequality, we can get || u(t) — %l| ys 0. 
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Noting the fact tat = UVrer from the equation (3.2.6), we have 


d 
Slon < Ca (Uve (DI + Mven (DI). (3.5.42) 
Multiplying (3.5.26) by Vrat in L7(0, 1), we can obtain 


d = 
vezel + Cy le BI < Cale IP + Hee? + Meen ON + loal) 
+ Nba? + lba), (3.5.43) 


which, along with the estimate (3.5.42), lemma 3.5.8 and theorem 1.2.10, leads to, as 
t— +00, 


By the estimate (3.5.16), we can easily derive from the equation (3.2.8), 
d ‘ _ ‘ ‘ 
E NONA CF NOD <e( Onn)? + lee?) + Cll + ee 
+ Mbel + Oa lD), (3.5.45) 


which, combined with the Shen-Zheng inequality (theorem 1.2.10), leads to, as 
t— +00, 


lOa — 0. (3.5.46) 
We differentiate (3.2.8) with respect to x to derive 
lOO < C(O + Nlln +O laO), (3.5.47) 
which, along with the conclusion (3.5.46), as t —> +0, we have 


|| xxx (t)|] — 0. (3.5.48) 


It follows from lemma 3.5.4 that 


[Ou (A) + Op Bet)? < (10O + oD) + Glo + lose IP 
+NN? + lba, (3.5.49) 
which, by theorem 1.2.10, leads to, as t > +09, 
l0a(t)|| —> 0. (3.5.50) 
On the other hand, we have 
[ave #)|] < CNDH NoD luel + NOI + OC + na) I) 
which, combined with (3.4.13) and (3.5.46)—(3.5.50), implies, as t > +00, 
|| @xxce(t)|| — 0. (3.5.51) 
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Differentiating (3.2.8) with respect to x twice, we can derive 
lOi Ol C (Mtellg + vet) ie +l + lOs). (3.5.52) 


Thus it follows from (3.5.51) and (3.5.52) that, as t > +00, 
|| Qxxxx(t) || > 0, (3.5.53) 


which, along with the Shen—Zheng inequality (theorem 1.2.10) and the Poincaré 
inequality, leads to our desired estimate WO) — All 2 0, as tf > +00, o 


In the following lemma, we shall establish the existence of a nonlinear Co-semi- 


group S(t) on H4. 


Lemma 3.5.10. The global unique solution (u(t), v(t), O(t)) in H4 to the problem 
(3.2.6)-(3.2.12) defines a nonlinear Co-semigroup S(t) on H4 (also denoted by 
S(t) by the uniqueness of solution in Ht and H?) such that for any initial data 
(u, w, 90) € HẸ, there hold for any t € (0, +©°), 


IIS(#)(uo, vo, 80) las = IU), v), OC) Ile < Ca, (3.5.54) 


5(t)(uo, vo, Oo) = (u(t), v(t), O(t)) € C([0, +00), H$). (3.5.55) 


Proof. Similarly to the proof of lemma 3.3.14 or lemma 3.4.4, we can complete the 
proof of (3.5.54) and (3.5.55). See also lemma 2.4.5 in Qin [99]. o 


3.5.3 Exponential Stability in H4 


In the following lemmas, we shall make use of the estimates established in lemmas 
3.5.1-3.5.9 to prove the exponential stability of global solutions or of the nonlinear 
Co-semigroup S(t) on H4. 


Lemma 3.5.11. For any (uo, 1,00) € H4, there exists a positive constant yo) = zP 


(C4) < yo such that for any fixed y € (0, P] and for any t € (0, +œ) ande € (0, 1) 


small enough, we have the following estimates, 


t 
e" (Ine + loD) + f e” |lvnz(s)||? ds < Cs, (3.5.56) 
0 


t 
elal + i || O112(8) ||" ds 
0 


t t 
< Cye3 + cue f €!5l|Oiaa(s)||2d5-+ cie f o (orl? + eel?) (5)ds. (3.5.57) 
0 0 
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Proof. Similarly to the proof of (3.5.10), we multiply (3.5.12) by e*vy in Q; to 
obtain from lemmas 3.4.1 and 3.4.2, 


1, B b ; or 
ze (PA lO) < 4 (Crt Grr) feels) Past f eas 


t f 
<a- (Cr - Gy) f e?*||vue(s)|[2ds+ C: f d lOr (8)|?ds 
0 0 


which gives the estimate (3.5.56) by taking 0<y< min (2,72). And (3.5.57) can 
1 


be also obtained, see lemma 2.5.4 for details. o 


Lemma 3.5.12. For any (wo, v, 00) € He there exists a positive constant yo) = 


P(C) <y such that for any fixed y€ (0¥] and for any t € (0, +œ) and 


e € (0, 1) small enough, we have the following estimates, 


t 
e (1ed + let) + f || Vasl s)|| ds < C4, (3.5.58) 
0 


t f 
e'll + f €5l|Oiax()|[2ds< Cie! + oe f E (llores + Oel) (8) ds. (3.5.59) 
0 0 


Proof. Similarly to the proof of (3.5.15), we multiply (3.5.26) by e’’v,.; in Q; and use 
lemmas 3.4.1, 3.4.2, 3.4.5 and 3.3.18 to obtain 


L E o 
5" (10a? + rlo) < Ci = (80 = Cia) fea Pas 


which gives (3.5.58) by taking 0<y< min (ts 1) = P. And (3.5.59) can be 
1 

obtained, see lemma 2.5.5 for details. O 

Lemma 3.5.13. For any (uo, v0, 90) € H$, there exists a positive constant y4 < zP 


such that for any fixed y € (0, y4] and for any t > 0, the following estimates are valid, 
e (loD + [tee (E)|? + [fee N + Neel? Oe? + loud) 


t 
+ f e (Uvel + Norel + ial? + Buel?) (8ds < Ce, (3.5.60) 
0 


t 
© (Nuan + Itai) + f (luen + teliris) (eds C (8.5.61) 
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y 2 2 2 2 2 
en | Vree(t) || 7p + || Vee(4)|I Whoo + || axe (#) ||" + |] Oe (4) |] Whoo + || Oe (4) [lp 
t 
Tr || Ota (t) |” T luns ( t|’) + I e (|jvall? + alee + || exe llr 
0 


+ [| 22 972.0 ba | veel ice + l|Oul|? + || Ozer 771 + || tx 3n 


+ (Ales + | tx|| pric )(s)ds < C74. (3.5.62) 


Proof. Multiplying (3.5.56) and (3.5.57) by € and È, respectively, adding up the 
resultants, (3.5.58) and (3.5.59), and then taking € > 0 small enough, we can 
obtain the estimate (3.5.60). Similarly, we differentiate (3.2.7) with respect 


to z, multiply the resultant by © urn in Q: and choose y > 0 so small that 
0<y<y = minz), we conclude from lemmas 3.4.1, 3.4.2, 3.5.7 and 3.5.8 


and the estimate (3.5.60) that for any t € (0, +00), 
2 2 i 
e'us DË + tant?) + f e” 


Noting that the facts (3.5.47) and (3.5.52), we can derive from (3.5.18), (3.5.20)- 
(3.5.23), (3.5.35), (3.5.60) and (3.5.63) that for any fixed y € (0, y4], 


Umre(8)||"ds< C4. (3.5.63) 


aj 2 2 2 2 2 
el" | Veer (t) || zn + || v(t) Whoo + || ae () ||" + |] Oe (4) II Whoo + [lOs (4) [lp 


t 
T || Orx(t) ||") + I é”*(|[Uaxell zn + [| exe” + [| ee rice + || ae 77 
0 


+ ||Ocell + Olly )(8)ds < Ca (3.5.64) 


and 
a 2 2 2 2 
E| [vall + ltl + [Ol + IlOll )(s)ds< C4. (3.5.65) 
0 


Similarly to (3.5.63), we can also derive from the equation (3.2.7) that for any 
fixed y € (0, y4] and any t € (0, +09), 


t 
el || Une (t) |? ate | e|] Varrze( 8) ||? ds < C74. (3.5.66) 
0 
Meanwhile, we also easily obtain that for any fixed y € (0, yal, 


t 
f e’ (|| trzzzrll? + [| Pacer” T (Osea ||” F ||tterzl|in F [| Yaz 2.0 
0 


+ ||Oxel|2/220 + || Uezeel|?)(s)ds < Cr, (3.5.67) 


which, combined with the estimates (3.5.60), (3.5.61)—(3.5.67) and the interpolation 
inequality, leads to the desired estimates (3.5.61) and (3.5.62). oO 
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Now we can use the equation (3.2.6), lemmas 3.3.11, 3.3.12, 3.4.1, 3.4.2, theo- 
rems 3.2.1, 3.2.2 and lemmas 3.5.1-3.5.13 to prove the following lemma. 


Lemma 3.5.14. For any (uo, 1,99) € H: and for any fixed y € (0, y4] and any 
t € (0, +), the following estimate holds, 


y a FR 2 
e!"([u(t) — Wis + le) Mize + NO — 8 ys + lel 
+ || weet) [Fan + MOi + eD + Oe + lO 


t 
ys —ijj2 2 AI \2 2 2 2 
-f e° (lju — Tli + Ilolla + |0 — Olf + loll + Ivelin + IlOll 


FO cellars + Ul eel zs + [uel x2 + Null’) (s)ds < Ca. (3.5.68) 


Now using lemmas 3.5.1-3.5.14, we can complete the proof of theorem 3.2.3. O 


3.6 Bibliographic Comments 


A century ago, Korteweg [74] first introduced the formulation of the theory of 
capillarity with diffuse interfaces and Dunn and Serrin [37] actually derived using 
the second gradient theory (see also [61, 132]). Here the main difficulty consists in 
describing the location and the movement of the interfaces. 

There are some known results concerning the Korteweg type system. In the 
corresponding isothermal model, Danchin and Desjardins [19] studied the 
well-posedness of the model in spaces with critical regularity indices with respect to 
the scaling of the associated equations. In a functional setting as close as possible to 
the physical energy spaces, they proved the existence of solutions close to a stable 
equilibrium, and local in time existence for solutions when the pressure law may 
present spinodal regions. Bresch et al. [5] considered a global existence of weak 
solutions in dimension 2 or 3 using the regularity of the density in a periodic domain 
Q = T”. Subsequently, they discussed the case of a smooth bounded domain 
depending on the choice of the diffusion term and on the boundary conditions, with a 
positive result in the case Q = (0, 1) x T”. Haspot [50] improved the existence of 
global weak solutions in dimension 2 for initial data in the energy space, close to a 
stable equilibrium and with specific choices on the capillary coefficients. Kotschote 
[75] proved existence and uniqueness of local strong solutions for this system by 
Dore-Venni theory, real interpolation, H°-calculus and the contraction mapping 
principle. Tan, Wang and Xu [128] proved the global existence of a strong solution 
with the small initial perturbation in R. In the non-isothermal model, Kotschote 
[76] addressed the existence and uniqueness of strong solutions on bounded domain 
with compact boundaries by refined methods of maximal regularity. Recently, 
Kotschote [77] established global existence and uniqueness of strong solutions for 
initial data near equilibria and showed exponential stability of equilibria in the 
phase space. 
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However, most of these results are concentrated on the high dimensional case 
and, to the best of our knowledge, fewer results have been obtained for the 
one-dimensional case. Charve and Haspot [11] only studied the one-dimensional 
isothermal case and proved the existence of a global strong solution, then showed the 
global strong solution of the Korteweg system converges in the case of a y law for the 
pressure (P(p) = ap’, y > 1) to a weak-entropy solution of the compressible Euler 
equations. Haspot [50] showed the existence of global weak solutions for a specific 
type of capillary coefficients with large initial data in the energy space. With the 
other specific type of capillary coefficients x = p °, Tsyganov [133] proved the global 
existence and asymptotic convergence of weak solutions on the Lagrangian coordi- 
nates by a easier method different from those in Kato [70] and Bona and Sachs [6]. 
Moreover, Tsyganov [133] studied the model in the finite interval [0, 1]. Tan and 
Guo [127] extended the existence theorem in [133] and considered a problem 
extending the finite region to the half space R +. Recently, Chen [12, 14] investigated 
the non-isothermal problem and considered the time-asymptotic behavior of solu- 
tions to one-dimensional compressible fluid models of Korteweg type, i.e., strong 
rarefaction waves and the viscous contact waves, which govern the motions of the 
compressible fluids with internal capillarity. 


Chapter 4 


Exponential Stability of Solutions for 
the Compressible p-th Power Newtonian 
Fluid with Large Initial Data 


4.1 Introduction 


It is well known that the study on gas dynamical model is a hot topic in many fields, 
such as fluid dynamics, physics, fluid mechanics and applied mathematics. 

As we know, the state of the ideal gas is determined by its density p, pressure 
P and absolute temperature @ and is interrelated by the law associated with the 
names of Boyle, Gay—Lussac and Mariotte 


P = Rp0 


where R is the universal gas constant. In addition, barotropic thermodynamic 
processes with no regard to temperature may be treated in the realm of mechanics, 
such as P = P(p), especially, the simplest example is an isothermal process, that is, 
in which the temperature is constant, so that 


P = Rp. 


Subtler is the case of an isentropic or adiabatic process, in which the temperature 
and the specific volume vary simultaneously in such a proportion that the amount of 
heat stored in any part of the gas remains fixed. As shown by Laplace and Poisson, 
this assumption leads to 


P= Rp? 


where p > 1 is a constant and called the adiabatic exponent. 
The p-th power Newtonian fluid is a linearly viscous, Fourier heat-conducting 
compressible gas, whose pressure P and internal energy e are given by 


P=Rp’0, e= c,0 


with the pressure exponent p = 1 and constant specific heat c, > 0. 
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4.2 Model and Main Results 


In this book, we shall establish the exponential stability of global solutions in 
H (i=1, 2, 4) for the compressible Navier-Stokes equations which describe 
the motion of the pth power Newtonian fluid. We assume that the 
corresponding solutions only depend on the radial variable r and the time variable 


t e [0, +00). Here we use U(x, t) to denote the velocity of fluid and Q= 
{x| 0<a< |x| <b< + oo} is a symmetric domain in RY. As in [18, 44, 53], the 
equations can be read as 


pi + (pu), + miz 0, 
rac 2) 47 = M4, 


T 


plv + uvr + #) = ufu, + ) 2 (4.2.1) 


p( we + uwr) = u( wrm + BP), 
Cop(01 + ubr) + P(ur+ 2) = k(On + MH) +Q, 


where the viscosity coefficients u, 2 satisfy the natural restrictions u > 0, NA+ 
2u = 0 and the coefficient of heat conduction k is positive k > 0, 8 = 2u + 4 and 


2 2 Imu? 
Q=2(w | =) | u (v =) | we | 2u } La \ 


In the spherically symmetric case, m= N — 1, r= |x, U(x, t) = u(r, t)ž, 
v=w=0. In the cylindrically symmetric case, m=1, r= yr? +r, 
U(x, t) = u(r, t) a +o(r, a + w(r, t)(0, 0, 1). The following boundary 


and initial conditions can be given by 


(u, v, w, 0,)(a, t) = (u, v, w, 0,)(b, t) =0, t € [0, +00), (4.2.2) 


(p, U, U, W, O)(r, 0) E (Po, Uo, vo, Wo, Oo) (r), re [a, b]. (4.2.3) 


As in [18, 65, 103], we denote by 7 = 3 the specific volume of the flows and can 


transfer the problem (4.2.1)—(4.2.3) into the equations in Lagrangian coordinates as 
follows 


mor").  0<zr<L,t>0, (4.2.4) 
af RO (rru v? 
ee ( n? ' p n ) T r ? (4.2.5) 
a a ae (4.2.6) 
ee n ao r? 2) 
w= u(t Js) a (4.2.7) 
n m r 
0 m 2m0, i 
csli = (-7 pE Pe) J+ (47 } pg v), 
1 . n 
rem 


2 
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Here y(x, t), u(x, t), v(x, t), w(x, t) and O(2, t) are the specific volume, radial 
velocity, angular velocity, axial velocity and absolute temperature of the fluid, 
respectively. Moreover, radius r also depends on the Lagrangian mass coordinates 


(x, t), L = f'y mo(y, (y, t)dy = f? y” pody and 


rru °? yu r™y ? 4 ure? 2 2um rly? 4 pm-ly 
z 


T 


Q= 


n? n í 
whereas boundary and initial conditions are 
(u, v, w, 0z) (0, t) = (u, v, w, 0z) (L, t) = 0, (4.2.9) 
(1, u, V, W, 0) (z, 0) = (No; Uo, Vo, Wo; 0g) (2). (4.2.10) 


It is well known that 


and 


r(0,t) =a, r(L,th=b, mar) = Ga +(m+1) [nay (4.2.12) 


In what follows, we use letters C; (i = 1, 2, 4) to denote the generic positive 
constants depending on the norms of initial data (uo, vp, Ww, 9) in H but being 
independent of t. 

We are now in a position to state our main theorems. 


Theorem 4.2.1. Assume that the initial data (no, u, vo, w, 90) € (H"0, L])° and the 
compatibility conditions hold. Then there exists a unique global solution (n, u, v, w, 9) 

L™({0, +09), (H'[0, L])°) to problem (4.2.4)-(4.2.10) verifying for all (x, t) 
€ [0, L] x [0, +2), 


0< Ot <ny(z, t) < C, 0<C'<6(2,)<G, (4.2.13) 
and 
_ —j2 
nA — Allin + leO Gn + OBa + wn + A — Dlia 
t 
+|Ir(t) — Flap + In Olin + f (iln Tln + lulle + lole + lelle 


lo- al; 


ae tlir = Fle + rele + ll? + oel + lwl? + G11?) (s)ds< C. 
(4.2.14) 


Moreover, there exist constants C, > 0 andy, = yı( C1) > 0 such that for any fixed 
y € (0, yı], the following estimate holds for any t > 0, 
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y a Hy2 
e” (In = alin + u(t) Fin +O +O +O = Bll 


t 
=j? 2 ys —||2 2 2 2 
+ l(t) -PBe HOBA) + fe (ln -Me + Mele + ole + el 


<i = 
+ |] — Blige + llr — Fe + Ure + lell? + Heel? + lle? + Oll?) (9) d5< Ch 
(4.2.15) 
where == DAT, nol No (a constant @>0 is determined by ¢0= 


iy (5( ee te and bean 4 272)2. 


Theorem 4.2.2. Assume that the initial data (no, uo, vo, w, 90) € (H?(0, L])° and the 
compatibility conditions hold. Then there exists a unique global solution (n, u, v, w, 0) 

L™((0, +00), (Plo, L) to problem (4.2.4)-(4.2.10) verifying for all 
(x, t) € [0, £] x [0, +09), 


2 j2 
wet Ir) — Tlg 


—/2 2 2 75 

Int) — Tle + eD le + Ole + we + |0) -3 
t 

2 (2 a ON ei 2 | 2 j All? 

+O f (Iln Allie + lulli + lelle + lwl + |] — |], 


Hir = Flle + Urals + Ille + Muel? + Moel? + wall? + call”) (8) ds < Co. (4.2.16) 


Moreover, there exist constants Ch > 0 and yz = yo( C2) > 0 such that for any fixed 
y € (0, y2], the following estimate holds for any t > 0, 


yt si!2 2 2 2 Ri \2 = 
e” (Ine) — allie + uC) lie + Ue ie + oO + [OA — Oli + Ilr — Tlie 
t 
yE = a2 
+r) + I e (Iin = allie + lellis + lollies + lollis + [10 = Ol 


+ || = Flle + llre + llie + Weal? + hvel? + wall? + I”) (s)ds<C, (4.2.17) 


where 7,0 and F are the same as those in theorem 4.2.1. 


Theorem 4.2.3. Assume that the initial data (No, uo, vo, wo, Oo) € (H*[0, L})? and 
the compatibility conditions hold. Then there exists a unique global solution 
(n, u, v, w, 9) € L®([0, +00), (H'O, L])°) to problem (4.2.4)-(4.2.10) verifying for 
all (x, t) € [0, L] x [0, +00), 


412 2 2 z512 2 
MnO — nlli + Ue) ia + ON + wO + O = Dli + ir) = Fs 
t 
2 1/2 2 2 2 
Hina f (lln Alla + [lel gs + lollis + lwll 4 


lr = Flle + Welles + Utell es + lel + Ul wells + [ell ips) (8) ds < Ch. (4.2.18) 


Moreover, there exist constants Cy > 0 and y4 = y4( C4) > 0 such that for any fixed 
y E€ (0, y4], the following estimate holds for any t > 0, 
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) = AI 2 = 
(nE) = Allies + MON + IoC) Me +w + (4) = Ol] pe + Ur) = Flas 
t 
yS y ! ! ! ! Bll? 
HIRON) + fe (la -me + Helis + lol + lel + 10 -Olis 


lir = Flies + Ireli + lulle + Weel ays + Iwel 4 | Gilfis) (s)ds< Ci (4.2.19) 


where 7,0 and F are the same as those in theorem 4.2.1. 


Remark 4.2.1. On the one hand, for the spherically symmetric case, our theorems 
not only generalize the results of [65] where the author considered the case p = 1, but 
also we obtain global existence and exponential stability of global solutions in H (i = 
2, 4). On the other hand, for the cylindrically symmetric case, we have generalized 
and improved the results in [99, 103, 111, 114] by removing the smallness condition of 


total energy Fo = Ge (ug + vj + wh) + C00] de. 


In this chapter, we remedy a defect in [18] and further establish exponential 
stability of the global spherically and cylindrically symmetric solutions in H (i = 1, 
2, 4) for the p-th power compressible Newtonian fluid with large initial data. These 
results of this chapter come from [141]. 


4.3 Global Existence and Exponential Stability in H' 


In this section, we shall show theorem 4.2.1, that is, we shall establish the global 
existence and exponential stability for the generalized solutions in H' to problem 
(4.2.4)—-(4.2.10) in terms of a series of lemmas. 


4.3.1 Global Existence in H' 


First, we can obtain the following lemma by equations. 


Lemma 4.3.1. Under assumptions in theorem 4.2.1, there exists a constant Ci > 0 
such that the following estimates hold, 


L L prt PES a™t1 
f nedae= | maa= = , (4.3.1) 
0 0 


m+1 


prr p2m a2 w2 
[ce ++" onar | f (14 F ! na + M) dds < G, 


L 
0< aF O(z, t)dr< C. (4.3.3) 
0 
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Proof. Integrating (4.2.4) over x € [0, L] and using the initial and boundary con- 
ditions (4.2.9)—(4.2.10) yield (4.3.1). Now we take 


logn, if p= 1, 
h(n) = 1 i= 
—— (7 — y”), ifp>1 
poi"! n”), ifp>1, 


and 
ọ(0)=0-log0+1, y(n) =n- hn) +1. 


Also, we denote 


RO (ru), rng. 
— —=, q= -k—. 


WP n n 


Then it follows from (4.2.4)—(4.2.8) that 
nQ kr” 


1 2 2 2 he x 
(30 +v +u?) + cvo(0) + RUC) + 9 + n0 


m m 
ruf rv), re ww, = ae 
= (r'u Hu = + ul Qum(r™ tu? + r"ta?) 


n di 
— (1 — 3) q+ Rr") ; (4.3.4) 


Integrating (4.3.4) over [0, L] x [0, {| and using the boundary conditions (4.2.9), 
we obtain 


L t L k 2m 92 
| (Fu? +e + uP) + e.0(0) + RUC) ) dz + f f (2 po 7 :) dards < Ci. 
o \2 0 Jo 0 n0 
(4.3.5) 


Now noting that (4.2.11), we have 


(ru)? = 2um(r" =è) 


T 


31> 


_ 2u(2ut(m+1)d) ru; | m(2u+ mA) e Ar” Us y 

E 2u+ mÀ n n 

S 2u(2u+ (m+ 1)4) ru? (4.3.6) 
7 2u + mA n 


and 


2 
m 1 2 
(r v); _ Qm(r™ 147) = i (rv, = me) > 0 (4.3.7) 
1 E 
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where we have used the fact that v = 0, if m = 2. Therefore, with the help of (4.3.5)— 
(4.3.7), we obtain (4.3.2). By the Jensen inequality, we easily obtain (4.3.3) from 


(4.3.5). This proof mainly comes from Cui and Yao [18]. oO 
Lemma 4.3.2. Under assumptions in theorem 4.2.1, the following estimates hold 
t pL 
f | v dads < Ci, (4.3.8) 
o Jo 
Cr? = V(t Max S O(a, t)< <+ v( t) Mmax (4.3.9) 
with V(t) = y oe T eda and Nmax = MaXzejo, gn(z, t). 


Proof. Using (4.2.11), we can rewrite (4.2.6) as 


(ro) = prt (Se) (4.3.10) 


Multiplying (4.3.10) by rv, integrating the result with respect to x over [0, L] and 
using (4.2.9) and (4.2.11), we have 


0 n 
L 2pm, \2 
=- f A (4.3.11) 
0 n 


where we have used the fact that v = 0, if m2 2. 
Integrating (4.3.11) with respect to t over [0, t| to get 


L r2( 
—_ il Cl) PP Ci 


which, along with (4.3.1), the Poincaré inequality and the Hélder inequality, yields 
t 
i a v dads < C max |r"v|? ds 
0 o zeļ, Z] 
2 
[ lr) Pd) ds 
0 \Jo 
t L L (pm, \2 
<af(f nde) [ea ds 
0 0 0 ái 
t pL 2(,m,,\2 
<a f f es Ve ands 
0 JO n 


< 


Q 
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It follows from (4.3.3) that there exists a point x(t) € [0, L], by means of the 
mean value theorem, such that 


L 
0< CO <O(a(t), t) =| O(a, t)dx< Cy. (4.3.12) 
0 


By Sobolev’s embedding theorem, we have 


Hen- Aaaf Talordal< cf Aeende (43.13) 


By the Hélder inequality, we obtain from (4.3.13) that 


*10,| : 
O(a, t) < Ci in Ci (x, t) dx 
0 


V0 
L 2m 2 L 
< Ci Ea Ci (/ E |2- i) (/ Mae) 
o q0 o re 
L rmo? 
< Ci + CiNmaxlt) | z dz. (4.3.14) 
o n0 


In the same manner, we also obtain from (4.3.13) that 


L 2 
UEM RA OEEO; ( i Ae hdr) 


E 2mig |? L 0 
>a-a( f rela) (/ Trde) 
o n0 E 


L 2m Q2 
> (O =C te z de, (4.3.15) 
o 70 
which, together with (4.3.14), yields the estimate (4.3.9). o 


The next lemma deals with the expression of the specific volume y and comes 
from lemma 3.4 in Cui and Yao [18]. 


Lemma 4.3.3. Under assumptions in theorem 4.2.1, there exists a point z(t) € [0, L] 
such that 


1 _ Rp f' O2,s)A(a, s) is) (4.3.16) 


n? (a, t) = D(a, t) (ae t Sd B 0 D(a, s)A(a, t) 


where 


# a(t) 
P u ug p 1 ug 
D(a, t) = n(x) exp [ Ng [= y) dyda + ( e)a mY |> 
( ) 0 (2 0 B a(t) rm ro B ö ri 
ue + vu RO pant t pL yay — op 
A(z, t) = ! dyds 4 E 
ao = p(s |, | (r yp :) = a o THI yas 


L mu? — v 
= irl -ayis). 
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Proof. Define the similar auxiliary functions as in [65, 99] 


m L 2 __ 92 
ej O a 


n nP Je r” i 
and 
t 
p(z, t) A(z, s)ds + al 
0 0 
Then we easily get 
br = — (4.3.17) 


and 


_ B(r™u), RO P l m — v? 


n? r rm+1 


dy. (4.3.18) 


Multiplying (4.3.18) by 7, using (4.2.4), (4.2.11) and (4.3.17), we can know 
Èm ae 


(eter) ee ese y 
T 


(on), — (pru), = ~u? — a + B(r™u), + an 


4 92 0 1 TES 
beg Y a | pry) + a Cas — iy) : 


m+1 pm+l 


(4.3.19) 


Integrating (4.3.19) over [0, L] x [0, į, using the boundary conditions (4.2.9) and 
(4.2.12), we have 


| (np) (zx, t)dz = n (Nobo)(2) dx — l T (<4 a“ ) dads 


m+1 _ 
E 1 vt = ads, (4.3.20) 


On the other hand, by virtue of (4.3.1) and the mean value theorem, we know for 
each t = 0 there is an 2,(t) € [0, L] such that 


L 
Tay = f (dn)(a, t) dx, 


which, together with (4.3.20), implies, for any t = 0, 


t a(t) ay 
[ MaOs gawd- [Bau 


u +v R0 
=i(f (nopo) (x B (+ r wr) dis 


m+1 er EE z(t) 
as [ me" dads [ ay. (4.3.21) 
m+ 1 0 0 prm+1 0 ro" 
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By means of (4.2.4) and (4.2.11), we can rewrite (4.2.5) as 


v = mu? 
(=) = Blog 1) 1 (=) + = A (4.3.22) 


p pm+1 


Integrating (4.3.22) over [0, ¢| with respect to t, then integrating the result over 
[zı(t), 2] with respect to x and using (4.3.21), we have 


t RO 
Blog n(a, D-a Pgs 


= Blog no(z) +f Alz (t 9ds f i a dzds 
DA o L 
MORS To 
u+ RO 
= Blog n(x) + m “(f° NoPoda — [ [ (= m41 | +3) dads 
m+1 = (t) 
eee [ mu? = “deds) [ i! zly 
m+1 n o rm oo y 
t 2 42 x 
-f po = dads +4 | (= “) dy. (4.3.23) 
0 Ja re x(t) ee To. 


Multiplying (4.3.23) by p and taking the exponentials to the result, we know 


d Rp [' 0 Rp0(x, t) A(a, t) 
ds | = f 4.3.24 
z%( a :) PD, t) ee 
Integrating (4.3.24) over [0, ¢] with respect to t yields (4.3.16). Oo 


The next lemma is important to get the lower upper of the specific volume whose 
proof can be found in [79]. Here we omit it. 


Lemma 4.3.4. Let a(t) = 0, g(t) E€ C[0, +20). If there exist constants A; (i = 1,2,3,4) 
such that for any 0S s < t, 


t 
Aye*-9) < exp (J u(é)aé) < Age“, 


then we have 


t+1 t t 
(ee lim int f a(s)ds< limint f exo(- | u(é)a8) a(s)ds 
t=+œ J, t+ +00 0 s 
t t 
< lim sup f ex(- / w(é)a8) a(s)ds 
t++oo J0 s 


t+1 
< C lim sup f a(s) ds. 
t 


t= 
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Proof. Here we only give the estimate from above, and the estimate from below is 
derived similarly. In fact, we have, for some T > 0, 


f ‘exp(- 1 EdE) as) 
< exo (- | u(é)a8) f o a&aë) a(s)ds 
+ rae K exp (- I aEač) a(s)ds 


j=0 
t t+1 max{0,[¢— T]—1} 
< C(T) (-/ q(é) ie) + A; (æ f a(s) is) 5 eo Aad. 
0 t> TJ J=0 
Here [-] is a Gaussian symbol. Therefore the desired estimate follows. oO 


The next lemma concerns the upper and lower bounds of the specific volume and 
removes the smallness of initial data. Here, we remedy a defect in [18]. 


Lemma 4.3.5. Under assumptions in theorem 4.2.1, the following estimate holds, for 
all (x, t) € (0, L] x [0, +0), 


0< C7! <y(z, t) < 0. (4.3.25) 
Proof. Let 
L 2 2 m+1 L 2 2 
p a RO pa mu — v 
M(a, t) = dy + d 
(m2) aa Co +o) j Bom Lat Jo ret! á 
Ly 2 2 
DP mu* — v 
} B mF dy. (4.3.26) 
Then we have 
A(z, 5) ' 
—— = — M ; 4.3.2 
Aad ep( f (x,t)dī (4.3.27) 


By lemma 4.3.1, we easily know 
L 0 L 
M(z, t) > a f — dr — af v? dz. (4.3.28) 
o 4? 0 


Using (4.3.12) and this inequality log z < x — 1 < a, for any x > 0, we have for all 
t> 8, 


exp( A f 1soat), odr) > exp(- 24 f logoa, olar) 
exp(log C7! — C(t — s)) (4.3.29) 


V 


IV 
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where 2a(t) is defined in (4.3.12). On the other hand, for any fixed s, t satisfying 
0 < s < t, we have, by the Young os 


If Teal aif f Fi aff ndydt 


<C4+ Q(t- > (4.3.30) 
which, together with the convexity of e” and (4.3.11), leads to 


IRE t)dt = f otie Wda 


S 


>(t— s) exp S log@(2, ‘)ar) 
= (t — s) exp 5 J G log ac i) 


>(t— s) exp (os Ci — 


a t-s 0 


20 Os exp(- a ). (4.3.31) 


Therefore, taking infimum in z to both sides of (4.3.31), we have 


t 
l int Oe 2) dr > = -O (4.3.32) 
s 1 


s zeo, L 


Now, by virtue of the convexity of x -Y) and the Jensen inequality, we derive 
from lemma 4.3.1 for any 0 < s < t, 


L 
[ E dade > I inf Oa, o( l PM de) dr 
s zefo, L 0 


t L —(p-1) 
> a f inf Pn T) (/ nd) dt 
s ve[0, L 0 


-^ (4.3.33) 


which, together with lemma 4.3.2, leads to 


- [ menas-o ff Paar os f f v? dydt 


t— 
OE EA (4.3.34) 
1 
Thus it follows from (4.3.9) and (4.3.16) that 
A(x, 8) t-s 
< 4.3.35 
i Y Da 


which, along with the expression of A(x, t), implies (i.e., s = 0) 
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t 
< Cı exp (- x) < Ci. (4.3.36) 
1 


A(z, t) 
By virtue of lemma 4.3.1, we easily get, for all (x, t) € [0, L] x [0, +20), 
0< O'< D(z, t) < © (4.3.37) 
which, combined with (4.3.1), (4.3.5), (4.3.6), (4.3.17) and (4.3.18), yields that 


t =s 
n? (a, t) < C + C f e “O(a, s)ds 
0 


t = t 
< Ci “We Ci | e ads+ Cı 1 A] V (s) ds 
0 0 


t 
< Ci TT Cy | Nax S) V (s) ds 
0 
where we have used the Young inequality, for all p 2 1, 
Heise (3) < Crt Citic) 


Thus, we have 


t 
nae(t) < C+ C1 Í nBax(8) V(s)ds 
0 


which, by the Gronwall inequality, implies 
Nmax(t) < Ci- (4.3.38) 


In what follows, we deal with the lower bound of the specific volume y (see also 
lemma 3.6 in Cui and Yao [18]). 
We can rewrite (4.2.5) or (4.3.22) in the following form 


u RO v — mu? 
(=), = Blog). (=) + ei 
v — mu? 


pm+1 


=0,+ (4.3.39) 


Integrating (4.3.39) over [z, t| X [zx, L] for any fixed t and t satisfying 0 < t < t, we 
have, for any 0 < z < L, 


Bry ü t x mu? = y2 
—(y, t) — — d ————-dyd 
Í (= (y, ) pm (y, 1) y+ f | pm+1 dy s 


= f ote. syas~ f olt s)as 


= f = i+ Bios n(x, t) — Plogn(z,t)— T a(L, s) ds. (4.3.40) 
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Multiplying (4.3.40) by p taking the exponentials to the result, we can get 


d (n (a, t) on = Miis t) e75 (t) + Blwit,t)) (4.3.41) 
di B 
where 
t 
I(t, t) = o(L, s) ds 
and 


Tray u t x mu? _ yr 
B(x; q, t) =} (=u, t) =z 1) dy + J — gr yds. 
pA T “yý L T 


T 


Thus it follows from (4.3.41) that 


t 
P, . R P ç . 
n? (x, t) eBt) + Blatt) _ n?(a,t) + J alee s) eII) + Bls) gg, (4.3.42) 


In addition, using (4.3.2), (4.3.3) and (4.3.38), the Poincaré inequality and the 
Hölder inequality, we have 


t pL pd t 
mu 
f f yđyds < C max |u|” ds 
0 0 rm 0 xe(0, L] 


fi(fi e 
[ (f oa) ( eka) is 


t L 2 
<C I Mal fit 
o Jo n0 
< Ci, (4.3.43) 


A^ 
Q 


A 
Q 


which, together with (4.3.2) and (4.3.8), yields 
|B(a;1, t)| < Gi. (4.3.44) 


Combining (4.3.42) and (4.3.44) leads to 
t 
Carlet f ole, seH) spa ged 
t 
zá (re, + f Omset is). (4.3.45) 


On the other hand, by the Hélder inequality, we derive from (4.3.1) that 


L L P 
f wa> (f nde) > Orman (4.3.46) 
0 0 
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Meanwhile, we know from (4.3.38) that 
L 
f n” dz < C. (4.3.47) 
0 


Inserting (4.3.45) with respect to x over [0, L] and using (4.3.46), (4.3.47) and 
(4.3.3), we have 


t 
o(1+ 1 eH Pas) < HO < G (14 l edas), (4.3.48) 


Then, by the Gronwall inequality, we derive 
Crte E= < er < O eA, (4.3.49) 


Setting t = 0 in the left-hand side in (4.3.45) while utilizing (4.3.9), (4.3.48) and 
(4.3.49), we obtain 


n? (a, t) > Crt ent Ot 1G (2,0) + [neare ds) 


> a eft 1(0,4) (1+ fe 410,8) ds — afe Hs) (8) 
0 0 


t 
>00- 0 f el) V(s)ds. (4.3.50) 
0 


Furthermore, by virtue of lemma 4.3.4 with q(t) = —4o(L, t) and a(t) = V(t), we 


know 
t 
lim | ef V(s)ds = 0, (4.3.51) 
where we have used (4.3.2) and (4.3.49). Therefore, there exists T satisfying 
n?(z,t)> Ct, ift>T. (4.3.52) 


Finally, if 0 < t< T, then we obtain from the left-hand side of (4.3.45) and 
(4.3.49) that 


t 
mt >C" (0,4) n?(a,0) + O( x, s e HO) ds 
" 0 


> C a > Coe Ts (ora (4.3.53) 
which, along with (4.3.52), leads to, for any ¢ 2 0, 
n(x, t) > Cr’. 


Thus we complete the proof of the lemma. O 
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It should be noted that if we get the uniform upper and lower bounds of the 
specific volume, the exponentially asymptotical behavior could be obtained by the 
classical energy method as in [65, 79, 105]. For completeness, we still present some 
crucial estimates mainly from [18]. 


Lemma 4.3.6. Under assumptions in theorem 4.2.1, the following estimates hold for 
any t > 0, 


t 
lols + lv + f (el? + lol? + lolis) (9ds < C, (4.3.54) 


t 
ICs lhe? +f (la? + lin ei)s (4.8.55) 


Proof. Multiplying (4.2.6) by v, integrating the resulting equation with respect to 
zx over [0, L] and using the Poincaré inequality, (4.2.9) and (4.2.11), we obtain, for 
any € > 0, 


1 d $ L m, \2 L 
Z Party f| C a f | ul v dz 
0 n 0 
< ell ul]? + Ci(e)|lull Zell oll? 
Lf pm, A2 
ruy, 
ce f| Cit Olola, 


which, together with (4.3.43), applying the Gronwall inequality and taking € > 0 
small enough, yields 


t 
S (iba + loli) (ass 6 (4.3.56) 


Similarly, multiplying (4.2.6) by v, integrating the resulting equality with respect 
to zover |0, L] and by virtue of (4.2.6), (4.2.9) and (4.2.11), we know, for any € > 0, 


which, together with (4.3.43) and the Gronwall inequality, and taking € > 0 small 
enough, leads to 
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llia + f MPd G. (4.3.57) 


Thus we complete the proof of (4.3.54) from (4.3.56) and (4.3.57). 
Analogously, we can also use the same method to obtain (4.3.55). Here we omit it. O 


Lemma 4.3.7. Under assumptions in theorem 4.2.1, the following estimate holds for 
any t > 0, 


t pL 
[ [i (Pu? + uu?) dads < C, + af 0? u? dads. (4.3.58) 
0 o Jo 


Proof. Multiplying (4.2.5) by wu’, integrating the resultant with respect to 
x over [0, L] and making use of (4.3.54), (4.2.9) and (4.2.11), we obtain 


wa fi 
L m 2 a3 
RO (ru), v u ) 
m, 3 x 
== r u H dx 
[ (ea 3 +0) - 

L 2u? B A , , 

< a f Y a f (Oju? + lul [us| + ut + u?lurlð + v7] ul”) dx 
0 0 
L 2u? L 

<- a f Zdr + a f (ut + u?6?) de. (4.3.59) 
o 2 0 


Integrating (4.3.59) with respect to t over [0, t], we derive from (4.3.2) and 
(4.3.43) that 


L t pL t pL 
f udr + | f u? u dads < Ci f f (u* +u? 0”) dzds + C 
0 o Jo A 


<Ci | maxu?ds+ af [ u0? dxds + Ci 
0 


0 xe(0, L] 


<af f u?0" dads + Ci 
o Jo 


which implies (4.3.58). O 
The next lemma is about to get the bound of yy which is controlled by 6,. 
Lemma 4.3.8. Under assumptions in theorem 4.2.1, the following estimate holds for 


any t > 0 ande > 0, 


(ONA f MPd a) f(a (4.3.60) 
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Proof. Noting (4.2.11), we can obtain from (4.2.4) and (4.2.5) that 


Ny, u RO mu? — v? 
(s =) - (=) +o (4.3.61) 


Multiplying (4.3.61) by oe integrating the result with respect to 


pm 


z over [0, L] and using (4.3.54) and (4.2.11), we have 
id f} N, u ? 
sa, ea 
L Dyed 28 
-O ge [EZ (a) 
0 n? 5 ji rm 0 rm n rm 
” Rod f n, : L (RO; 0 
sef elem) &t Geng) a 
o Pe n re o (nP Brey n r 


“Rv (on, uN’ L 
I = G =) di 4 a f (18.121 + [Ax 
0 n n r 0 


+ Olun,| + Ou? + w?|n,| + |u?| + |v?| + vlne) de. (4.3.62) 


IA 


Integrating (4.3.62) with respect to t over [0, ¢] and applying (4.2.11), (4.3.1)- 
(4.3.43) and (4.3.54), we get, for any € > 0,6 > 0, 


L t fL y 
[ nas ff 0— dads 
0 n 
<f f G +o” 12) ards 


02 
roof f (0ta ulm + [+ lal) deds G 
0 J0 


t L 2 L 2m g2 
<e | ; G e+ ot) dzds+ C(e ff _ or 
o Jo 0 


+ C(e max u a Odxds 


0 xe(0, L] 


L 
saf k n ? dads + C1 (e, 5) max è f u? dads + Ci (e, 6) 
0 0 


o zelo, L] 


t pL 
<e f [ o deds f A Basds+ò | nèdzds + C, (e,ô), (4.3.63) 
o Jo 1 o JO o Jo 


where in the first inequality we have used the fact 


u\?_ 1 2 ve 
peas |) Sop) eo (4.3.64) 
4 r 2 n r 
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On the other hand, it follows from (4.3.9) and (4.3.63) that 


L t pL n2 t pL t pL 
f ndr + | 0- dads < ef 0° dads + | | n> dxds 
0 0 Jo n 0 Jo 0 Jo 


+ ao f V(s) f nacis Ci(e,0). (4.3.65) 


0 


Setting 6 = 4, using the Gronwall inequality and (4.3.2), we can complete the 


proof of the lemma. O 


In the next lemma, we shall give the uniform estimate of the derivative of 6 to 
close lemma 4.3.8. 


Lemma 4.3.9. Under assumptions in theorem 4.2.1, we have, for any t > 0, 


lO + f l]0.(s)|2ds < Ch. (4.3.66) 


Proof. Define the entropy of the pth power Newtonian fluid S(z,t) = 
cy log 0+ Rh(n), and @ = c+ £ (u? + v? + w?) — OS. Due to the boundedness of 7, 
we know that there exists a constant Cı > 0 which is large enough such that œ 2 
c0 — Ci. Let œ = œ + C4. From (4.2.4)—(4.2.8), we have 


0 ROn, 
Or = e(1 7) 0, + wu, + vu, + wu, te, (4.3.67) 
and 
nQ kr” ( e r”o(r”v), r? ww, 
Ut -pr + = |roue+ F 
0 
—2um(r" tu? + rly") — (1 — 5) ‘) : (4.3.68) 


Multiplying (4.3.68) by œ, integrating the result with respect to x over [0, L] and 
using (4.2.9), (4.2.10), (4.3.67) and lemma 4.3.6, we obtain 


1 L L m m 2m 
ld Ww? dz < — I (ruo u r u(r v), | u r WW, 
2 dt Jo 0 n n 


—2um(r™ lu? i r™ly?)— (1 _ 3) i) 


x (à (1 = r) 0, + Uug + VUr + WWr — a) dz 
0 nP 


L 272m 2 
< f Cy (1 7) kr?™ 0, ie 
o 2 0 n 


L 
+a f (u3| ue] + [ng |u? + ut + uu? t 92 + ou? + 2 + w*) de. 


(4.3.69) 
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By (4.3.2), we derive 


2m Q2 2m 2 
ee (1 ae i je w>f fS Cv m i 
0 2 n 
t L kr 2mo 2 
>C f " @ deds — C- [ a Oe deds 
0 i 


>0 [ * 62 dds — Cry 
0 JO 


which, together with lemmas 4.3.7, 4.3.8, (4.3.69) and œ = c,6, implies, for any 


e> 0, 

pew lh 0° dads 
caf f wu +n 2+ 07 u") dads + Ci 
caf f (u0? + 1?) dads + Cy 

o Jo 

t pL 
saf f PPddste f | 0? drds + C1 (e) 
0 


t pL 
<C [ (sna ef or ar) ds+e | 0° drds+ Cı (£). (4.3.70) 
o \#e(0, £] 0 o Jo ` 


Using the Gronwall inequality and (4.3.43), we obtain (4.3.66). o 


> 


By lemma 4.3.6, we can get the uniform estimate of the derivative of 7. 


Lemma 4.3.10. Under assumptions in theorem 4.2.1, we have, for any t > 0, 


t 
InP f (Ial? + Hn? + lu?) ds Ch. (4.3.71) 


Proof. First, it follows from lemmas 4.3.8 and 4.3.9 that 
t 
mD f Inds a. (4.3.72) 


Next, we derive from the Sobolev inequality and (4.3.3) that 


L L 2 L 
P< a( 0dr + J lae) <C + a f |0,.|° dz, 
0 0 


which, together with lemma 4.3.9 and (4.3.72), yields 


0 
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t L 
[ Prèdeds< | (sna ef red) ds 
0 ve(0, L] 0 
L L 
<a [ i no dads + af (/ rede) (| ae) ds 
0 0 0 


<Q. (4.3.73) 


Finally, multiplying (4.2.5) by u, integrating the result over [0, L] x [0, ¢] and 
using lemmas 4.3.6, 4.3.9, (4.2.11), (4.3.43) and (4.3.73), we have 


L t pL t pL 
| u’ dr + f I u- dads < a f f (02 + u? +0? + wv?) dads < C. 
0 o Jo o Jo 


Thus we complete the proof of the lemma. O 
The following two lemmas are the high-order estimates of 7, u, v, w and 0. 


Lemma 4.3.11. Under assumptions in theorem 4.2.1, we have, for any t > 0, 


t 
MDI f (lee + Novel? + level? + oeli) Ods (4.8.74) 
2 ‘ 2 2 2 4 
wa) + | (well? + Owl? + linw? + welia) (9ds < CL, (4.8.75) 
2 : 2 2 2 4 
MNP f (itl? + lou? + eu! + lis) (s)as< Ch. (4.8.76) 


Proof. We derive from the integration by parts, (4.2.6) and (4.2.9) that 


d re L L 
sf dr =2 f Up Vy dz = -2 f Vt Urr AE 
dt Jo 0 0 
L m 
= -2 f (sr (£ 2.) Urr ol vn) dz 
0 yi x r 


L 2m 2 L 
<- | ea MC eC 
0 0 


Integrating (4.3.77) with respect to t over [0, {| and using lemmas 4.3.6, 4.3.10 and 
(4.3.43), we have for any e > 0, 


5 v tact f [ ve ards < af A nv- dxds + Cı 
o Jo 

L 
< ate f ([ vde) (/ rede) ds 

o \Jo 0 

t L L 
+a f (| z9 (/ rede) ds 

0 \Jo 0 


160 Global Well-Posedness for Some Fluid Models 


where we have used the fact, 


L L 
max v? e v, dx + al f vu; de. 
0 0 


xe(0, L] 


Moreover, by lemma 4.3.10, we get 


L t pL 
I vdr + I f v dzds< C. (4.3.78) 
0 o Jo 


Using lemma 4.3.10 and (4.3.78), we have 


t pL t L 
| f (0? v2 +n + vt) dads < C f E af (8 +n? + ae) ds 
0 JO 0 xe(0, L] 0 i 


t 


<C max vi 2 ds 
o zeļ0, Z] ` 


t pL 
< C [ [ A drds+ Ci f v- deds 
0 Jo 0 Jo 


<1, 


which, along with (4.3.78), leads to (4.3.74). Analogously, we also get (4.3.75) from 
(4.2.7) and lemmas 4.3.6 and 4.3.10. 
It follows from the integration by parts, (4.2.5) and (4.2.9) that 


d fe Í L 
T udr = a Uy Unt AL = -2 f Ut Urr dT 
dt Jo 0 0 
L m 2 
0 
= -2 f (rru a | ae Wa) Z ue] dz 
0 n? n © r 


L p,,.2m 2 L 
< -f A a f (+O n+ už + ne t+ wy + w+ v') de. 
0 0 


(4.3.79) 


We thus integrate (4.3.79) with respect to t over [0, ¢] and make use of lemmas 
4.3.6, 4.3.9, 4.3.10 and (4.3.43) to obtain for any € > 0, 


L t pL 
f art f I u- dzds < af [ neue dards + C, 
0 o Jo 
L 
<a tef a ude) (/ nae) ds 
o \Jo 0 
ty pL L 
+ at f (/ a) (/ rede) ds 
o Wo 0 


L È 
max u 2<e | ue dat ao f uż dz. 
0 0 


re(0, L] 


where we have noted that 


Exponential Stability for the Compressible p-th Power Newtonian Fluid 161 


On the other hand, by lemma 4.3.10, we know 


L t L 
f użdz + L | u2 dards < C4. (4.3.80) 
0 0 70 


Using lemma 4.3.10 and (4.3.80), we have 


t pL t L 
I 1 (Ou? + nu? + ut)drds< C I ( max a | (@ +12 +12) dr) ds 
0 Jo o \v¢[0, 4] 0 l 


t 


< C max u% 2ds 
o zeļo, Z] ` 


t pL 
<C [ [ u2 dads + C, Í f u? dzds 
0 Jo 0 Jo 


<C¢ 


which, along with (4.3.80), leads to (4.3.76). Thus we complete the proof of the 
lemma. O 


Lemma 4.3.12. Under assumptions in theorem 4.2.1, the following estimates hold for 
any t > 0, 


t 
loNA f (er? + Ine Oal?) (ds < Ch, (4.3.81) 


t 
f (lË + tel? + ea? + le? + He?) (s)as< Ga (4.3.82) 


Proof. Integrating by parts and using (4.2.8) and (4.2.10), we have 


a iaa 0:0 dx 
dt 


_ 2 me L Pes) (ra). + Ca 


Cy Jo nP n n 
m, \2 2M jna 
| u(r v); | ur Ww, Qum(r tu? +r” 1 v’), ,) de 
n n 
L 4m 2 
kr?” 60 
den aay 
Cu Jo n 


(4.3.83) 


We thus integrate (4.3.83) with respect to t over [0, {| and derive from lemmas 
4.3.6, 4.3.9, 4.3.10 and (4.3.43) to obtain for any e > 0, 


162 Global Well-Posedness for Some Fluid Models 


i t pL t pL 
0? da + f l 0? dads < a f Í (02 + 0 už +207 + ut + u?u2) deds + C, 
0 o Jo o Jo 


t/ pL L 
< +e f (/ wae) (| reac) ds 
o \Jo 0 
ty pL L 
+ al f (J Pae) (/ ied) ds 
o \Jo 0 


L L 
max <e | @,da+ C\(e) 0? de. 
ze (0, £) 0 7 (o 


where we have noted that, 


Finally, using lemma 4.3.10 and (4.3.76), we easily obtain (4.3.81). Estimate 
(4.3.82) can easily be derived from lemmas 4.3.6—4.3.11, (4.3.81) and equa- 
tions (4.2.4)-(4.2.8). Thus we complete the proof of the lemma. oO 


The next lemma concerns the uniform lower and upper bounds of absolute 
temperature 0(2, t). 


Lemma 4.3.13. Under assumptions in theorem 4.2.1, we have for all (x, t) € [0, L] 
x [0, +09), 


0< C7! <0(x,t)< C. 4.3.84 
1 


Proof. By the interpolation inequality, we derive from lemmas 4.3.1 and 4.3.12 that 


OC) Mr < Gilles + Cillian < C 


which implies 
O(a, t) < Ch. 


Similarly to the proof of (2.3.110) in lemma 2.3.12, we can obtain the uniform 
lower bound of the absolute temperature 0. Thus we complete the proof. O 


4.3.2 Exponential Stability in H' 


The next lemma concerns on exponential stability of solutions to problem (4.2.4)— 
(4.2.10). 


Lemma 4.3.14. There exists a positive constant yı = yı( C1) > 0 such that for any 
fized y € (0, yı], the following estimate holds for any t > 0, 


y = sia 
e” (M8 = Alin + lle) in + olin + oO +0 -i 
t 
HIRO -Fe Olin) + fe (in fie + ele + lole + Hell 


=i 2 = 
[0 = Dlie + Ilr — Fle + rle + lel? + loll? + ll? +OP) (8) ds< Ch. 


(4.3.85) 
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Proof. Similarly to the proofs of lemmas 2.3.13—2.3.15 in chapter 2, we can prove 
this lemma. See also lemmas 3.1 and 3.2 in Qin [103] or, e.g., [18]. Oo 


Till now we have completed the proof of theorem 4.2.1. o 


4.4 Global Existence and Exponential Stability in H? 


In this section, we shall show theorem 4.2.2, that is, the global existence and 
exponential stability of solutions in H? to the problem (4.2.4)-(4.2.10). 


Lemma 4.4.1. Let (119, uo, vo, Wo, 90) € (H?[0, L])”, then the problem (4.2.4)-(4.2.10) 
admits a unique global solution (y(t), u(t), v(t), w, O(t)) in H. Moreover, there 
exists a positive constant yo = yə( C2) < yı such that for any y € [0, yə], the following 
estimate holds for any t 2 0, 


e" (In) — Tle + Ue) Nie + Ml Nie +WD ip + l0 
t 

= = , i f | a2 

+f (orn Allie + Nelle + lole + lwll + (10 — Ol 


ullin + Ilorin + willie + leili ) (8) ds-< C2. (4.4.1) 


Hl 2 
H? 


Proof. Differentiating (4.2.5) with respect to t and multiplying the resultant by 
wet, we derive from theorem 4.2.1 that for y > 0 small enough, 


t 
elud + or f er") (8) || as 


t 
<+ f e5 (r™ u), O ds 
0 


$ 
va flit mt tsi 
0 


t 
< C + on | e5 (r™ u), O ds 
0 
which leads to 
epu f eto") al j esu reni (4.4.2) 


where y4 = y, (Cy) < yı > 0 is a constant. By (4.2.5) and theorem 4.2.1, we know 


EOE Cı (lul + |] = Olla +n = fille + Wellin + loll + wlln + All x) 


which, together with (4.4.2) and theorem 4.2.1, yields 
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t 
e” (jut)? + lele) + 1 é*(llullin + llulis)(s)dssG. (4.4.3) 
Similarly, we easily get 
e” (JoAN + wO HAN + we) 


t 
+ f e (lon + belèn + lol + lle) d< C (4.4.4) 


Differentiating (4.2.5) with respect to x, using (4.2.4), and multiplying the result 
by “= in L?[0, L], we derive that 


n 


d |[x.l|” hal 1 all 
Tt | co! UL < gz i a( P 2 0, 2 
sft] + rtf <e + a (ie + oa 
m 2 
HEDH a + [Onl + o) 44.5) 


Multiplying (4.4.5) by e”, using theorem 4.2.1 and (4.4.2)—(4.4.4), there exists a 
constant ys = y3 (C2) < y% < yı such that when y € [0, y3], 


ba l8)|| ds < ©. (4.4.6) 


t 
POD f e 
0 
Differentiating (4.2.8) with respect to t and multiplying it by 0;e”’, we have 


ejoo f e 


t 
a(d +C | e” (lulke + Ol? 


2 2 2 2 2 
kall + Mellan + Noelin + lwll + [Gel )(s)ds 


t t 
Ox(s)||° ds < Cy + cx f e 
0 0 


t 
264. 6y f e” ||@a(8s)||?ds, 
0 


that is, 


Ox(8)|"ds< C, Vy € [0,70] (4.4.7) 


t 
ero e+ f e 

0 

where 0 < y2 = yo(Cy) < y3 < yı is a constant. By (4.2.8), we have 
lOd < Cr (Ill + l = lla + Well ge + Wola + lllar + {10 - Bll )- 
Thus we have 
2 2 i 2 2 

e” (10D + 10O) + f (Olin + Olie) (ds <C (44.8) 


which, together with (4.4.3) and (4.4.4), leads to (4.4.1). O 
Till now we have completed the proof of theorem 4.2.2. O 
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4.5 Global Existence and Exponential Stability in H‘ 


In this section, we shall prove theorem 4.2.3, that is, the global existence and 
exponential stability of solutions in H* to the problem (4.2.4)-(4.2.10). 


Lemma 4.5.1. Under assumptions of theorem 4.2.8, there holds that for any t > 0 
and e > 0 small enough, 


lua (2, 0) + lva (E, 0) + wale, O) + Balz ON Co (4.5.1 

luule, O) + loule, O) + oule, O) + Oue O< Cy (4.5.2) 

ee O) + llt (2, OJI] + liws( E, O)| + lOizs(2, 01] < Ci, (4.5.3) 
t t 

Ne OUP f Meld a+ f (Neal? + eal? + lel?) (ds; (4.5.4) 
0 0 


t t 
lOH f hoet) Ids Cr+ C2 f (lil + [ltl )(3)d5, (45.5) 
0 0 
2 f 2 i 2 2 
hA f odat f (Mil? + lic?) (s)ds, (45.0) 
0 0 


t t 
MODNA f Noud Cre 8+ Coe? f Oea 
0 0 


t 
+ Cie f (Noul? + oual? + live? + lP) (5) ds: 
0 


(4.5.7) 


Proof. Similarly to lemma 2.5.1 in chapter 2, we can obtain estimates (4.5.1)- 
(4.5.7). See also lemma 5.4.1 in Qin [99] or lemma 3.2 in Qin and Jiang [114]. O 


Lemma 4.5.2. Under the assumptions of theorem 4.2.3, the following estimates hold 
that for any t > 0 and e > 0 small enough, 


t t 
MDP f halds Cot Coe? f (liu? + Hall?) (sds, (4.5.8) 


t t 
lee IP f hoad C+ Coe? [onus ds. (4.5.9) 
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2 ; 2 $ 2 
hD f Mld Cr+ Coe fas as (4.5.10) 
0 0 


t t 
MANA f Maad Cot Coe? f (lull + Ill + ul?) (3) a 


(4.5.11) 


Proof. Similarly to lemma 2.5.2 in chapter 2, we can easily prove this lemma. See 
also lemma 5.4.2 in Qin [99] or lemma 2.4 in Qin and Jiang [114]. Here we omit the 
detail. o 


Lemma 4.5.3. Under the assumptions of theorem 4.2.3, we have for any t > 0, 


[eee £)|I° + MoO? + MeD + MOD + MtO? + vO? 


t 
+ [wa IP + lOc f (Inl? + vnel? + Iwel? + Geel? 
0 


J || eect |” ar || Yael? F [weal a ee) (s)ds< C1, (4.5.12) 


2 2 2 2 2 2 
MeO || Gy + || tare (t) || ep F [vz Ð ll a || Warz (t) [lin a [lOr (t) |z + || tise (t)|| 


t 
2 2 2 2 2, 2, 2 
+ |] Viet) IP + [ee (t) I Oel +f (luul t [lowell + wellt + [ell 


+ [ltt llin + Il vezellirn + weliz + | Gealiin ) (s)ds < Cs, (4.5.13) 


t 
f (Wasi + Itllin + eosin + Metern + [Bac )(3) d5< Cy. (4.5.14) 


Proof. Similarly to lemma 2.5.3 in chapter 2 or lemmas 5.4.3-5.4.5 in Qin [99] or 
lemmas 2.5-2.7 in Qin and Jiang [114]. Oo 


Based on lemmas 4.5.1—4.5.3, we can easily establish the exponential stability 
of global solutions in H* to problem (4.2.4)—(4.2.10), similarly to lemmas 2.5.4-2.5.6 
in chapter 2 or lemmas 5.4.6—5.4.11 in Qin [99] or lemmas 3.1-3.6 in Qin and Jiang 
[114]. Here we omit the details. 

Till now we have completed the proof of theorem 4.2.3. O 


4.6 Bibliographic Comments 


In the one-dimensional case, the existence and exponential stability of a unique 
global classical solution for full compressible Navier-Stokes equations with large 
initial data are known (see [57, 66, 72] and references therein). In the 
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multi-dimensional case, the global existence of weak solutions with large initial data 
has been made (see [39, 81] and references therein). In general domain, the global 
classical solutions of the full Navier-Stokes equations have also been investigated 
provided that the initial data are small, see [52, 54, 87] and references therein. 
Moreover, Jiang [65] obtained the large-time behavior of spherically symmetric 
solutions in multi-dimension. Zheng and Qin [99, 144] established the exponential 
stability of solutions in H'(i = 1, 2, 4) and the existence of universal attractors in 
bounded annular domains. Qin [99, 103] got the large-time behavior of cylindrically 
symmetric solutions when the initial total energy was sufficiently small (m = 1). 

However, for the p-th power Newtonian fluid, there are few results on global 
solvability and stability. For the large-time behavior in one-dimension space, 
Lewicka and Watson [79] considered initial-boundary value problems involving fixed 
endpoints held at a prescribed temperature or insulated and proved exponential 
convergence of solutions to equilibria for generic initial data. The estimates for 
different boundary conditions are presented in a unified manner by utilising the 
thermodynamic concept of availability. Qin and Huang [111] studied the global 
existence and exponential stability of solutions in H'(i = 2, 4) for the compressible 
Navier-Stokes equations, which arise in the study of a thermal explosion and 
describe the dynamic combustion for a reactive Newtonian fluid. Cui and Yao [18] 
studied the large-time behavior of the global spherically and cylindrically symmetric 
solutions in H' for the p-th power compressible Newtonian fluid in multi-dimension 
with large initial data, but there is still a defect in estimating the uniform upper 
bound of the specific volume. Wang [138] studied the initial and initial-boundary 
value problems for the p-th power Newtonian fluid with general large initial data 
and established the existence and uniqueness of globally smooth non-vacuum 
solutions when the thermal conductivity is some non-negative power of the tem- 
perature based on some detailed estimates on the bounds of both density and 
temperature. 


Chapter 5 


Global Existence and Asymptotic 
Behavior of Spherically Symmetric 
Solutions for the Multi-Dimensional 
Infrarelativistic Model 


5.1 Introduction 


In this chapter, we shall consider the motion of the compressible multi-dimensional 
viscous gas with radiation. The importance of thermal radiation in physical prob- 
lems increases as the temperature is raised. The role of the radiation is primarily one 
of transporting energy by radiative process at the moderate temperature, while the 
energy and momentum densities of the radiation field may become comparable to or 
even dominate the corresponding fluid quantities at the higher temperature. So the 
radiation field significantly affects the dynamics of the field. The theory of radiation 
hydrodynamics finds a wide range of applications, such as stellar atmospheres and 
envelopes, supernova explosions, stellar winds, physics of laser fusion, reentry of 
vehicles and many others. As will be seen below, the general equations of radiation 
hydrodynamics are a system of the Euler equations (hyperbolic) coupled with a 
transport equation (Boltzmann equation). Therefore, the study of mathematical 
theory of radiation hydrodynamics is of great importance from both the mathe- 
matical theory and that of applications. In this chapter, we shall consider a system of 
the Navier-Stokes equations coupled with a transport equation. 

We know the energy in the radiation field to be carried by point, massless 
particles called photons, which are travelling at speed c of light, characterized 
by their frequency <, and their energy of each photon E = he (where h is the 
Planck’s constant), the momentum p = kO, where Q is a unit vector and 
denotes the direction of travel of the photon (it requires two angular variables to 


a 
specify Q). In a radiative transfer, it is conventional to introduce the specific 


radiative intensity J = I(x, te Q) driven by the so-called radiative transfer 
integro-differential equation introduced and discussed by Chandrasekhar [10]. 
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Meanwhile, we can derive global quantities by integrating with respect to the 
angular and frequency variables: the specific radiative energy density Ep(x, t) per 


unit volume is then l Baley t) >L T, t, €, Q)da de, and the specific radiative 


flux F rl t= ff QI (x, t,€, QdQ de. Under consideration of the three basic 
interactions F photons and matter, namely, absorption, scattering and 
emission, we find the transfer in the conventional form (see, e.g., [88, 96, 97]) 


Lone) 40 -VI(e, Q) = S.(e) — a,(€) Ile, Q) 


+00 
+f a f 
0 Sn-1 


j > z > >! 
—g,(e> €, Q- Q Ile, Q)) do (5.1.1) 


a => >! 
-ole > 6,Q -Q)I(é,Q2) 


where Ie, Q) = I[(z,t, Q, e), S is the unit ball in R”, S.(e) = S(x, t, €, p, 9), oale 
= olz, t, €, p, 0) and a(€) = olx, t, €, p, 9), respectively, denote the rate of energy 
emission due to spontaneous processes, the absorption coefficient and the scattering 
coefficient that also depend on mass density p and temperature 0 of the matter. The 
—y 
scattering interaction serves to change the photon’s characteristics ¢ and Q toa 
=~ => 
new set of characteristics e and Q. The sign €e —> estands for from ¢ toe and Q -Q 
=>! = 
denotes the transfer from direction Q to direction Q as an argument of o,(e). 
Therefore, we can describe the scattering event by a probabilistic statement 
concerning this change as follows 


+00 1 1 
outscattering = | de f o,(e>d,Q-Q)I(e, Q)dQ, 
0 Ggn-1 


>I >I 


+00 ! 
inscattering = f a f ole >6,Q - QJIE, Q )dQ. 
0 gr=-1 


Suppose that the matter is in local thermodynamical equilibrium and radiation 
is present with coupling terms between matter and radiation, the coupled system 
reads (see, e.g., [96, 97]) 


p + div(pU) = 0, (5.1.2) 

d,(pU) + div(pU @ U) = -div Il — Sr, (5.1.3) 

d,(pe+ div(peU) = —divQ— B : TI — Sp, (5.1.4) 
— 

1I (e, Q = = = 

BOE ae A ie a): (5.1.5) 


c Ot 
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where p = p(z, t), U = U(x, t), 0 = O(a, t), e = e(z, t), Q = Q(x, t) are the density, 
the velocity, the absolute temperature, the internal energy and the heat flux, 
respectively, T= —P(p, THR represents the material stress tensor for a 


Newtonian fluid with the viscous contribution X = 24 D + 2divUT with u > 0 
and nA + 2u = 0, and the strain tensor D such that Dy = 1 (i + iy, and the 
7 T: 


coupling terms are 


Sile, È) = S(x, t,e, B) = oale, Q) (Ble, 0) — Ile, Q)) 


the radiative energy source 


+00 
Sp(a, t) = J de l Sile, Q)dQ, 
0 s- 


the radiative flux 
1 +00 
Srle, į) := =| ac f TSE, Q)dQ, 
Cc 0 gr 


and Planck’s function B(e, 0) describes the frequency-temperature black body 
distribution. The thermo-radiative flux Q satisfies Fourier’s law 


where x(p, 0) is the heat conductivity coefficient. 


5.2 Reformulation and Main Theorems 


5.2.1 Reformulation of Model 


Now we assume Q C R” is a bounded domain and consider the following boundary 
conditions 


Ulao = 0, Alao = 0, Ilao = 0, (5.2.1) 
together with the initial conditions 


(p,U, 0, I)(z, 0) > (po, Uo, 90, Jo) (2). (5.2.2) 


We now construct the corresponding system for radial solutions in the Eulerian 
coordinates. Let r = |z| and take 


p(z,t) = p(r,t), pU(zx, t) = pu(r, D O(a, t) = O(r,t), I(x, t) = I(r, t). 
(5.2.3) 
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Then we can obtain from the system (5.1.2)—(5.1.5) by the direct calculations 


—1 
pi+ (pu), + pu =0, (5.2.4) 
n—1 . A n— 1 
(pu), +(pu’),. + —— pu’ +P, = (2u+) (e + u) — (Sr) p, (5.2.5) 
= -1 
(091+ (peu), + pue = x0 — «(On + 20, 
= =i =] 
= 2u( ae £ 5 : e) +a(u+ 2 u) P(u+ u u) (Sz) ps (5.2.6) 
r r r 
irok = 9, (5.2.7) 
c 


where the domain Q is given by Q = {x € R” : a<|z|< b} for some constants a and 
bwith 0 < a < b < +œ, œw denotes the cosine of the angular between position z and 


3 
direction of travelling Q, 


and the initial boundary value conditions (5.2.1) and (5.2.2) read as 
Ul ab = 0, Or|p—ab = 0, iar = 0, t> 0, (5.2.8) 


p(r,0) = po(r), u(r,0) = u(r), O(r,0) = Oo(r), I(r,0)= b(r), re (a,b). (5.2.9) 


Similarly to chapter 2, we use v =; to represent the specific volume and 


transform the system (5.2.4)-(5.2.7) into the equations in the Lagrangian coordi- 
nates as follows, 


YU = (rtu), 0<z<L, t>0, 5.2.10 
n—1 
ty = r" (e = P) —o(SFr) p 5.2.11 
v z 
2n—2 0 n—1 
e= (==) + (e _ P) (r'u), 2u(n _ 1)(r 2u i. — v( Se) ps 5.2.12 
v x v ` ` 
1 n—1 
i+(o--)"_h=8, 5.2.13 
Cc C v 


with ô = å + 2u and the initial boundary conditions (5.2.8) and (5.2.9) become 
u(x, t)|,.9,=0, 92(2,4)|_9,=0, t20, (5.2.14) 
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I(0,t) =0 for w € (0,1), I(L,t) =0 for œ € (—1,0), t>0, (5.2.15) 


v(x,0) = w(x), u(z,0) = w(x), O(x,0) = Oo(2), I(x,0) = I(x), zE Qn. (5.2.16) 
Then as we know that r(x, t) is determined by 


n 


r(x, t) = nls) + [e s)ds, (a) := (etn f wa) ,n=2,3, 


that is, 
R= ror, =v, Tl, = 


=b. (5.2.17) 


Thus, we can derive from (5.2.17) by the same arguments as those in [99, 109] 
that for all (x, t) € [0, L] x [0, +20), 


0<a= r(0, t) < r(x, t) < r(L, t) = b. (5.2.18) 


In this symmetric model, the radiative energy source 


+00 
(Sz) p = (Sz) p(t) = f de | S(z, te, Q)dQ, 
0 grt 


the radiative force 


+00 
(Sr) p = Sp(z, t) = A de f oS(x, t;e, Q)dQ 
gn-1 
the source term S is defined as 
S = S(a, the, Q) = Sael, tye, Q) + S(x, tye, Q), 
where the absorption—emission term is 
Sa elx, t; €, Q) = 6,(2, tye, Q)(B(«, tre) — I(x, t;e, Q)) 
and 
S.(2, te, T) = a(z, t AË, te) — Ia, te, 9) 
~ > => 
where I(x, t;€) = ag Se I(x, t;e, Q)dQ, a(n) is the area of unit sphere surface in 
R” and B(O; ©) = B(x, t; €) is a function of temperature and frequency describing the 


equilibrium state. 
We introduce the radiative energy 


Too > => 
m= f de f I(x, t;e, Q)dQ 
0 gr-1 
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and the radiative flux 


+00 = 
r= de | wl (zx, t;e, Q)dQ. 
Sn-1 


Pressure and energy of the matter are related by the thermodynamical relation 


e,(v, 0) = —P(v, 0) + 0Po(v, 0). (5.2.19) 


5.2.2 Main Theorems 


In this subsection, 


we give an infrarelativistic model and then state our main results. 


If we assume that the fluid motion is small enough with respect to the velocity of 
light c so that we can drop all the + z factors in the previous formulation and then get 
an infrarelativistic model of a compressible Navier-Stokes system coupled to the 
radiative transfer equation, that is, the system (5.2.10)—(5.2.13) can be rewritten as 


v = (rtu), 


5.2.20) 


n—1 
um = prt (3 (r u), — P) , 5.2.21) 
v x 


a= (“—) + (se P) (mtu). 2u(n—1)(r”?u?), — v(Sz)p, (5.2.22) 


v 


rol, = vs. 


v 


5.2.23) 


We assume that e, P, oq, 0s, « and B are C™! (i= 1, 2, 4) functions on 
0 < v <+ and 0 < 0 <+ and satisfy the following growth conditions: 


-6 


g (14 


( 
( 
( 
( 
( 
( 
( 
( 
( 
( 


Ai) e(v,0)>0, q (1+0°)< eolv, 0) < ca (1+ 6), 
tar (ace) < P,(v, 0) <= c&u’? (1 +075), 
|Po(v, 0)| < cut (1 + 0°), 


Ep”) < vP(v,0)< a(1+ er, P,(v, 00) <0, 


0< P(v, 8) <o5(1+6'**), 

cg (1+ 0%) <K(v, 0) < (1 +0), 

|Ko(v, O)| + [Kov O)| < e7(1 + 0°), 

Voal v, 0; €, Q)B" (6; e) < celol0! +” f(e, Q), for m = 1,2, 

0<a,(v, 0; €, Q) < olol? gle, Q), 

A10) (6a + |(Ga)y| + |(Ga)gl)(0, 0; €, 2)(1 + B(0; €) + |Bo(0; €)| + |Boo(9; €)!) 


an 
< col A(e, Q), 


(An) 0<a,(v, 0:6) < culol?kle, Q), 
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(Ai2) (I(Ga) wl + 1(Ga) ool + 1(Fa) 09 + [(Ga) vel + (Fa) wal + (Fa) vol + [(Ga) eee! + |(Fa) ee00l 
+|(2) s000) + l(a) aol + 1a) yoval + aa) mwol)(s 85 €, 2) (1+ B(0; €) + | Bo(9; €)| 
+ |Bgo(8; €)| + | Booo(0; €)| + | Boooo(9; ©)|) < erzleald(e, &), 
(Ais) ((os) ol + [(@s)ol +s) oul + (Gs) ual + Eol + Es) ul + (Es) wal + 1(Fs) v0 
+ |(6s) ool + (6s) oee0! + ICFs) eae! + Ias) wool + 1(Fs) onol + (Os) owl) (0, 95 €) 
< alol M(e, 2) 


where constants s, q, a satisfy s € [0, 1], q2 1 + s, 0 < a < 2s + 1, the numbers 


c (j= 1,...,13) are positive constants and the nonnegative functions f, g, h, k, l, M 
are such that, for some such that, for some y > 0, 


f, 9, h, k,l, M € D*1(R* x sy) r°(Rt x oo); 


We assume that the viscosity coefficient u is a positive constant. In the following, 
we denote 


+00 
T(z, t) =| ac f I(x, te, Q)dQ 
0 gr 


for the integrated radiative intensity. In particular, 
+00 y ay 
1(2,0)=To= | ac f I(x,0;€, Q)dQ. 
0 Gr-1 


We define some classes of functions as 


H! = {(v,u,0,Z) € H'[0, L] x H}[0, L] x H'[0, L] x H?[0, L]: v(x) > 0, O(z) > 0, 
u(0) = u( L) = 0, Z(0) = 0 for œ € (0,1) and Z(L) = 0 for œ € (—1,0)} 


and 


H' = {(v, u,0,Z) € H'[0, L] x H'[0, L] x H'O, L] x H'*1[0, L] : v(x) > 0, O(x) > 0, 
u(0) = u(L) = 0, 0'(0) = '(L) = 0, Z(0) = 0 for œ € (0,1) 
and Z(L) = 0 for œ € (-1,0)}, i= 2,4, 


which become the metric spaces when equipped with the metrics induced from the 
usual norms. 
We are now in a position to state our main theorems. 


Theorem 5.2.1. Assume that the initial data (vw, u,00,Z0) €H! and the 
compatibility conditions hold. Then there exists a unique global solution 
(v(t), u(t), O(4),Z(t)) € L*([0, +20), H!) to problem (5.2.20)-(5.2.23) with initial 
boundary value conditions (5.2.14)-(5.2.16) verifying for all (x, t) € [0, L] x 
[0, +90), 
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0< O7! < v(x, t) < C, 0<C'<6(2,)<G, (5.2.24) 
and 
= FAl|2 = 
u(t) — Olin +O + lO = Ply + ZOU + I) = Flie + ie ie 


t 
= 2 —|2 2 2 
+ f (iv Dln + llle + | lir = Flle + Ural + P) (de 


+00 = 
4 r] f PdO dedzdt < Cy. (5.2.25) 
gn-l 


Moreover, we have, as t > +00, 


ae eee (5.2.26) 


where constant 0 > 0 is determined by e(U =f (tu? + elv, 00) + ri~” Fpr(0)) dz, 


j 


T=H= Fao u(x) dz and T = (a” T 


Theorem 5.2.2. Assume that the initial data (vo, uo, 0o, Zo) € H? and the compatibility 
conditions hold. Then there exists a unique global solution (v(t), u(t), O), T(t)) € 
L™([0, +20), H°) to problem (5.2.20)-(5.2.23) with initial boundary value conditions 
(5.2.14)-(5.2.16) satisfying for all (x, t) € [0, L] x [0, +20), 


lo) = Ole + [l(t 
t 
2 zji pE 
+D + OI +f lo- e + Hella +0- Allan + r- Fl 


H lirale + Mul? + Ball”) (2) de < Co, (5.2.27) 


47D) E 
lže +0 — Olli + IZO + Ur) — Tlie + Ue lze 


where U, 0 > 0 and T are also the same as those of theorem 5.2.1. 
Moreover, we have, as t > +00, 


lo) = Tlie 0, Mdl 0, [A-le Olp (5228) 


Theorem 5.2.3. Assume that the initial data (vp, u,09,Z0) € H' and the compatibility 
conditions hold. Then there exists a unique global solution (v(t), u(t), 0(t),Z(t)) € 
L®([0, +00), H4) to problem (5.2.20)-(5.2.23) with initial boundary value conditions 
(5.2.14)-(5.2.16) verifying for all (x, t) € [0, L] x [0, +20), 


= = ))2 E 

10C — Oe + Nap + [0 — fe + ECO Ns +r) — Fle + rO 
t 

2 z112 2 

et f (le— Wf + lal +0- Dis + lle — Pp 


tM rellies + lulli + WOells + lela + [Gullin (Oars C1, (5.2.29) 


+ lule + lA) 
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where %,0>0 and T are also the same as those of theorem 5.2.1. 
Moreover, we have, as t > +00, 


l-al 0, lDlOOI, Ole (5230) 


In what follows, letters C; (i = 1, 2, 4) will denote the universal positive con- 
stants depending on the norms of initial datum (w, vo, 0o, Zo) in H’ (see below the 
definitions of H’) but being independent of t, respectively. 

In this chapter, we mainly make full use of the embedding theorem and inter- 
polation technique to establish the global existence, uniqueness and asymptotic 
behavior of spherically symmetric solutions for the compressible viscous gas with 
radiation. These results in this chapter are adopted from [119]. 


5.3 Global Existence and Asymptotic Behavior in H! 


In this section, we establish the global existence and asymptotic behavior in H! for 
the generalized solutions in H! to problem (5.2.20)—(5.2.23) with initial boundary 
value conditions (5.2.14)—(5.2.16) and then complete the proof of theorem 5.2.1 in 
terms of a series of lemmas. 


5.3.1 Global Existence in H! 


At first, we give some basic relations and the fundamental entropy-type energy 
estimate. 


Lemma 5.3.1. Under assumptions in theorem 5.2.1, there exists a constant Ci > 0 
such that the following estimates hold 


L L 
m v(x, t)dz = H u(x) dt := W, Yt >00, (5.3.1) 
0 0 
O(x, t) > 0, Y(z, t) € [0, L] x [0, +00), (5.3.2) 
i 
| (0+0'**) (a, t)dz<C,, Vt>0, (5.3.3) 
0 


t 
U(t)+ | V(t)dt< Ci, Vt>0, (5.3.4) 
0 
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L 
U(t) =] ((0 — log 0 — 1) + 0'**° + u’) (z, t)dz, (5.3.5) 


V(t) = f i (5 + aaa (x, t) de. (5.3.6) 


Proof. We can easily get (5.3.1) by integrating (5.2.20) over Qg = (0, L) x (0, £) 
and noting the boundary conditions. Equation (5.2.22) can be written as 


e904 + OPa rtu) 


T 


2 (=) +o "e 2u(n — 1)(r" u’), — v(Se) p- 
(5.3.7) 


We can derive (5.3.2) from the maximal value principle and the positivity of 6o. 
Multiplying (5.2.21) by u, adding the resultant to (5.2.22), and then integrating it 
over Q; and using the boundary conditions, we derive 


L 1 t L L Ï 
i (c+ = e) dz + I | v( Sz) pdzdt = | (a += è) dz. (5.3.8) 
0 2 0 Jo 0 2 


From the definitions of Fp and (Sz)r, we can derive from (5.2.23) that 
v(Sr)g = r" (Fe), (5.3.9) 
which, together with (5.2.15), leads to 


L Ly 
f rl (Fp), dx = (r™1 Fp) (25 — (n — Df ~ Fede 
0 0 
+00 L 
ñ-1 =g v Fri Sa? 
= f w(b t60) —(n—1) f -I(2, t;e, Q)dr)dQ de 
0 S"-1 N {we(0,1)} o f 


+00 ‘if = Ly 6 ce 
— oa" I(0, t;e Q)+(n-— 1) - I(x, t;e, Q)dx) dQ de. 
0 S"-1 N {we(—1,0)} o r 


Thus, the contribution of the radiation term reads 


t pL t pL 
1 | v( Sz) pdrdt = f | r” (Fr), dadt > 0, 
o Jo o Jo 


which, along with (5.3.8), implies 


4 1 
Í (e+ 5) dr < C. (5.3.10) 
0 


Combining (5.3.10) with (5.2.19) and assumptions (A;)—(As) yield (5.3.3). 
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Similarly to the proof of lemma 3.3.2 (see also lemma 2.1 in Qin et al. [106]), 
estimate (5.3.4) can be shown, thus we omit it. The proof is now complete. Oo 


Remark 5.3.1. By the Jensen inequality, the mean value theorem and (5.8.4), we can 
know that there exists a point a(t) € [0, L] and two positive constants a1, az such that 


_ L 
0< <O) := L! | O(a, t)dx = 0(a(t), t) <a (5.9.11) 
0 


where ai, A are two roots of the equation y—logy—1= CQ. 


Let 


(2,0) = [olande+ f iowa- S S a ET 


then, noting that r, = u, we can derive from (5.2.20), by the mean value theorem, 
that there exists a point a(t) € [0, L] for any t = 0 such that 


L L 
f vddz = (a(t), » | vdz := v' (x(t), t), 
0 0 


1 É 
wo ud dz. (5.3.12) 


Lemma 5.3.2. For any t 2 0, we have the following expression 


(1457 i) ‘Bi, a Par) (5.3.13) 


1) = ad 


where 


B, 1) = exp | T Z + Pu)( ie Bee r"u?)(a, t) dadt 
roof f (y 


L £ zt 
D(z, t) = u(x) exp (ef Up (x) | (r}"a)(w)ayde — | (ry uo) (y) dy 


+ ae (r!™"u)(y, na) i 


Proof. Similarly to the proof of lemma 2.3.2, we can easily prove this lemma. See 
also lemma 4.1.8 in Qin [99]. o 
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Lemma 5.3.3. Under assumptions in theorem 5.2.1, the following estimate holds for 
all (x,t) € [0, L] x [0, +c) 


0< CT! < vlz, t) < C. (5.3.14) 
Proof. The main idea of the proof is similar to that of lemma 2.3.3. See also lemma 
5.2.4 in Qin and Huang [109]. Here we omit it. O 


Lemma 5.3.4. Under assumptions in theorem 5.2.1, the following estimates hold for 
any t > 0, 


t 
ACOE (5.3.15) 
0 

t L 

wo f f (1+6'**)v2(a, t)dadt < Ch, (5.3.16) 
A 
OPH f elds a. (5.3.17) 
0 


Proof. Similarly to lemmas 3.3.1-3.3.6, we can complete the proof. See also 
lemma 2.3 of Qin et al. [106] and lemma 2.4 in Qin et al. [106]. Thus we omit the 
details. o 


The next lemma is concerned with an estimate on radiative density [, which plays 
an important role in our subsequent analysis. 


Lemma 5.3.5. Under assumptions in theorem 5.2.1, the following estimate holds for 
any t > 0, 


oo L a oo L po R 
f | f voal’ dQ dady + | | I. vo,(I — I) dQ dzdv 
o Jo Jg 0 Jo Jgnt 


o0 L = L 
+f | 1 vo,l? dQ drdv< a f +(x, t)dz. (5.3.18) 
0 0 ge-1 0 


Proof. Multiplying (5.2.23) by J and then integrating the resultant over [0, L] x 
S™ and using the boundary conditions, we obtain 


L > 
= f dodh- T tert -Dade (5.3.19) 
o Jism 
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Noting the boundary condition (5.2.22), we know 


+00 
| | or Fie Q, e) — a I’ (0, t; Q, c))dQde 
0 grt 
+00 = = 
-f f ob! IP(L, t; Q,6)dQ de 
0 "19 {we(0,1)} 


+00 172 = — 
-f I wa”™ I (0, t; Q, e)dQ de 
0 S1 N {wE(—1,0)} 
>0. (5.3.20) 


Integrating (5.3.19) with respect to € over [0, +20) and using the Young 
inequality, lemma 5.3.1, (5.3.27) and the assumption (Ag), we find 


| f o(d"! I(L, t; Q, v) — a"! (0, t; Q, v))dQav 
0 J grt 


o0 L Z 3 L : 2 
ag | | l vo gl? dQ dedv + f J J vo,(I — I) dQ dzdv 
a o Jo Jg 
1 oo L 5 ty oo L A PEE 
< J p f voal dQ ddv + c f f 01+*f(v, Q)dQ dadv 
0 0 set 0 0 gr-1 
i 


1 o0 L 
< J Í | vo, l’ dQ drdv+ C, 0'+*(x, t)dx 
2Jo Jo Js= 


0 


which implies 


oo L =% oo L = pos 
| | | voal’ dQ dady + | | f vo (I — I) dQ dzdv 
o Jo Sgn o Jo Jg 


L 
<a f 6+ (a, t) de. 
0 


Similarly, we also derive from (5.3.19) by the Young inequality and assumptions 


(Ag) that 
fore) L 5 L 
f l | v(a +65) dQ drdv < a f 0+" (a, t) dx. 
o Jo J grt 0 


Therefore, we complete the proof of (5.3.18). o 
Obviously, we can obtain the following result from lemmas 5.3.1 and 5.3.5. 


Corollary 5.3.1. Under assumptions in theorem 5.2.1, the following estimate also 
holds for any t > 0, 


oo L 4 oo L sy 2 2 
Í | f voal’ dQ dadv + f | | vo(I — I) dQ dzdv 
o Jo Sgn o0 Jo Jg 


oo L mae 
+ f n f vo, dQ drdv< Cy sup O™™42-8 x, t). 
0 0 Js xe(0, L] 
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The following lemma establishes two key inequalities which are important to deal 
with the boundedness of temperature 8. Here we adopt the technique from lemma 7 
in Ducomet and Neéasova [32]. 


Lemma 5.3.6. Under assumptions in theorem 5.2.1, the following estimates hold for 
any t > 0, 


L t 
| (PAPS adot f lulil dr< G, (5.3.21) 
0 


0 
t t L 
f iea ff (14+ 09*°)02(2, t) dxdt 
0 0 0 


t L 
+f f (14+. 0+?) o2 (z, 1) dadt < Cy. (5.3.22) 
0 0 


Proof. Noting the formula (5.3.11) in remark 5.3.1, we can define the auxiliary 
function for any € > 0, 


F(é) = A eg(v, t) at. 


Thus it follows from the assumption (A4) that F(é) < alé — 0|(+ &). 
Multiplying (5.2.22) by F(@) over Q, we can derive 


pon 2k 
fw nears f f ep a Gta at 
0 


ae |ee, + PF(0)||(r" ‘u),| dxdt 
» Jo 


C 


t pl (rtu)? t pL 
+f aro E an f f |F(8)||(r"-2u2), |dnde 
0 0 0 0 


v 


t pL 
+ i | |F(0)|v|(Sz) p|dadt. 
o Jo 


Noting that 
02 +25( t) < (01+ (x, t) = girs? ae C02 *2s 


L 
< cup f +r de + C< CVi(t) + C, 
0 


and using the assumptions (A;) and (A;)—(Ag), lemma 5.3.3 and the Sobolev 
embedding theorem, we have for any e > 0, 


L t L 
[| erea f (1 +01 °)0? dxdt 
0 0 Jo ` 
t 
< G46 (1+ Vi(t)) [lta dr 
0 


+a f (Wu? + lst?) (of oan + [Ff vevorteie sel ae (5.3.23) 
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Using the Cauchy—Schwarz inequality and the Sobolev embedding inequality, 
lemmas 5.3.1 and 5.3.5, and noting that the assumption a < 1 + 2s, we can obtain 


t L 
| f |F(0)|0|(Sp) pldede 
0 0 
t ph p t pL 
cava f 0-0 a+ Padte | f Pe eie dede 
0 0 0 0 


t L t L 
<+ a f no f 0+? dadt + a f o f 0+? dadt 
0 0 0 0 


L 
<+ af i(t) + llue(t air) f 0? + dedi. (5.3.24) 


Multiplying (5.2.21) by —u,, and integrating by parts over Q; using (5.2.18) and 
lemma 5.3.3, we arrive at 


t 
lus)? + | | tee(1) 2c 
t L t L 
<Ci + af f | thee ( Py, + Po8,,)|dadt + a f f [u(r u) ,, Une| dadt 
0 0 


sarf f t paaa f f at r” lu)? dxdt 


raf a ator deda f f (1+0 +? )oždedr. (5.3.25) 


Noting that |(r"=tu),| < Ci(|ul|+|uz|), we derive from lemmas 5.3.1 and 5.3.4 
that for any e > 0, 


af fx rly)? dadt < C;e7 tof f u? dxdt. (5.3.26) 
0 


Thus, taking € > 0 small enough, inserting (5.3.24) into (5.3.23) and (5.3.26) into 
(5.3.25) and applying the Gronwall inequality, we complete the proof of this lemma. O 


Now applying the Sobolev embedding theorem, the Hélder inequality and 
(5.3.21), we can readily obtain the next corollary. 


Corollary 5.3.2. Under assumptions in theorem 5.2.1, the following estimate holds 
for any (2, t) € [0, L] x [0, +09), 


CI — GV (t) < 0” (x, t) < Ci + C V(t) 
with 0< m< HR 


Corollary 5.3.3. Under assumptions in theorem 5.2.1, the following estimate holds 
for any (2, t) € [0, L] x [0, +09), 
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t L 
T (1+0) u2drdt < Ci 
0 0 


Proof. It follows from corollary 5.3.1 and (5.3.24) and (5.3.28) that 


t 
[fp (1+0)?" gaisa f f wares ar f f Vi(t) ur dxdt < C. 
o Jo 0 


Using the Young inequality and above lemmas, we easily obtain the following 
estimate. 


with 0< m< Bt? 


Lemma 5.3.7. Under assumptions in theorem 5.2.1, the following estimate holds for 
any t > 0, 


Kory) (II + f l lul)? dr< Ch. (5.3.27) 


Proof. Multiplying (5.2.21) by u; over Q; and using the Young inequality, we have 
for any e > 0, 


MeO f ala 
t L 
ss lulata f f B+ ddr 
0 0 J0 


t pL 
+ a f | [u( Puur + PoO2)| dxdt 
o Jo 


t t 
<cite f pulat f lel? (luli + uls) ade 
0 0 


t L t L 
+a f Í (1+0+?)v? dadt + a f Í (1+ 6975) 0? dxdt 
0 0 0 J0 


which, by taking € > 0 small enough, along with lemmas 5.3.4 and 5.3.6, leads to 
(5:3-27). Oo 


The next lemma is devoted to dealing with estimates on temperature 0. 
Lemma 5.3.8. Under assumptions in theorem 5.2.1, the following estimates hold that 


for any t > 0, 


L t L 
f arotar f f (14+ 0)!" °@? dxdt < C, (5.3.28) 
0 


|0(z, t) [Ize < Ci. (5.3.29) 
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Proof. Let 
0, 2n—2 
K(v,0) = f aua dé, 


xo= ff (1+ 0)!*°0" ddr, 


Y(t) = [ (1 + 0)2402 de. 


0 

Then it is easy to verify that 
rn—2x(v, 0 
| lo, 0) 


However, we easily know from assumptions (Ag) and (A7) that 
|Ky| + |Kw] < CA +079). (5.3.30) 


We rewrite (5.2.22) as 


n-1 2 2n—2 
€90; + 0Po(r" tu), p (7 2) 2u(n —1)(r”2 v2), — (Sz) p 
(5.3.31) 


Multiplying (5.3.31) by K; and integrating the resultant over Q, we easily obtain 


t L n—1,,\2 t L y2n—2 8 
f I (ansora, E) ranas f f T Vek aids 
0 JO v 0 JO v 
t pL l t pL 
+n- f f e Kedade+ | | v(Sr)pKidzdt = 0. (5.3.32) 
o Jo 0 Jo 


Now we use lemmas 5.3.1-5.3.7 to estimate each term in (5.3.32). Obviously, 


pon 2 
f as N (5.3.33) 
0 


t pL 
I f 0: K,(r" ‘u) dxdt 
o Jo 


and applying the Cauchy inequality, we can derive 


a (t)+C, (1+ sup sup Ne(e, it) (5.3.34) 
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t L pr-l 2 2n-2 
| | (OPa(r tu), p ws) pe ands 
0 0 v v 


af gC 1+0)! s P(r u)? + (1+ 05r" u),]") dear 


I^ 
pa 
x 


IA 


X(t)+ all ((1+0)" : *(ul? + url?) +A +0) (ult + ua) ) dnd 


Col Col ol= 


lA 
pa 
T 


t pL 
-a f f ara da ul dzd: (5.3.35) 
o Jo 
However, 
t pL 
| | (1+0)? u'dzdr< (14 sup |/0(z,t)|| fx aA latin f u’ dadt 
0 J0 O<t<t 
< c.(1+ sup ||0(z, ee) (5.3.36) 
O<t<t 


and applying corollaries 5.3.1, 5.3.2 and lemma 5.3.6, we derive for 
qı = max{?— 2s — 1,0}, 


Z (1+0) ut dxdt 


<a(1 + sup |/A(z,r)||?! o tu! dade 
O0<t<t 
a + sup |/0(z,r)||? Jf u, ve [ AG of ude) 
O0<t<t 0 
<Gi(1+ sup 10eg) ( Pieetttetiees f vio unlit) 
O0<t<t 0 
<a(i+ sup 10e ol) (sup beh f teta) (festa) 
O<t<t <t 0 0 
Ti : 
+ sup uh S vicar)’ f etla) 
O<t<t 0 0 
<a(1+ sup laeg), (5.3.37) 
O<t<t 


which, along with (5.3.35) and (5.3.36), gives 


t pL n—1,,)2 2n—2 0 
f (oro, Ra 2) aa dg, dxdt 
0 0 v v 
1 


< 5 X()+ c.(1+ sup ||0(z, lg). (5.3.38) 
O<t<t 
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It follows from lemma 5.3.6 and corollaries 5.3.1, 5.3.2 that 
L n—-1,,\2 
(orua = ew) K,(r" + u),,dadt 
i 4 


t pL 
<a f | (1+ 0)9 E rtu), + (1+ 09 (rw) | ) dxdt 
q+1 


0 
t pL 
<a f I 1+0) +T? (rtu), dade + a(fi+ sup ||O(x ollz) 
o Jo 0<t<t 


«ff (Jul? + (uzl?) )drdt 
t L $ L 
(J lle f juldrac+ | f Juz dædr) 
0 0 0 0 


jk 
<a a(i Ree |O(2, o)l) 
q+1 ft 5 1 
SG+G(I+ sup Neole) S Melles) 
pact t r i 
C+ Gi (14 sup O(c, lin)" sup el, S eld 
O<t <t<t 0 


x (f iel ra) 
1 
< a(i + sup ||0(a, allas) (5.3.39) 
O<t<t 
Now let us consider the various contributions in the second integral of (5.3.32) 
By lemmas 5.3.1—5.3.7 and corollary 5.3.3, we have 
(5.3.40) 


t L 2n-2 2n—2 
| f á e(r 2) dudt > Cr! Y(t) — C, 
v t 


L „2n-2 0, 
PEK (rt u) np ALAT 


0 


0 
t L 
caf f (1+0)'*74|0,(r"+u) | dade 
0 0 


t L 2 
<Q (J f (1+ 0)" "62 dud 
0 0 


t L 
«(ff (140) "I(r, Pda) 
0 0 
ay uf? + lua + fem? yda) 


t L 
calf Lo 
0 0 
aa (5.3.41) 


<C(1+ sup ||6(z,7)||;~) 
O<t<t 


1 
2 
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L „2n-—2 
r KO, _ 
Kyytz(r" I u) dxdt 


0 


t pL 
<a f f (1+ 0)'+’ Orv (r""u),|dzdt 
0 


calf’ [ n e (1+0)? 2y (ra oaa) 
0 0 
E aja 2 
<(1+ sup |/0(2z,7)||, (f f “udu 
O<t<t 0 
3q-s+2 t L 5 
<c,(1+ sup ||O(a,t I~) i ff haa | | vuždodr) 
O<tSt o Jo o Jo 7 


3q-s+2 t t 5 
2 2 2 2 2 
<a(i+ sup ool) (f hilea f elile a) 


O<tK<t 


3q-s+2 


<ci(1+ sup ||0(z,1 Iz=) E (5.3.42) 


O<t<t 


Noting the following facts 


t pL t pL 
J f (r°! u)“ dxdt <C f T (ut + ui) dadt 
0 Jo 0 Jo l 


t 
<C + af || c(t) [9 || uae (t)|| de 


t 3 t $ 
erent om | (0) ( f a(t) [2a 
O<t<t 0 0 


<Q, 


t pL 
if f (ru?) dadt < C a f: ut + wuz) dadt 
o Jo 0 


20 af lulls dt< Cy, 
0 


t 2 t +00 L as =Ñ 
| llu(Se) pll| acs f f f | WPP + vo? B? + ol — 1)?)dQdrdedt 
0 0 J0 0 get 


max{a—s,0} 
<G(1+ sup |10(,)ll,~) 
O<t<t 
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and from equation (5.2.22), it follows 


= a 
t ( pen 20, ) 
0 v = 


t è e 
<a f (leo0ill? + |]@Po(r"2u) l? + ON + ru), + |] 0(Se) all) ae 
0 


dt 


t L 
< a f Í (1 + )756? + (1 $6) a $ (1+0)? tu + (r"tu)t + (r"=?u?)?)dedt 
0 JO 


max{a—s,0} 


+O,(1+ sup 16(2,2)Il~) 
O<t<t 


max{a—s,0} 
) (5.3.43) 


t pL 
< a f Í (1+0)2*°0? dadt + a(t + sup ||0(2,7)||p« 
o Jo O<t<t 


ua by the Sobolev inequality, lemmas 5.3.4 and 5.3.7, we can conclude 


L pen 2K pen 


< ay A ( 
1 


X(+ (1+ sup Oleo) 


“(ff somites ff 


S XO+A(1+ s sup OC dl) ans Vid 


+a(1+ sup katte) Cf vaa) YUL (1+0) 


2q—s+2 
<z xora(i+ s sup [0l] + (1+ sup 0l) 


t L 2n—2 2 
x (/ f (1+0) À ( i me.) “tis 
0 0 v z 


2q—8+2 
X(+ (1+ sup [10(2,)ll,x) 
O<t<t 


E) Oded 


2n—2 0.. 


Si 


r2n=2 Kh, 
a 


avd) 
= pen 2K ey 


—t+1 


3(q—s) +442 
F +C,(1+ sup [16(2,)Il~) 
O<t<t 


(5.3.44) 


By lemma 5.3.4 and corollary 5.3.3, using the Cauchy inequality, we have 


pen 26 


: 
X(Q)+ (1+ sup IOl) ) 
(5.3.45) 


Col = 


01) dxdt| < 


(2u) (Kru) + 


T 
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The last contribution in (5.3.32) can be estimated as follows, 


t pL 
Il v( Sz) pKidxdt 
0 Jo 
<[ ff +00 
=y 
+ [ff if v6 gldQ de 
0 gn 

ff 4 va,(1 — [)dQde 

o Jo [Jo gn 


= 
vo, BdQ de||K,|dzdt 


Sn-l 


| K,| dxdt 


| K,|dadt 


It follows from corollaries 5.3.1—5.3.3 that 


t L 
msa f f (1+ 0°)| Kj| dxdt 
0 0 
t L t L 
<a f n (14+ 01++1) (rly) |dnde + a f I (1+ 0°*)|0,|dede 
0 0 0 0 


q+2a—s 
X()+C, (1 + sup ||0(a, ie) . (5.3.47) 


< 


o| = 


Using the assumption (Ag), the Cauchy inequality and corollary 5.3.1, we have 


t L +00 
maf tf | 
0 0 0 get 
t L +00 ean t L 
caf ff ia vodde f f (1+0 +?) (rlu), drdt 
0 0 el 
+00 
raf ff f (1+ 6%)|10,|dQ dedxdt 
1 


2n—2 


voal (Ke(r""u), + COR oi) 
v 


3 
dQ dedxdt 


max{q—s,%— s} 
<ZX()+CO(1+ sup |l6(a, oliz) aie (5.3.48) 
8 O<t<t 
Using the same technique, we also get 
1 max{ q—s,2—s} 
M; < Z X(t) + a(i+ sup ||0(2, oie) l (5.3.49) 
8 O<t<t 


— estimates (5.3.47)—(5.3.49) into (5.3.46), we get 


<1 max{q—s,q+ 2a—s} 
(Se) pKidede| < X(+ C,(1+ sup [16(2,2)l,~) 
O<t<t 


(5.3.50) 
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Inserting all previous estimates (5.3.33)—(5.3.35), (5.3.38)-(5.3.42), (5.3.44), 
(5.3.45) and (5.3.50) into (5.3.32), we obtain 


3q-s+2 
ey 


max{q+ s+2,q+ 2a—s8(q—s) + a—s,2q—s+ 2, 


X()+Y(HSE(1+ sup NOl, o)l) 
O<t<t 
(5.3.51) 


By lemmas 5.3.1, 5.3.4, 5.3.6 and the Hélder inequality, there exists a point 
b(t) € [0, L] such that for any t > 0, 


g L 
OITS? E, t) = Bre), t) =| (09+ +? (a, t)) dr < a f 09+ S* 116 | da 
b(t) 0 


< a( f eta) rio 


Thus we get 


sup MOO) < O + CL YIA). 
O<t 
Using assumptions on q, s and a, we easily know that max{q+ s+ 2, q+ 24 — s, 
3(q—s)+a—s,2q—5+2, Sos ay <2(q+s+2). Thus, by the Young inequality 
and (5.3.51), it follows that 


XAYA 
which yields 

sup [|O(2)||~ < Ch. 

O<t<t 


Therefore, we can complete the proof. O 


The next two lemmas are aimed at coping with some estimates on radiative 
density I. 


Lemma 5.3.9. The following estimates hold that for any t > 0, 


+00 
I E (x, tse, Q)dQde< C, (5.3.52) 
gn 
+00 +00 
1dQ de TdQ d| SG (5.3.53) 
Sn a Sut (Qi) 
+00 pe +00 — 
PdQde |I,|dQ de <C, (5.3.54) 
s= I= (Q) sm I= (Q) 
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+00 = t pl pœ > => 
L/ I |I;|dQ de +f f j f I? (a, 1; €, Q)dQ dedzdt < C. 
0 gn r=(Q) Jo Jo Jo gn 


(5.3.55) 
Proof. We consider the following integro-differential equation 
rol, = vs = v(e, B+ c) —v(o,t+o,)f, 
1(0, t¢,Q) =0 for œ € (0,1), 
(5.3.56) 


I(L, te, Q) =0 for œ € (-1,0), 
=> => 
I(x,0;€, Q) = h(a, <, Q). 


Solving the ordinary differential equation and using the boundary conditions, we 
arrive at 


T y ~ 
f exp (/ uea oas) ? (oaB+0,I)dy, for all œ € (0,1), 
0 g 7 OO 


as rnal pn-l 
I(a, t;e, Q) = L OETA) ü z 
= exp M dz pact, (7a tosl)dy, forall œ € (—1,0). 


(5.3.57) 


Using the Young inequality and lemmas 5.3.5 and 5.3.8, we have for all œ € (0, 1), 


+00 +00 
f T 1dGae= f 1 fool [- ay) —" _ (5, B+ 0,1) dydQde 
0 Sn-1 Sn-1 z T (69) rT (6) 
+00 pa = 
0 sei Jo T 
+00 
<f Le 
0 s= 
+00 
+ [ pe Lo 
0 0 gr @ 


L 
< af ot+*dr 


+00 
i op a f_o Í- +P) dO dedx 
0 0 gn-1 


<0. (5.3.58) 


+Q 


Analogously, we have the same result for all œ € (—1, 0). Thus, using lemma 
5.3.8, we get 
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+00 5 
I f TdQ de 2, (5.3.59) 
o Sgn I= (Q) 


Furthermore, we also get 


+00 wo 
f I TdQde <C. (5.3.60) 
o Jg I=(Qi) 


Similarly to (5.3.58), using the Young and the Hölder SE we derive 


+00 > +00 = 
f | PdQde< f i e —” _(¢,B+0,T)dy di 
0 gn 0 gn rlo 
+00 L as 
< af d. E 3 = rma f ouB’da) dQ de 
gn-1 0 r aad 62) 0 
+00 L = 
+a f e na E J o.Tae) dide 
0 sea Jo Tw 0 


+00 
= 2 5 = 
<a+a f 1 i o(I — I) + I°)dadQ de < Ci 
0 Srl 


(5.3.61) 
which implies 
+00 34 
PdQde < Cs (5.3.62) 
Set I=(Q:) 
It follows from (5.2.23) that 
k= Cie Hos) I+ i B4 oÍ) 
rt w al S j w a T S $ 


Integrating the above equality and using assumptions (As)-(411), we can derive 


+00 )|L +00 7 B I 
[- S \I,|dQde< a | a (ot OMS e+ G L (alB + osl) ag 
grt lol 0 gel lol 
saraf p) dQ de+ af | \T|dQ de 
0 gn 0 gn 


which, along with (5.3.59) and (5.3.60), leads to 


+00 


|I,|dQ de <0. (5.3.63) 


L™(Qi) 


gr-1 
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It follows from (5.3.57) that for any œ € (0, 1), 


f YY(Oa +s Yusa +s v ~ 
i=] exp( | Aegea ( f oe dae) (o,B+o,1)dy 
0 x $ 
x y = pO 
+f exp( | ae) a (0B o.1)( = (o,B4 o.1)) dy 


ralo 
=: M + M. (5.3.64) 


Using the Young inequality, lemmas 5.3.1-5.3.8 and the assumptions (A 9)—(Ai1) 
and (A3), we have 


t +0o a 
I | N? dQ dedt 
0 gr-l 
+00 
m [ f] (am [i (Eornoa ton tr alos open 
0 grt 


S 2 
aBt+ ot 
+ riula + a,)o0:)) dz- ne ana dQdedt 


2 


<a f Fea (ee Sasa (Ga tos+(Gat9s), y 


0? Lp pl—-n,,\2 
+ 3 (Gat os)9 Da) f eip 2 B? + 627”) ded Q ded 


+00 
saf f (i rlu 2+0) Justa f f f [ T drdQ dedt 
0 gn-1 


zü (5.3.65) 


t +00 —% 
i?) N? dQ dedt 
0 Jo Sr- 
t +00 x 1 Z 
<af f f (/ (=((r"0),(¢aB + 960) +r" ((o0) wB 
o Jo s= \Jo \@ 


AS ie 2 
+ (6) 9:B + 6,B90;+ (os) ul + (0) 0,1 +051) dy) dQ dedt 


t +00 x 5 
a ((r"tu)? + 67) dade + af | 1 i I’ dydQ dedt 
0 J0 0 JO sr-1 Jo 
t +00 z 
=y 
<+ | | 1 I I? dydQ dedt (5.3.66) 
0 J0 Set JO 
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which, together with (5.3.65), implies 


t +00 = £ t +00 5. 
I f | I dQ dedt< C, + a f (/ T f dQ dedz) dy. (5.3.67) 
0 J0 grl 0 0 J0 grl 


Using the same technique, we have the above inequality for any œ € (—1, 0). By 
the Gronwall inequality for any fixed t > 0, we have 


+00 

[ | i PdQdedt< Oe”? < Ge < O. (5.3.68) 
s" 1 
Similarly, we can obtain 
+00 a 
Í f inig@naex O. (5.3.69) 
0 grt 

Thus, the estimate (5.3.55) follows from (5.3.68) and (5.3.69). Oo 


Lemma 5.3.10. Under assumptions in theorem 5.2.1, the following estimates hold 
that for any t > 0, 


Proof. By lemma 5.3.9, we have 


L +00 2 
iz. = f 1 p rda) dz 
o Wo grt 
L + 00 riny ee = 2 
< | (/ 1 ST ((on-+0,)|I|+0.B-+0.\7))dShde) dz 
0 sı [a 
+00 
< asaf (/ | iaae) dx 
gr- 1 
+00 oe ee 
saf (/ | dae) dx 
o \Wo gn 


<C. (5.3.71) 


By virtue of the direct computation, we also have 


+00 
IZel -f (/ ioe rino) S4 rin vS,)dQ.de)- dx 
0 gn 10 
+00 
<af (J je i Oesia) dx 
0 0 srl 
+00 pi- ny => 2 
saf (/ fC "spd de) dx 
0 0 ga w 
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Using lemma 5.3.9, we see that 


L +00 1 RA aa 2 
a= Gane 1 (o,.(B—I)+o,(I 1))dQde) dz 
0 0 gn-1 @ 
L 


< af (ry) da< C. (5.3.73) 
0 
Similarly, 
L +00 pirny 
gE f (i f (((62) te + (6a)902)(B — I) + o4( Bobs — L) 
0 0 s o 
z z =. 442 
+ ((65) y+ (6:)o02)(1 — I) + os — 1),) dde) dex 
L 
<+ c f (2+ 0)dr< C. (5.3.74) 
0 

Inserting (5.3.73), (5.3.74) into (5.3.72), we obtain the desired estimate. o 


5.3.2 Asymptotic Behavior in H! 


In this subsection, we mainly establish the next two lemmas to show the asymptotic 
behavior of solutions to the problem (5.2.20)-(5.2.23) with the initial boundary 
conditions (5.2.14)—(5.2.16) in Ht. 


Lemma 5.3.11. Under assumptions in theorem 5.2.1, we have, as t —> +00, 


Ile) = Blin 9, (5.3.75) 
IluC) In 0, (5.3.76) 
le -Ola 0, E- Al], 0 (5.3.77) 


and for all (x, t) € [0, L] x [0, +00), 
0< CO7! <0(z, t) < C. (5.3.78) 


Proof. By lemmas 5.3.4, 5.3.6 and 5.3.7, we can know 
t 
f (lol? + lul?) dr< Ci (5.3.79) 
and 
ia d 
f (Hg Oesa (5.3.80) 


which lead to (5.3.75) and (5.3.76). 
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Multiplying (5.3.31) by e3 0+, integrating the resultant over (0, L) and using 
the Young inequality, the interpolation inequality and lemmas 5.3.1—5.3.4 and 
5.3.6—5.3.8, we can conclude for any e > 0, 


+ 2p(n—1)(r"-? v2), + (Se) p) Ome de 

< g lal? + Gs (ea A eaa eed? 
lOa + [Gels + [\(Se) all’) 
(Ozal? + Cx (llall? + Mrl? + 10? + ICSE?) (5.3.81) 


< 


Mm 


Now we need to estimate the term |(Sz) all” in (5.3.81) and derive from the 
Young and the Hélder inequalities that 


L +00 =, 2 
Idell =| (| f (c,(B- I) +T- 1))dGae) dx 
0 0 gr-l 
L +00 = 2 
<a f (/ n oa(B— 1da) dz 
0 0 gnl 
L +00 ss oe 2 
+a f (/ Í oT- ndd) dz 
0 0 gr-l 
L +00 =} +0 n 
< a f (/ | o,dQ de f n oa( B? + P)dQ ic) dx 
0 0 grt 0 gut 
L +00 <4 +00 en = 
+ a f (/ | o dQ de f f o,(I —I)*dQ ic) dx 
0 0 sri 0 snl 


L 
< C ott*dr+ O<C, (5.3.82) 
0 


which, together with (5.3.81), leads to 


A 
lOH f Malas a. (5.3.83) 


Meanwhile, taking ¢ > 0 small enough and using lemmas 5.3.1-5.3.9, we derive 
from (5.3.81) that 


d L 
qll + a (1+ 09 °)67,da < O+ llul) (5.3.84) 
0 
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which, along with theorem 1.2.10, yields 
jim ||6.(t)||’= 0. (5.3.85) 


By the Poincaré inequality, we derive 
lOc) — |l y < ClO 


which, combined with (5.3.85), gives (5.3.77). 
Similarly to the proof of (2.3.110) in lemma 2.3.12, we can obtain (5.3.78) from 


(5.3.31), (5.3.77) and lemmas 5.3.1-5.3.8. o 


The next lemma concerns the asymptotic behavior of the radiative intensity and 
can be proved similarly to lemma 3.4 in Qin et al. [106]. 


Lemma 5.3.12. Under assumptions in theorem 5.2.1, we have as t > +00, 


Zl 0. (5.3.86) 


Proof. The direct computation yields from (5.2.23) and lemma 5.3.9 


d 5 d L +00 3 2 
— || Zall = — T,dQ d: 
qi Zell al (| I. d de) = 
L + 00 +00 
-2/ ¢ 1 Indie) ( f f Ind Q de) dx 
0 0 grt 0 grt 
L +00 => 
f 1 1 TyndQ dedz 
o Jo gn 
L +00 1 
sa ff hras 
o Jo s= |æ] 


+(1— n)r ”uvs + ri" yS,|dQ dedz 


<c 


Now we estimate each term in the above inequality by assumptions (Ag)—(A;3) 
and lemmas 5.3.7-5.3.11. Obviously, noting the expression of S and using assump- 
tions (A9)-( A11), the Cauchy inequality and lemma 5.3.9, we have 


e p> l | 1-nfpn- © 
HM = 6 f J — |r (r u), S|dQ dedz 
o Jo Js= lol ' 


L faked 1 ~ => 
= f i |r (rtu), (6a(B— 1) +05(1 — 1))|dQdedx 
0 Jo s= ool 


L +00 1 a - 4 
<0 | | 1 I(r"), loB- D)| +|o,(I — Dl) dG dedz 
0 0 Ss 


„= |oo| 


L +00 
. 1 : 
< a f | f (l leololh+ eel? ald] + culoPk — 1) dB dede 
0 0 Sn-l 


L 
< a f Prti: (5.3.88) 
0 
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Similarly, 


+00 23 
H = af if boa —l|(1 )r" uv$|dQ dedz 
gel 5 


<a f [ a uv(oq(B— I) +os( (I- I)) ))| dQ dedz 
0 0 gr jo" 

Epes i : E 
saf i, i —|ur|(|oa(B — 1)| + |o,(I — 2)|)dQdede 

0 0 gn-1 |co| 

i k : A 2 2 > = 
<C¢ | | | jel (calle taf clol glvl| + culo kvl — 1)|)dQ dedz 

0 0 gn-1 

L 

<C | 21+ v)dr+O.< C. eRe) 

0 


Moreover, it follows that 


+00 
H; = af f f a "yS,|dQ dedz 
gr 


caf f k. MoB I)+0,(1 1)),|dQdede 
grl 


<A [ J a f EEA E BoO: — £)| 
o Jo gn-1 [| 


+ (Cos) pv + (45) 9)(Z— D| +|o.(1 — 1),|) dG dedz 


9 
=: X Hyj. (5.3.90) 
j=1 


Using assumption (A10) and the Young inequality, we have 


L +o z B 
Als; = af i f J Moa) uB] ue | iG dedz 
Sr-l 
Az 
<a f w lur" lu dal fo f a dQ dedz 
gn- 1 


<a f w u(r” "u),|dr < af u dx + Cy. (5.3.91) 


Analogously, using assumptions (Ag)—(A;3) and the Young inequality, we also 


have 
L +œ 
a) uI 
Hy = a f il f | Koul E dedz 
0 0 sa lol 


L 
z a f udr + Ci, (5.3.92) 
0 
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5 ToS 0.B 
H33 = a f il f f Moalo%Bl G dedz 
0 0 Sn-1 |co| 


L 
< a f Odr+ Ch, 
0 


+00 tid 
H34 = a if [= Moa)! OS dedz 
Sr-l 


< af Èdr+ Ci, 
0 


L +00 
aBo0 
H35 = c f f | \eaBoOtl 6 dedz 
0 0 Sn-1 |co| 


L 
<a f Oar a, 
0 


L +00 
= a f il f | looh TE deds 
0 0 s= |e 
L +00 Z 
< a f l i) I7dQdedz+ C, 
0 J0 grt 


< Ch, 


L +00 ; Tas T 
He = 6 f uf f os) = NGS dedz 
0 0 gmt Jœl 


L 
<a f udr + Ci, 
0 


+00 
Hg = = af if JE os)08l -D| E dedz 
gn-l 


<af 0? dx + Ci, 
0 


L +00 7 a¥ 
Hyg = a f il f J lost Dil T deda 
0 0 sr-1 |co| 
L +0 >y 
< a f | f I dO dedz + C, 
0 J0 gn 


X Lr: 


(5.3.93) 


(5.3.94) 


(5.3.95) 


(5.3.96) 


(5.3.97) 


(5.3.98) 


(5.3.99) 
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Inserting all previous estimates (5.3.88) and (5.3.99) into (5.3.87), we obtain 
d 2 2 2 
qgizeOl S Geel + Od) + C (5.3.100) 


which, together with the Shen—Zheng inequality (theorem 1.2.10), yields, as £ >-+-©0, 
IZ) = 0. (5.3.101) 


By the direct computation, it also follows from (5.2.23) and lemma 5.3.10 that 
| Zzel? < Cx (lvl? + 18l? + Zell”). (5.3.102) 


Then using (5.3.101) and lemma 5.3.11, we get as t >+00, 


||Zax(t)|| > 0, (5.3.103) 
which, combining with (5.3.101), leads to (5.3.86). o 
Till now we have completed the proof of theorem 5.2.1. O 


5.4 Global Existence and Asymptotic Behavior in H? 


In this section, we shall show theorem 5.2.2, that is, the global existence and 
asymptotic behavior of solutions in H? to the problem (5.2.20)-(5.2.23) with the 
initial boundary conditions (5.2.14)—(5.2.16) under some relative assumptions. 


5.4.1 Global Existence in H?’ 

We first establish the estimates on wand Orr 

Lemma 5.4.1. Under assumptions of theorem 5.2.2, there holds that for any 
t> 0, 


t 
OIP + oO + uel f (Mal l) O 641) 


t 
MODIPA HNO | (Mala) ars. 642 


Proof. Similarly to the proof of (2.4.3) in lemma 2.3.1, we can obtain estimate 
(5.4.1). 

Differentiating (5.2.22) with respect to ¢ and multiplying the result by 6; over 
[0, L], we have that for any € > 0, 


202 Global Well-Posedness for Some Fluid Models 


d i 
GIVE + OT lel? 
< Ellðal? + Ca (OaM? + NOA + Oi + TOE + E Dal 
+ (MON + NOEN ODNO + [OSD]. (5.4.3) 


Integrating (5.4.3) with respect to t and using lemmas 5.3.1-5.3.8 and the Young 
inequality, we derive for any € > 0, 


Nance + f Matla: 
corte f [duly Pact cif (10+ eal) (eae 
+a f MASO) 


t t 
S46 i} leuto) drt Cy sup NA+ O f I(0(Se)q)4(2)||2de 
0 O<t<t 0 


i t 
<Q tof ||Ox(t) ||? de + Gi sap lalol? + a f CEPOS (5.4) 

9 <t<t 0 

It follows from lemmas 5.3.7—5.3.9 that 

t 

2 
i l|o(Se) p).(t) || ae 
$ $ : 
=f f (r= u) (Sz) p+ 0((Sz) g),) dade 


< aff eoa f f., (oa(B- 1) +0,(I ~1))dQde) dee 


4 af LL [Conon (a0 B= 1 alB t) 
+ ((0s),(r"tu), + (65)901)(1 —I)+ o(I = 1) dide) dade 


t t L +00 
<a f (Moona f f f f, Raided 
0 0 J0 0 Gaal 


aon (5.4.5) 


we 


Inserting (5.4.5) into (5.4.4) and then taking € > 0 small enough, we obtain 


O f l]@xs() de < C. (5.46) 


Global Existence and Asymptotic Behavior for the Multi-Dimensional 203 


Using the Gagliardo—Nirenberg interpolation inequality and the Young 
inequality, we derive from (5.2.22) that 


lell < Cr (ell + Mall + |[(r"-*u) || + [eel] + |] o(Se)al|) < C- (5.4.7) 
Combining (5.4.6) and (5.4.7), we get (5.4.2). o 
The following lemma is concerned with estimate on Urr 


Lemma 5.4.2. Under assumptions of theorem 5.2.2, the following estimates hold 
that for any t > 0, 


t 
lst f lvli) dt < C, (5.4.8) 


t 
f (liel? + lal?) dt < C. (5.4.9) 


Proof. Similarly to the proof of lemma 2.4.2, we easily obtain (5.4.8). 
It follows from (5.2.21) that 


|| tzl < C2(| uzel + || tax || + || Yoel] 4 || 9x|I)- (5.4.10) 


Similarly, we can derive from (5.2.22) that 
|| Qral] < C (l|Ocel| + [Ozel] + |] excl] + |] Pel] + |] (oS) gall) (5.4.11) 
By the definition of (Sz)p and lemma 5.3.9, it follows from that 


t t L 
[sdla f f tT a 


t 
<0 f lvl? + []Oxll2) ax 


+00 E 2 
+6 | i |I,|dQ de 
0 set L>(Q:) 
<c (5.4.12) 
which, together with (5.4.10), (5.4.11), implies (5.4.9). O 


The next lemma is aimed at obtaining estimate on J rrr. 


Lemma 5.4.3. Under assumptions of theorem 5.2.2, the following estimate holds for 
any t > 0, 
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Proof. It follows from (5.2.23) and the definitions of J and ZT that 


L +00 2 
NZ wall” =f (| J a dz 
0 Sn-1 © ~ 
+00 
<a f (| [= (side) dx 
0 gn-1 
l-n 
+ af i f eg: ide) de 
0 0 si @ 
L +00 l-n 2 
4i f ( f “*Snt@ de) dz 
0 0 sm å @ 


=: J + h+ Js. (5.4.14) 


Employing the Gagliardo—Nirenberg interpolation inequality and using lemmas 
5.3.9 and 5.4.2, we conclude 


L +00 1 =% z 
nasa f (nay ( al n(oo(B— 1) +0(E ~ 1) dde) dz 
0 ü 0 gn-1 © 


L 
< a f (ru)? de< Cy, (5.4.15) 
0 
and 
L +00 (rv), 
psa f (S S, UO, (0)b)B- 1) + 96 Bad ~ 1) 
0 0 ga ā W 
= 2 
+ (Cos) Us + (6s)902)(Z— 1) +0:(T — 1),)dQde) de 
L 
<a Í (2 + uo! + 202) dz 
0 


< A + Cilloels (lol? + 10l?) 


< O, + O (lllo + [lvell?) < ©. (5.4.16) 


Similarly, we also derive that 


bc a oi E C lo) et (On)902)(B — 1) + oal Bos — L) 


F ((G5) Ur + (as)ga) (T = I) + o(Z = 1),),dQde)- dx 


L 
< a f (u2, + ot + 20 + 0t + 0, + T2) dx 
0 


< Cz + C: (Mealor + Oe ll Ono + osl +10) [leel? + lI 
<Q, (5.4.17) 
which, along with (5.4.14)-(5.4.16), leads to (5.4.13). o 
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5.4.2 Asymptotic Behavior in H? 
This subsection concerns the asymptotic behavior of the global solution in H°. 


Lemma 5.4.4. Under assumptions in theorem 5.2.2, we have, as t > +00, 


lolt) = aI ya 0, (5.4.18) 
lu®lle—> 0, (5.4.19) 
l0) — 8) 2 0, (5.4.20) 
I|Z (2) || 0. (5.4.21) 


Proof. Differentiating (5.2.20) with respect to x twice and multiplying the result by 
Up in L?(0, L), we have 


d 
Zalvel? < Ci (Moel? + Mill? + tell? + eel) (5.4.22) 


which, together with theorem 5.2.1 and the Gronwall inequality, leads to (5.4.18). 
It follows from (5.2.21) that 


d 2 
allel’ + Cota)? < C (lvl? + lul? + llul? + lea?) (5.4.23) 
Applying theorems 5.2.1 and 1.2.10 to (5.4.23), we get, as t > +00, 


lull > 0 (5.4.24) 


which gives (5.4.19). 
Similarly, we can derive from (5.2.22) that 


d 2 2 
gle + Cy" [ull < © (10? H [jusl + pull? + 8al? + Mual? + [0S ) 
which, along with theorem 1.2.10, lemma 5.4.1 and (5.4.5), gives, as t > +00, 
Ia] — 0. (5.4.25) 


We can derive from lemma 5.3.9 that 


L +00 +00 
E Soal = 2 | (/ sac) (/ s.d ac) dr 
0 0 gel 0 gn-1 


< O5(1+ lul? + lull”) 


which, together with (5.3.21), (5.3.27) and theorem 1.2.10, implies, as t —> +0, 
I|(Sz) || 0. (5.4.26) 
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By (5.2.22), we see that 
[|x|] < C (10 + lell + |] Wel] + vll + || (Se) all), (5.4.27) 
which, along with (5.3.75), (5.3.76), (5.3.85), (5.4.25) and (5.4.26), gives, as 


t > +00, 
||9x2(t)|| + 0. (5.4.28) 
Thus, as t —> +00, 
lo) — 8]] 2 0. 


Similarly to the proof of lemma 5.3.12 (see also lemma 5.3 in Qin et al. [106]), we 
can obtain from (5.2.23) and lemma 5.4.3 that 


[Zal < Ct (Meall? + veel? + [oe I? + Zee?) (5.4.29) 


Thus, using (5.4.18)—(5.4.20) and lemmas 5.3.11, 5.3.12, we obtain (5.4.21). O 
Till now we have completed the proof of theorem 5.2.2. O 


5.5 Global Existence and Asymptotic Behavior in H’ 


In this section, we shall prove theorem 5.2.3, that is, the global existence and 
asymptotic behavior of solutions in H* to the problem (5.2.20)—(5.2.23) with the 
initial boundary conditions (5.2.14)—(5.2.16) under some relative assumptions. 


5.5.1 Global Existence in Ht 


We begin with estimates on uz, and Ou 


Lemma 5.5.1. Under assumptions of theorem 5.2.3, there holds that for any t > 0 
and e > 0 small enough, 


|| eue(a:, O)|] + [Ore(2, O)| + |] uta (2, 0) || + [Orax(a7, 0)|] < Ca, (5.5.2) 


t t 
aD f Mtd C+ Co f (Oe? + el?) (eae, (5.5.3) 


t t 
NaC? + f Metas Ce? + Cet f Metod 


+ Ce l ! (Ile? + | tell”) (2) dr. (5.5.4) 
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Proof. Differentiating (5.2.21) and (5.2.22) with respect to x, respectively, using 
theorem 5.2.1 and lemmas 5.4.1 and 5.4.2, we can get 


laO (Oll + lOl + lella), (5.5.5) 


laO CCl + lOl + lella + OO). (5-5-6) 


Combining (5.5.5) and (5.5.6), we easily obtain (5.5.1). 
Similarly, differentiating (5.2.21) and (5.2.22) with respect to x twice, respec- 
tively, using theorem 5.2.1 and lemmas 5.4.1, 5.4.2, we can derive 


ltl C (Mtellg + Ure (ED Maze + NOO g + [eC Ihr lte 


+ |l2(t) lz tez) + |] eet) [Ip lll) 
< (lOl + lee Ollie + lOl). (5.5.7) 


laO Ol + ee) lle + [leer + NONA) (5-5-8) 
or 


| tear (t) || < Co (lOl + lola + NOl + lud), (5.5.9) 


lOe Dll Co (NOC) laze + heller + MeO + [Ore 4) I] ONZO). 
(5.5.10) 


Differentiating (5.2.21) with respect to t, we have 


[| weet) |] C(O IL aps + vO + Oe) + [Oc (t) |] + [| eect) I] + [| een (IL) 
(5.5.11) 


< Co(I[ue()llas + eel + [Ox lle + OZO). (5.5.12) 


Analogously, we can also derive that 


lul (llus Hll + Mee) + WACOM ze + Wet) lle + Ieee) I] ONO) 
(5.5.13) 


w+ OOl + 82) [NZo() + NOO). 
(5.5.14) 


< (llus (tlla + [v(t 


Thus the estimate (5.5.2) follows from (5.5.7), (5.5.8), (5.5.12) and (5.5.14). 

Differentiating (5.2.21) with respect to ¢ twice, multiplying the resultant by uyin 
L7(0, L), performing an integration by parts, and using theorem 5.2.2 and the 
embedding theorem and the Young inequality, we can derive 
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ld 2. $ n—1 (r"tu), < n=l (rtu), 
Z£ Jual =- f (u), (69 — P) de fe Jiu) ( — P) de 


— T (yut (e). (ss = P) dx 


0 
L p2n—2 7 
<- f aE ak, dot (lul + uull + [lu + er 
0 


+ Meall + Oa + |] e 
< = OP" ftm? + Co( feels + NOA? + ell? + MOa? +l?) (5-515) 


Thus, by theorem 5.2.2, 


t t 
haD f peld Cr+ Cr f (1u? + Gel?) (=) 
0 0 


which, along with (5.5.11) and (5.5.13) and lemma 5.3.9, gives estimate (5.5.3). 

In the same manner, differentiating (5.2.22) with respect to t twice, multiplying 
the resultant by 0, and performing an integration by parts over L7(0, L), and using 
the embedding theorem and the Young inequality, we have 


ld L : L 2n—2 6, L 
——- e907, dz = — | ( ss ) Otten dz = (con® + evtl prt u) =) Ou dz 
2 dt 0 0 tt 0 


v 
3 L L i (= U) = 
<5} etde- f (a+ P -8—7 (r Tu) Oude 
i S (rtu), n—1 
+f (2 - P) or u), Ondx 
L n—1 
i (r u), n=1 
2 f (cu (P ô 7 ), (r u) 1 Oe dt 
L L 
“Galant f (22), Oude — f Maik 
0 0 
8 
SG, (5.5.16) 
i=l 


Similarly to the proof of lemma 2.4.1, by virtue of theorems 5.2.1, 5.2.2 
and lemmas 5.4.1-5.4.3, and using the embedding theorem, we derive that for any 
e € (0, 1), 


A < = (20) "Onell? + C2 Orell? + || Wael? + [| ell G2 + ull”). (5.5.17) 
Ao < || Oite||” + Coe (Ite + ON? + Oall? + lux? + lull”). (5.5.18) 
As < C,(lell + IlOll) (mel + WA ell) Grell Sell Oreell” + Coe" [1Oul|?, (5-5-19) 


Global Existence and Asymptotic Behavior for the Multi-Dimensional 


Ag < el well? + Coe" ||Oull”, 


As <el| ull? + Coe (Ibal H lull + MO? + Mall? + tell”), 


1 i 
Ag < Coltel? eae l? Otal + [Gell Meel Oll 


Ar Sell tell? + Ce (Mully + Null? + ull? + lal?) 


It follows from (5.5.22) by the Hölder inequality that 


| ais su MN, f eel a) ( f leue(2)| as) 
x Mi (luel + Ge? + lP) (2) :) 
<e( sup [Ouo + f Nuut) dr) + Ge 


Now we can estimate As as 
L L 
Ag < a f (rlu)? dr + aled f ((Se)p)) dex 
0 0 
L L 2 
+a f dta f (Saate 
0 0 
< O (Naal? + Hl? (Se) adel?) + Gf (Seda) 


By the induction of (5.4.5), we can easily obtain 


ICSD? < C (leel? + 10a? + Zul). 
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(5.5.20) 


(5.5.21) 


(5.5.22) 


(5.5.23) 


(5.5.24) 


(5.5.25) 


(5.5.26) 


Using the Hölder inequality and the interpolation theorem, we can derive from 


theorems 5.2.1 and 5.2.2 that 


2 


f ka= f (fo f lonlB— 1+ ot Naia) a 


<a f Lui (rlu) + 0t + 02, + (r" 1 u)?,) de 


+00 
raf f f dQ dedz 
gr- t 


2 
< O (ull + NOn + Oul? + leal?) 


+00 = 
raf f f I dQ dedz. 
gr- 1 


(5.5.27) 
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Differentiating (5.3.57) with respect to t twice and after the lengthy calculation, 
we can derive 


t +00 +00 = 
| 7 1 IdQ dedt< ore f u(t) |? dr + of [ f f I dQ dedtdy. 
0 0 n—1 gr-l 


(5.5.28) 
Applying the Gronwall inequality to (5.5.28), we can obtain 
+00 t 
[ [ f | dQ dedxdt < (G + a | |]9u(z)|? ar) et 
grt 0 
t 
< + o | l|Ou(t) ||? de. (5.5.29) 
0 
Inserting (5.5.26), (5.5.27) and (5.5.29) into (5.5.25), we have 
As < Oi (Iili? + NOl? + uall? + ell? + Zul?) (5.5.30) 


Thus we derive from (5.5.16)—(5.5.24) and (5.5.30) that for any e € (0, 1) small 
enough, 


$ f 
DPA f Olds C e f [ou(e)[Par 
0 0 
: t 
+ Cie( sup Mout f (1u? + uel?) ae). 
O0<t<t 0 


(5.5.31) 


Therefore taking supremum in ton the left-hand side of (5.5.31), picking e € (0, 1) 
small enough, and using (5.5.13), we can derive estimate (5.5.4). The proof is thus 
complete. o 


The next lemma concerns estimates on un and Ore 


Lemma 5.5.2. Under assumptions of theorem 5.2.3, the following estimates hold that 
for any t > 0 and e > 0 small enough, 


t t 
DPA f ds a f (iual +e) Ode (5.5.32 


t t 
DPA fans)? de < Cot Ce f iae (5.5.33) 


Proof. Similarly to lemma 2.5.2, we can obtain estimate (5.5.32). We derive from 
(5.2.22) that 


sete = 5.34 
af e00 p dr = a D;( (5.5.34) 
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where 
L 729-20, L rely) 
D,(t) = Z) Oteda, Da(t) = »t PH mu 2) (pnt Onda, 
o=- (5 ). EY Aie apru) ) Oude 
L L 
D3(t) = 2u(n i 1) I (r~ u’), Grex Ax, Dy(t =- f ( (coub, +s 56010 + eoru) Oro de, 
0 0 


By virtue of theorems 5.2.1, 5.2.2, lemma 5.5.1 and (5.5.32), and using the 
embedding theorem and the Young inequality, we derive that for any e € (0, 1), 


Dy(t) < = (2G) Grcall? + Ce(leellin + Gelli + Ulli), (6.5.38) 
Da(t) Sell uel? + Coe? (Iuel? + NOn + Muel? + vele), (5-5-36) 
Ds(t) < Otel? + Coe? (Iual + ul? + uel?), (5:5-37) 


Da(t) < È Oil]? + Cze? (lull + [lela + Oall + Itall? + lvl), (5.5.38) 


Ds(t) < È lOl? + aS 


(5.5.39) 


Inserting (5.5.35)—(5.5.38) into (5.5.34) and using (5.5.26), we obtain estimate 
(5.5.33). o 


Now we turn to establish some estimates on u, v, 0 in H4. 


Lemma 5.5.3. Under assumptions of theorem 5.2.3, we have, for any t > 0, 
tuell? + ael? + Oel? + MOa? 


t 
+f (level? + leas? + Orel” + eel”) (2) dr < Ci, (5.5.40) 
0 


[| acl + [tzer lln T (ae + || eee” t [Orell 


t 
+ f (llual? + echa + Oal? + Goalie) (=) de < Ci (5.5.41) 
0 


t 
[ (esl + loli + relia) Ode < Co (5.5.42) 
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Proof. Adding up (5.5.32) and (5.5.33) and choosing € small enough, we conclude 


t t 
uaF + aac) +f (Mill? + ||@zzell”)(t) dt < Ca + oe? f l|uoue(t)|| de. (5.5.43) 
0 0 


Now multiplying (5.5.3) and (5.5.4) by € and <°, respectively, then adding up the 
resultants to (5.5.43) and picking € small sufficiently, we obtain (5.5.40). 

Applying lemma 5.3.9, theorems 5.2.1, 5.2.2 and lemmas 5.5.1, 5.5.2 and using 
the Hélder inequality, we can derive from equation (5.2.23) that 


t L +00 t L +00 2—2n 1.2 
| f f | I dQ dedadt = | f 1 f "3? dQ dedadt < O, 
o Jo JO grt o Jo Jo gs- @ 


(5.5.44) 

t L +00 = 
II] f T2 dQ dedxdt 
o Jo Jo Srl 

t L t L +00 a 
caf f teanta f f f I I? dQ dedzdt 

0 Jo f o Jo Jo gai ` 

t L +00 pE 

+0 J 1 | S? dQ dedadt 
o Jo Jo gr- 


<, (5.5.45) 


t L +00 a 
I f f f I? „dO dedxdt 
0 Jo Jo gr 
t pL 
< a f f (v2, +0, + 02 + 6) dxdt 
0 Jo 
t L +00 = 
+ a f | | | P aQ dedxdt 
0 Jo Jo Srl 
t L +00 = 
+0 | f | | I? dQ dedadt 
0 Jo Jo Sn-t 


<Q. (5.5.46) 


Differentiating (5.2.21) with respect to z and noting that Urm = (r! u), We get 
e— (=) — Pov = r" Ug + Elx, t) + (1 — nr vuy (5.5.47) 
v 


where 


2 
E(x, t) = Pyyv? + 2P 90x02 + 2Po00? + PoOxe — 2€ E (rta), 42 % (rly). 
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Differentiating (5.5.47) with respect to z, we can get 


o a 


ST ) — Ppr = E(x, t) (5.5.48) 


v 


where 


E(x, t) = E,(2, t) + PorUr + e( mt) } r” ur +3(1 — n)r =” vug 
+(1—n)(1 — 2n) uH (1 n) vpu. 

Obviously, from theorem 5.2.2 and lemmas 5.5.1, 5.5.2, it follows that 
[EONS Co (vella + Ilusll g + [Gel x2 + Il tea) (5.5.49) 


and 
t 
| || Bi(2)|[?de < Cy. (5.5.50) 
0 


Multiplying (5.5.48) by “== over L7(0, L), we can obtain 


d LLL 2 = LIL 2 
oP) +o) < ano (5.5.51) 
dt\l v 
which, combined with (5.5.50), gives 
t 
Ian) f hoede C (5.5.52) 
0 


Thus, noting (5.5.44)-(5.5.46), using the embedding theorem, theorem 5.2.2 and 
lemmas 5.5.1, 5.5.2, we can derive for any t > 0, 


t 
2 2 2 2 2 2 
|| tae | Te lO zzz || + || edaze|| Zoe alr || 9x z= + f (esis + || Ox || 71 
+ lulle + leaps ) 0d < Ch, (5.5.53) 


Differentiating (5.2.21), (5.2.22) with respect to t and using (5.5.44)—-(5.5.46), 
theorem 5.2.2 and lemmas 5.5.1, 5.5.2, we can conclude 


| Wiel] < Creel] + Co (uall + [eel] + Oall + [el] + [cell + lull) < Ca, (5.5.54) 


lirs < CAClO] + Zell) + Co (lullen + Weel + Gell 2 + Gell zs + Lael) < Cr. 
(5.5.55) 


Combining with theorems 5.2.1, 5.2.2, (5.5.54), (5.5.55) and lemmas 5.5.1, 5.5.2, 


we arrive at 


t 
|| eee (t) |? T OAO F i (lul? ale [9 zal” T [| eee ||” T lOl?) (1) dt < C4. 


(5.5.56) 
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Therefore, 
2 2 ' 2 2 
Ieee Di + Wane Olin f (Iselin + MOa) (de< Ch, VE > 0. (5.5.57) 


Now differentiating (5.5.48) with respect to x, we find 


o = 


ar : ) — Py yee = Eo (a, t) (5.5.58) 


where 


E(x, t) = Fiz (2, t) t PUis t a=”) . 
t 


v2 


Using the embedding theorem, lemmas 5.5.1, 5.5.2 and (5.5.52)—(5.5.57), we 


derive 
|E Hll < Ca(l|erll zs + llel + lvl), 


Fix) < C a + [tassel] + [|u| + |] (Poe tes) zl| + I] veeteell 


v2 J at 


< Cj] teeavell + Cs (llulla + ell zs + lvez) 


siela + 


whence 
|| Zo(4)|| < Ci |ltzrzel| + Cs (|| ell zs + [Oc] g + lve 2) (5.5.59) 


It follows from (5.5.11)—(5.5.14) that 


t 
f (ual? + ul?) Ods C (5.5.60) 
0 


On the other hand, differentiating (5.2.21) with respect to x and t, and using 
theorem 5.2.2 and lemma 5.5.1, we can derive 


lms (H< Cillusell + Ca (uella + [cll a + [vell ae + lOl). (5.5.61) 
which, together with (5.5.40) and (5.5.60), gives 


t 
f || exe (t)||?dt < Cy. (5.5.62) 
0 


Thus it follows from (5.5.53), (5.5.56), (5.5.59), (5.5.62), theorem 5.2.2 and 
lemmas 5.5.1, 5.5.2 that 


- || Bo(2)|[?de < Cy. (5.5.63) 
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Multiplying (5.5.58) by “= in L7(0, L), we can get 


d Urrrr 2 = Urrrr 2 
ala | 7 i < Cll EHI? (5.5.64) 
whence by (5.5.63), 
t 
|| Yczaee(t) |? T f || Uzrzs(T)|| dt < C4. (5.5.65) 
0 


Differentiating (5.2.22) with respect to x and t, and using theorem 5.2.2 and 
lemmas 5.5.1, 5.5.2, we can derive 


sel] < Gil] Otte] + Co (llall xo + Ilolla + [Oe zs + Nall + [|(o(Se))all)- (5-5-66) 


We know that 


SND (5.5.67) 


L +00 En 
Bı < a f CEDA g] Sad de) dx < Ci|| tell 371, (5.5.68) 
0 0 grt 


L +00 5 
By < a f a(S 52d ae) dz 
0 0 gn-l 


L 
< a f (r u) + (rtu) + (r™tu)2)dr 
0 


T 


< C1(lerllin + laln + lwl), (5.5.69) 


L +0 24. 
B<a f (f f ((Sr) p);dQde) dz 
0 0 grt 
L 


<a f (o2 + (tuzo + 0202) dx 
0 


< C1 (Iueln + [Ole + lvl), (5.5.70) 
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L +00 
Bi< a f (J Í ((Se)n) d de) dr 
0 0 gr 


2 2 2 2 
< Ci (Iusllĝn + Wall ie + UOel Ze + lelie) 


L +00 43 
+0 f f n P dQ dedz. (5.5.71) 
0 JO grt 


Meanwhile, it follows from (5.2.23) and lemma 5.3.9 that 


t L +00 = 
[ff f I? dQ dedadt 
Gr-l 
+00 
i, dee 

+00 — 
a B f I? dQ dedadt 
0 JO o Jo Jo grt 


ZC, (5.5.72) 


) a Q dedxdt 


Thus we derive from (5.5.66)—(5.5.72) that 
t 
f || Otaax(t) ||? dr< Cy, Yt > 0. (5.5.73) 
0 


Differentiating (5.2.21) with respect to x three times, using lemmas 5.5.1, 5.5.2 
and theorem 5.2.2 and applying the Poincaré inequality, we have 
|| Gear || < Ci || eae] + Co (||uzll zs + || velly + lell). (5.5.74) 


Thus, 
t 
0 


Using the same technique, we can derive from (5.2.22) that 
[Prue] < Cr (| Praxel| + |Z ex ll) + Co (uall + [ell zs + lOe) (5.5.76) 
which, together with (5.4.9), (5.5.9), (5.5.10), (5.5.40), (5.5.46), (5.5.52) and 
(5.5.62), leads to 
t 
| [| @raon(t) ||? dt < Cy, Yt > 0. (5.5.77) 
0 


Hence, we complete the proofs of (5.5.41) and (5.5.42). Oo 
The next lemma concerns estimate on ||Z(¢)||qs- 


Lemma 5.5.4. Under assumptions in theorem 5.2.3, the following estimate holds 
for any t > 0, 


|Z (t)| 


PEA (5.5.78) 
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Proof. By eqution (5.2.23), we have 


Dies A ri Ny Od 2 
lZ = -f (J E Hr oS) md Bde). de 
+0o 2 
= 
sa f (> [ E0 tutina unsa) 
gn-1 (0) 
4 2 
4 (J “| La’ + Ur + Urr) Se see 
0 gn-1 (60) 
+ 0O 2 +00 2 
4 ( I f H 24 11) Sd) + ( | i “Su dGde) Jar 
0 gn (60) 0 gn-l (60) 


=: 3 F. (5.5.79) 


Applying the Holder inequality and the interpolation inequality, we can estimate 
each term in (5.5.79) as follows, 


L +00 
Fi< a f (8+ w2+u5+ v7, 2) f f + sda dedz 
0 0 s 


n—1 W02 


L 
a a f (v Tv v Ay v Eg w+ Urry) A < Ci || Pel” < C1, (5.5.80) 
0 


L 
F> < a f (É+? ar f ERIT dedz 
0 gr-1 @ 
L 
< a f (v? v (++ ( 1 i (Ca +0) L,dQ de?) dz 
0 0 Jg 


< Ci [lll + UOcllzn) < Cr, (5.5.81) 


L +00 
F3 < a f (i+w aa los Iez dQ dedz 
0 gn 1 


L 7 +00 = 

< a f (0t + 02) (0%, + Or H + OF + o0 ¢ f (0a + 0s) fardQde)”) de 
0 0 sr-1 

< C (llvellin + llên) < C (5.5.82) 


+00 
F< < af f | 82,48 dedz 
gn-1 @ 


+00 
< ©: (lluar + [ele jaf (SU feo 60) fuxdB de)’ ds 
sr- 1 
2 
< Ci (lvellèe + rll) < Co. (5.5.83) 
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Inserting (5.5.80)—(5.5.83) into (5.5.79), we have 
|Zarlt) ||? < Ch, Yt > 0. (5.5.84) 


Analogously, we also derive from equation (5.2.23) that 


+00 
|Z LLLIL HO? — -f (f fs ro ry S) eadQ Qe) dx 
gn-1 w 
+00 2 
= C [ {( I J= (v F Urt ve F Ure F Ur Ver + Urre t Urras) S dQ de) 
0 0 gn-1 @ 
+00 1 as 2 
: f (vt H Ur 4 uv F Urr + Urer ) Sr dQ. de) 
gn-1 @ = 


+00 
+( Íz L (0 + 0, + Une) Sud O ie 
grt 


0 
+0 +00 
+ Cf foc -(v ” + va) Se dde) +(f | ~SreaedG de) ‘haw 
0 gn gn-1 @ 
= 5s, (5.5.85) 
i=1 


Naturally, we can also get the following estimates 


L +00 
asa f (v4 ut ult ur, + Uy Hoo, + Unie) f Íz + dB deda 
0 gn-1 @ 


< Cilt? < C3, (5.5.86) 


L +00 1 + 
G2 < C (84+ u H oi H u2, H v4) f f a dQ dedz 
0 gr-1 


+00 2 
(W H o H ok H w H Ua) (++ f (oa +0,) gd Q de) ) de 
0 gr 


< C1 (lvls + [19el”) < C3, (5.5.87) 


L +00 
G< C 1 (wÊ + o) f Ia ~ 82d dede 
0 Zz 


L , . . . : +00 = 2 
sa f TE U2) (wht Ot i EET ( | 1 (60-444) ndShde) ) de 
0 0 gn-1 


< O (lvl? + êl?) < Cs (5.5.88) 


Global Existence and Asymptotic Behavior for the Multi-Dimensional 219 


+00 
Gy < af (vt + ve H J L82 dO dede 
0 gn- 1 


+00 
< Ci (lve + Ibal) raf (f i) (oa +6, VInged Bde) di 
gr-1 


< C (Ivelin + lale) < Ca, (5.5.89) 


+00 
G; < af f Jz o s2 dQ dedz 
gn-1 @ 


+00 
< O (loal +l?) +0. f (S f (oat o.) tune dBbde) a 


< Ci (Noralie + Nl?) < Ci- (5.5.90) 
Inserting (5.5.86)—(5.5.90) into (5.5.85), we get 

tanto < C, Yt > 0, (5.5.91) 

which, along with (5.5.84), leads to (5.5.78). m 


By lemmas 5.5.1-5.5.4, we have proved the global existence of solutions in H* to 
the problem (5.2.20)—(5.2.23) in Ht with arbitrary initial datum (uo, v, 0o, Zo) € HÍ 
and the uniqueness of solutions follows from that of solutions in H! or in H?. 


5.5.2 Asymptotic Behavior in Ht 
In this subsection, we shall show the asymptotic behavior of solutions. 
Lemma 5.5.5. Under assumptions in theorem 5.2.3, we have, as t > +00, 
v(t) = Bll we 0, lult) 0, |] (2) -Bll 0. (5.5.92) 


Proof. Differentiating (5.2.20) with respect to x three times and then multiplying 
the resultant by Va: over L?(0, L), we have 


d 
dt |||” < C(I + || doz|| F [oe lhe FF | xe”) (5.5.93) 


which, along with (5.5.56) and theorems 5.2.1, 5.2.2 and 1.2.10, leads to, as 
t > +00, 


|| Ure (t)|| > 0. (5.5.94) 
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Similarly, differentiating (5.2.20) with respect to x four times, we can obtain 


d 
which, along with (5.5.75) and theorems 5.2.1, 5.2.2 and 1.2.10, yields, as t —> +00, 


which, combined with the Poincaré inequality, gives, as t — +09, 
|| v(t) — vll yi 0. (5.5.97) 


From lemma 5.5.2, we can easily get 


E NOO + [Bane < e(r ONË + lve) + Co(Ileese(OIP + load 


+ [[Orso(2)||? + ODP DHIDI), (6.5.98) 


which, combined with theorem 1.2.10, leads to, as t —> +00, 

|Oxx(t)|| — 0. (5.5.99) 
Noting that, as t > +00, 
|Z(#)|| pn 0 (5.5.100) 
and using (5.4.11), we have, as t > +00, 


|| @xzx(t) || — 0. (5.5.101) 


From lemma 5.5.1, we can easily obtain, for any € > 0, 


E NOON? + NaCI? <(lOaeC I? + et IP) + (lva (DI + ew OP 
+ MUD + OaD + TON), (5.5.102) 
which, by theorem 1.2.10, leads to, as t —> +00, 
laud] —> 0. (5.5.103) 
On the other hand, we have 
MOD CMNO + vN ON MOON + ONH NOl ZIN, 
which, combined with theorem 1.2.10 and (5.5.98)—(5.5.103), yields as t > +00, 
|| ®xz(t)|] — 0. (5.5.104) 


Thus it follows from (5.5.104) and (5.5.10) that, as t > +00, 
|| Qxzxx(t)|| > 0, (5.5.105) 
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which, obviously, along with theorem 1.2.10 and the Poincaré inequality, leads to 
our desired estimate || (2) — Olla 0, as t > +00, 

Analogously, applying lemmas 5.5.1, 5.5.2 and 1.2.10, we can derive from (5.2.21) 
that ||u(t)|| 7: 0. Here we omit it. Oo 


Lemma 5.5.6. Under assumptions in theorem 5.2.3, we have, as t > +00, 


IZ()llas— 0. (5.5.106) 


Proof. We can derive from the derivations of (5.5.80)—(5.5.83) that 


Fi < Chl] vex”, (5.5.107) 

F, < O1( loell3n + I0ell2n) (5.5.108) 

Fs<O1( loellin + [Gelli + Zee). (5.5.109) 

F, < Ci (lelle + Orla + [Zall? + Ez?) (5.5.110) 


Applying (5.5.79), (5.5.107)-(5.5.110) and theorems 5.2.1, 5.2.2, we have, as 


t > +00, 


Similarly, combining (5.5.85)—(5.5.90), (5.5.111) and using theorems 5.2.1, 5.2.2, 
we also have, as t > +00, 


|Z anzne(t) ||’ 0. (56.112) 
Therefore, we complete the proof. O 
Till now we have completed the proof of theorem 5.2.3. o 


5.6 Bibliographic Comments 


Note that there are some known results on the system (5.1.2)—(5.1.4). First, Lowrie, 
et al. [85], Buet and Després [8] have investigated the asymptotic regimes in the 
inviscid case and Dubroca and Feugeas [24], Lin [83] and Lin et al. [84] considered 
the numerical aspects. As regards the existence of solutions in the multi-dimensional 
case, a proof of local-in-time existence and blow-up of solutions has been proposed 
by Zhong and Jiang [145] and a simplified version of the system has been investi- 
gated by Golse and Perthame [46]. Li and Zhu [82] have investigated the blow-up of 
smooth solutions under some sufficient conditions for the Cauchy problem. 
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For the one-dimensional initial-boundary value problem, Ducomet and Neéasova 
[31] have considered global existence and uniqueness of weak solutions in H' x 
H x H x H and Qin et al. [106] also proved the global existence and large-time 
behavior of solutions in H' x Hj x H' x H'*! (i= 1, 2) for the infrarelativistic 
model. Ducomet and Nečasová [32] obtained the asymptotic behavior of global 
strong solutions. In the pure scattering case, Ducomet and Nečasová [33] investi- 
gated the asymptotic behavior of a motion of a viscous heat-conducting 
one-dimensional gas with radiation and Qin et al. [107] also proved the large-time 
behavior of solutions in H’ x Hj x H' x H™! (i= 2, 3). 

Therefore, we study global solvability for this model with special symmetric 
properties in this chapter and the next chapter. For spherically symmetric Navier— 
Stokes equations, we would like to refer to [48, 51, 64, 67, 139] and the references 
therein. 


Chapter 6 


Global Existence and Asymptotic 
Behavior of Cylindrically Symmetric 
Solutions for the 3D Infrarelativistic 
Model with Radiation 


6.1 Introduction 


In this chapter, we shall consider the motion of the compressible 3D viscous gas with 
radiation. The model is the same as that of chapter 5. However, here we only 
consider the 3D space case. The role of the radiation is primarily one of transporting 
energy by radiative process and thus the radiation field affects the dynamics of the 
field. As we know, the aim of radiation hydrodynamics is to incorporate the effects of 
radiation in the conventional hydrodynamics framework. The motion of the fluid is 
described by standard fluid mechanics giving the evolution of the mass density 
p = p(z, t), the velocity field U = U(z, t) and the absolute temperature 0 = 6(z, t), 
for all £ > 0 and all z = (2, %, 23) € R®. The dynamics of radiation is described by a 
transport equation for the specific radiative intensity I = I(x, t, €, Q) which depends 
on the frequency € 2 0 and the direction vector Qe S?, where Q represents the 


direction of travel of the photon (it requires two angular variables to specify Q) and 
S? denotes the unit sphere in RÌ. Moreover this equation in radiative transfer is 
driven by the so called radiative transfer integro-differential equation introduced 
and discussed by Chandrasekhar [10]. Under the consideration of the three basic 
interactions between photons and matter, namely, absorption, scattering and 
emission, suppose that the matter is in local thermodynamical equilibrium 
and radiation is present with coupling terms between matter and radiation, the 
coupled system reads (see, e.g., [88, 96, 97]) 
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p + div(pU) = 0, (6.1.1) 

d,(pU) + div(pU @ U) = -div — 5p, (6.1.2) 

O(pe+ div(peU) = -div Q — D: T — Sr, (6.1.3) 
— 

-A +Q- VIe, Q) = Sle, Q), (6.1.4) 


where e = e(2, t), Q = Q(z, t) are the internal energy and the heat flux, respectively, 
and c denotes the velocity of light, T = —P(p, T+T represents the material 
stress tensor for a Newtonian fluid with the viscous contribution 7 = 
2u D + AdivU T with u > 0 and 34 + 2u 2 0, and the strain tensor D such that 


= 
Dy =ż (x + z), P(p, 0) is the pressure and the coupling terms are 


Sile, Q) = Si(z, t,e, Q) = cale, Q)(Ble, 0) — I(e, B)) 
+00 
+ de iA oe > s0. Q) £ 


-ole> e, O OOE OE NdR, 


the radiative energy source 


+00 
Spelz, t) = | de Sle, 2) dQ, 
0 


+00 
-1f de f QS,(c, @)dQ 
Cc 0 S2 


and Planck’s function B(e, 0) describes the frequency-temperature black body 
distribution. The thermo-radiative flux Q satisfies the Fourier’s law 


Q = Q(p, 0) = —K(p, 0)V0, (6.1.5) 


where x(p, 0) is the heat conductivity coefficient. 


the radiative flux 


Now we assume GC R? is a bounded domain and consider the following 
boundary conditions 


Ulog=9, Qlag=9, Tlag = 9, (6.1.6) 
together with the initial conditions 


(p,U, 0, 1)(2,0) = (po, Uo, 0o, b)(x), 2eEG. (6.1.7) 


In what follows, letters C; (i = 1, 2, 4) will denote the universal positive con- 
stants depending on the norms of initial datum (w, vo, 0o, Zo) in H’ (see below the 
definition of H’) (i = 1, 2, 4) but being independent of t, respectively. 
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In this chapter, we study the cylindrically symmetric solutions of the problem 
(6.1.1)-(6.1.7). The strategy we use to prove our desired results consists in an 
adaptation to the radiative case of the ideas of Qin [99, 103], Ducomet and Neéasova 
[31-33] and Qin et al. [106, 107] and Umehara and Tani [134, 135]. Motivated by Cui 
and Yao [18], we remove the smallness of initial data and establish uniform 
point-wise positive upper and lower bounds of the specific volume by means of the 
methods of [66, 79]. These results in this chapter are selected from [118]. 


6.2 Reformation and Main Results 


Now we assume that the fluid motion is small enough with respect to the velocity of 
light cso that we can drop all the 1 factors in the previous formulation and then get 
an infrarelativistic model of a compressible Navier-Stokes system coupled to the 
radiative transfer equation. 


6.2.1 Reformation of Model 


Now we restrict ourselves to the flows between two circular coaxial cylinders and the 
corresponding solutions depend only on the radial variable r = y z? + a3, G = {r: 
0<a<r<b<+0o} and the time variable t. Then, the three-dimensional 
infrareletivistic model with radiation reduces to the following system of the form 


pi+ (pu), + Pz =0, (6.2.1) 
2 
p(w + uu, — “) +P,- (2u+4)(w+ “) = 0, (6.2.2) 
r FAL 
uv v 
p(w + uu, 4 “) Lu, =) = 0, (6.2.3) 
Wr\ 
p(w, + uwr) — 1( wr + =) = 0, (6.2.4) 
KO, u 
per — (K0,), P H P(w+ “) —Q=-—(Sz)p, (6.2.5) 
o(r1), = r5, (6.2.6) 


where 


Q=2(u | t | u((» y + w? + Qu? 4 (5) 


and is supplemented with the initial and boundary conditions 


(u, v, W)| op 50, Orlan 50, Trap =9, t20, (6.2.7) 


(p, u, v, w, 0, T)(r,0) = (po, w, v0, Wo, Oo, )(r), r € (a,b). (6.2.8) 
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The velocity vector V =(u,v,w) is given by the radial, angular and axial 
velocities, respectively, w denotes the cosine of the angular between the position 
vector x and the transport vector Q. 

We are interested in the global existence and asymptotic behavior of solutions to 
the initial boundary value problem for (6.2.1)—(6.2.8). Similarly to chapter 2, we use 
= 3 to represent the specific volume and transform equations (6.2.1)—(6.2.6) in the 
Eulerian coordinates into the Lagrangian coordinates as follows, 


Tt =(ru),, O<a<L, t>0, (6.2.9) 
2 
TIE r(o P) 2 (6.2.10) 
T ot 
(rv), uv 
v = ur| —= ] -—, (6.2.11) 
tJ. T 
(rw), TW 
Wi = ur a) ae (6.2.12) 
T J, T 
2 
(c+ 1 iv i 7 (e 0, i (ss P) neta (2 (rv), J man) ) 
2 A T T Tt i 
onfa? ty 4 ze) (Sz) ps (6.2.13) 
œw(rI), = TS, (6.2.14) 


with ô = À + 2u and the initial boundary conditions (6.2.7) and (6.2.8) become 
F(t, dlor = 9 belz ilor =0, 120, (6.2.15) 


1(0,t) =0 for w € (0,1), I(L,t) =0 for œ € (—1,0), t>0, (6.2.16) 


t(z,0) = tolz), W(2,0) = Volz), 0(x,0) = A(x), I(z,0)= h(x), cE Q. 


(6.2.17) 
It is well known that r(x, t) is determined by 
t x 4 
r(z, t) = n(a)+ f u(x, s)ds, ro(x):= (2+2 f ca(u)ay) ; 
0 0 
that is, 
=U, Tre=T, Thp=@, Top = b. (6.2.18) 


Thus, we can derive by the same arguments as those in [65, 99, 109] that for all 
(x, t) € [0, £] x [0, +09), 


0<a= r(0, t) < r(x, t) < r(L, t) = b. (6.2.19) 
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In this symmetric model, the radiative energy source 
+00 
(Sz) p = (Sz) glz, t) = f de | S(x, tye, Q)da 
0 82 

and source term S is defined as 

S = S(x, te, Q) = S,-(2, t€, Q) + S,(2, tye, Q), 

= = 

where the absorption-emission term is Sq,¢(2, t;e, Q) = Calz, t;e, Q)(B(a, t;e) — 
I(x, t;e, Q)) and the scattering term is 5,(z, t;e, Q) = 0,(x, t; e) (T(x, t;e) — 
I(x, t;e, Q)) where B(0; ©) = B(x, t; ©) is a function of temperature and frequency 
describing the equilibrium state and 


~ 1 
I (a, t;€) -if I(x, t;e, Q)dQ. 


Pressure and energy of the matter are related by the thermodynamical relation 
elt, 0) = —P(t, 0) + 0 P(t, 0). 


We assume that e, P, Ca Os « and B are C™! (i= 1, 2, 4) functions on 
0 <rt < +00 and 0 < 0 < +% and satisfy the following growth conditions: 

) e(t,0)>0, Gt(1+ 0%) < elt, 0) < &(1+ 0°), 

) He's +64) < P(t, 0) < Ser? HO"), 

) |Po(t, O)| < est (1+ 0%), 

ee 14+0'*+%) <tP(t,0)<a(1+0'+%), P,(t, 09) <0, 
As) 0< P(t, 0)<e5(1+6'*%), 

) 

) 

) 

) 


Ge 1+ 0%) <xK(t, 0) < (14 6%), 
|Ke(t, O)| + [Ku (t, O)| < e7(1+ 0%), 
104(t, 0; €, 2) B™(0; €) < clol +f Q), for m= 1,2, 


ms 2 
0<a4(t, 0; €, Q) < og|a|” gle, 


, 


9) 
,2)(1+ B(0; €) + |Ba(0; €)| + | Boo(O; 61) < ciololh(e, 2), 


Ayo) (a + |(a)| + |(Fa)gl)(t, 0; € 
Ait) 0<a,(t, 0; 6) < cnlol? k(e, Q), 

Ar) (I(Ga)eel +1 (Ga) 261 + |a) + |(Fa) reel + [(Fa) ero] + Ila) ool + |(Fa) ool + ICa) 0000] 
+|(¢ 2) 0001 + (a) eeool + \(Ga)eeeol + I(Ga)eeeel) (ts 0; €, &) (1+ BCO; €) + | Bo( 8; €)| 

+ | Boo (0; €)| + | Booo(9; €)| + | Boooo(9; €)|) < erz|e|t(e, Q), 

(Ais) (Cas). + 1(@s)ol +1(Gs) cl + ICs) ol + (Gs) oa] + [(Os)ecel + Ils) cal + 1(6s) 00 

+ |(Fs)oool + ICs) ooo0l + ICs) c9901 + 1(Fs) e201 +1(s) cecal + [(Fs)eeeel)(t, 95 €) 

< q3|0|M(e, Q) 
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where the numbers c; (j = 1,..., 13) are positive constants, d € [0, 1], q2 1 + d, 
0<a<1+dand the nonnegative functions f,g,h,k,1l,M are such that for any 
y> 0, 


f; 9h, k, l, M © L'H (R+x S$?) () L°(R*xS?). 


We assume that the viscosity coefficient u is a positive constant. In the following, 


we denote 
+00 
T(z, t) =f ac | I(x, t;e, Q)dQ (6.2.20) 
0 8? 


+ 
° de 


for the mipan radiative intensity. In particular, Z(x,0) = To = fo 


Js te, Ope, Q)dQ. 


6.2.2 Main Theorems 


We define some classes of functions as 


H! = {(t, V,0,Z) € H'[0, L] x (HEIO, ])* x H" 0, L] x H?[0, L] : (z) > 0, O(2) > 0 


v (0) = v(L) =0, Z(0) = 0 for œ € (0,1) and Z(L) = 0 for œw € (—1,0)} 


and 
H! = {(t, V,0,Z) € H'(0, L] x (A"(0, L)? x H'[0, L] x H'*+"[0, L) : (£) > 0, O(x) > 0, 
v(0) = v(L) =0, 6'(0) = 6'(L) =0, Z(0) = 0 for œ € (0,1) 
and Z(L) = 0 for œ € (—1,0)}, i= 2,4, 
which become the metric spaces when equipped with the metrics induced from the 
usual norms. 
We are now in a position to state our main theorems. 


Theorem 6.2.1. Assume that the initial data (to, Vo, Oo,Z0) E€ H! and the 
compatibility conditions hold. Then there exists a unique global solution 
(z(t), V(t), O), Z(t)) € L°([0, +00), H!) to problem (6.2.9)-(6.2.17) verifying for 
all (x, t) € [0, Z| x [0, +20), 


0< CT! <t(z,t)< C, 026 <6@,)<c, 
and 


WO = Allin + [FO in +O = Pia + ION + Ur = Fle + rO 


t 
+ f (i-ar + 
t L +00 SEN 
+f[ ff J BdGacanis< ©. 
0 J0 0 2 


nt (9-9 


2 —))2 2 2 
we tir — Tlie + llreiz + [Gell )(s)ds 
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Moreover, we have, as t > +00, 
kO Alin 0, [VO], O - 4]. 9, Ole 0 


where T=™|=L! fe to(x) dz, the constant 0>0 is determined by e(t,0) = 
de G [Vo] + e(To, 00)) dr and T = (a? 4 r}. 


Theorem 6.2.2. Assume that the initial data (to, Vo, Oo,Z0) € H? and the 
compatibility conditions hold. Then there exists a unique global solution 
(z(t), V(t), OH, Z(#)) € L” (J0, +20), H’) to problem (6.2.9)-(6.2.1%) satisfying for 
all (x, t) € [0, L] x [0, +20), 


2 


re HIZO + rA) — Fle +O + (PCO |? 


lO -Te + IPO + [OC — 9 
+P f (Ile = ae + [Flap + 10 — Ol gs + lr — Fle + lirale 


H [Fal + Ose) (s)ds< © 


where 7,0 > 0 and F are also the same as those of theorem 6.2.1. Moreover, we have, 
as t > +00, 


IIt(t) — Tp 0, [FE] 


ma 0, ||9(¢) — All ip 0, |IZ()|l ys 0. 


Theorem 6.2.3. Assume that the initial data (to, Vo, 0o,Z0) € H* and the 
compatibility conditions hold. Then there exists a unique global solution (t(t), V(t), 
O(t),Z(t)) € L*([0, +00),H*) to problem (6.2.9)-(6.2.17) verifying for all 
(x, t) € [0, £] x [0, +09), 

2 >al z2 ais 2 iis all 
I = Ai HY Ollie +O = Be + ZO ie + Ur = Tlie + ellie + POM e 

t 
= => a2 ai ‘ 

+100 lief (le-a +IP +O Alle + r- Pe + lel 


+ Iie + lela + ||P ulli + lul) (9ds < Cy 


where 7,0 > 0 and T are also the same as those of theorem 6.2.1. Moreover, we have, 
as t > +00, 


lH = Tl 0, [VOI pi o O- Ol]. 9, IZ 


i 0. 


6.3 Global Existence and Asymptotic Behavior in H! 


In this section, we establish the global existence and asymptotic behavior for the 
generalized solutions in H! to problem (6.2.9)—(6.2.17) and then complete the proof 
of theorem 6.2.1 in terms of a series of lemmas. 
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6.3.1 Global Existence in H! 
We first quote some simple mass conservation and the energy equality. 


Lemma 6.3.1. Under assumptions in theorem 6.2.1, there exists a constant Ci > 0 
such that the following estimates hold, 


L L b? — a 
f t(x, t)dx = f T(x) dx = t* = a Vt > 0, (6.3.1) 
0 0 


O(x, t) > 0, Y(2, t) € [0, L] x [0, + 00), (6.3.2) 


L 1 +00 
f (e3 ‘) (ideo f f Í I(L,s,€, Q) dQ deds 
0 2 82m {wE(0,1)} 
t +00 1 
-a f f wI (0, s,€, oe («+ To (x)dz, VWt>0, 
o Jo 82 {we(—1,0)} 0 2 


(6.3.3) 


L 
1 (O+0'*%)(a, dr< C, Vt>0. (6.3.4) 
0 


Proof. Identity (6.3.1) follows directly after integrating (6.2.9) over Q; := (0, L) 
x (0, ¢) and noting the boundary conditions. Using assumptions (A1), (6.3.2) follows 
from the positivity of 6o(x) by applying the maximum principle applied to 
equation (6.2.13). 

Integrating (6.2.13) over Q; and using initial and boundary conditions (6.2.15) 
and (6.2.17), we can get 


T (c+ 3P) (aac MEOR (a57) (oar, 
(6.3.5) 


From the definition of (Sz) z and equation (6.2.16), it follows that 


t(Sr)R = (ff orld Bae) (6.3.6) 


which, integrated over (0, L) with respect to x, and by noting (6.2.16) and the 
positivity of radiative intensity J, implies 


+00 
fx (Sz) p a=] L oI(L, s,¢,Q)dQde 
0 2N {wE(0,1)} 


+00 
— af Í oI(0, s,¢, Q)dQ de> 0. (6.3.7) 
0 2N {we(—1,0)} 
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Inserting (6.3.7) into (6.3.5), we arrive at the identity (6.3.3). Furthermore, 
inequality (6.3.4) follows from (6.3.3), (6.3.7) and assumption (Aj). Oo 


Now we establish the following entropy-type energy inequalities. 


Lemma 6.3.2. Under assumptions in theorem 6.2.1, the following estimates hold 


ae: 292 t pL +00 = 
f I (= 7 4 =) dads 4 | f Í i Sold dedzds< Ci, Vt> 0, 
o Jo 10 0 o Jo Jo s0 


(6.3.8) 


t fP fou? +i w (or te— ru)? 
} T z£ } T $ < i 3 
Ld (5 wt A -z - |deds< Cr, Yt>0, (6.3.9) 


L 
o<ct< | (x, thda<G, VE [0,1], Ve>0, (6.3.10) 


where 


Q= 5 (òr + u((rv)? + rut) — Zk, i 


Proof. From the second principle of thermodynamics, we know that 0y; = e; + Pr; 
with q, = $ (e: — P), no = 4, where y represents the total entropy (here the entropy 
of radiation is zero). Define the free energy y = e — 6y with wo = —n, y, = —P and 
let 


E(t, 0) = W(t, 0) — WL, 00) — (t — 1)W.(1, 80) — (8 — 80) Wo(c, 4). 


Equation (6.2.13) can be rewritten as 


2 
ae (=) +1Q— P(ru), — t(Sz) p (6.3.11) 


After a direct computation by virtue of equations (6.2.9)—(6.2.12) and (6.3.11), 
we derive 


~lioe) | rri? _ 12 
G 5 IV ) +0 70 T 0 
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From (6.2.14) and the definitions of S and (Sz) p, we derive 


oN y + 00 + 0o 
1-7 =- f [oe N,dGde+s | Í, o,(B-— I) dQde. 
0 2 


(6.3.13) 


Using assumptions (A;) and (Ag), we have 
of ff o,BdQ de< C(1+ 0") < Cie. (6.3.14) 


Inserting (6.3.13) and (6.3.14) into (6.3.12), integrating the result over Q; and 
noting that 
u+ (ru), _ w? 


2 
tQ> C (e H= 24 i : E (6.3.15) 


T T T 


and using the initial boundary conditions (6.2.15)-(6.2.17) and (6.3.3) in lemma 
6.3.1, we derive 


‘ 15 ee T > 
| E+ |V Jæ f p aply f| prid dzds < Ch. 
0 2 0 0 g0 


(6.3.16) 


Now by the same arguments as in lemma 3.3.2, we can obtain (see also [31]) 
1 
E> qr (0+ 0**) 2 C 


which, along with (6.3.4), leads to estimate (6.3.8). Furthermore, in view of (6.3.15) 
and (6.3.8), estimate (6.3.9) holds. By the Jensen inequality and the Young 
inequality, we conclude that (6.3.10) holds. o 


The next lemma will be used to get the upper bound of the specific volume which 
plays an important role in removing the smallness of initial data. For our conve- 
nience, we introduce the notations 


Omax t) = 0 ,t), max(t) = t 
(t) e (x,t) Tmax(t) = eae 


Lemma 6.3.3. Under assumptions in theorem 6.2.1, we have, for all (x,t) € [0, L] x 
[0, +00), 


A 
| CE AA (6.3.17) 
0 
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L 202 
iE) < (O (1 T Tmax lt) I 7 ar) ; (6.3.18) 
L 202 
o+ t> C-C tdr, (6.3.19) 
0 


(rv), = pr? (>) k (6.3.20) 


Multiplying (6.3.20) by rv over [0, L] and using an integration by parts, and 
(6.2.15) and (6.2.18), we get 


GS ora) = -a f d aou [PMs e32 


Integrating (6.3.21) with respect to t, we easily see 


L t pl 2 2 L 
l (rv) dr + 2n f | ue = f (row) de. (6.3.22) 
0 0 Jo T 0 


By the Poincaré inequality, the Hölder inequality, (6.3.1) and (6.3.22), we can 
derive 


t t t L 2 
f a v dzds < C max [rof ds< C ( (re) Ide) ds 
0 Jo o 2¢(0,Z] 0 0 
L 2 

sol ([ zde) f a ds 

0 0 0 

t pl 2 2 

< cf f AUTAA 

0 JO T 


It follows from (6.3.10) that there exists a point a(t) € [0, L] such that 


L 
0< C! < O(a, t) dx = O(a9(t), t) < C. 
0 


By Sobolev’s embedding theorem and the Hélder inequality, we have 


L, 0=0,(y, t) dy 


Noting assumption (Ag) and (6.3.4), by the Hölder inequality, we derive from 
(6.3.23) that 


lid 


O= (x,t) — O= (al t), t) |< Ci 


a oT |0,|de. (6.3.23) 
0 
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L 202 L 
£64 Crt) | T e| (1+0)'* "de 
0 0 
L 202 
< Ci + Crt) | = ô; T 
0 


Thus, we obtain (6.3.18). 
In the same manner, by the Hölder inequality, we can also derive from (6.3.23) that 


2 
01+ I(r, t) > Cr! -(f OFO, a) 
22 L p-d 
>@-(f Pae) (/ <i) 
0 
0 0 
= Le? 
>o-a(f g 2) 


which implies (6.3.19). O 


The next lemma gives the upper bound of the volume, which plays a key role in 
obtaining the main results. 


Lemma 6.3.4. Under assumptions in theorem 6.2.1, the following estimate holds for 
all (x,t) € [0, L] x [0, +00), 


t(x, t) < &. (6.3.24) 
Proof. First, similarly to the proof of lemma 2.3.2 (see also lemma 5.2.2 in Qin [99]), 


we can easily derive that there exists a point 2(t) € [0, L] such that for each t = 0, 
the function t(x, t) can be expressed as 


1P ee Bea is) (6.3.25) 


1 
t(x, t) = D(z, t) (a t) + ô 0 D(a, s) B(x, t) 


D(a, t) = tolx) exp{ = =| To | "dy dz + I : dy | ay , (6.3.26) 
Ô \t 0 0 70 x(t) r o 70 


B(a, t) Bat l l (S oR d Ea F S [= ies dxds 
ô 0 £ r2 
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Let 


1 pr fpo a2 flu- 
M(x, t) = + P 
Gi x | ( 2 r) m se) r? m 


dy. (6.3.28) 


Then it follows from assumption (44), (6.3.3), (6.3.4) and (6.3.28) that 
L L 
M(x, t) > a Prdz — a f vdr 
0 0 
L L 
> ctf (14+ 6°*%) de — a f vdr 
0 0 
L 
>cO'- a f v da. (6.3.29) 
0 
For any fixed s, t satisfying 0 < s < t, we derive from (6.3.17) and (6.3.28) that 
t t pL 
-f M(a,€)de< — a(t) +e f | Pdedé<C,—C(t—s). (6.3.30) 
s s JO 


Thus it follows from (6.3.27), (6.3.28) and (6.3.30) that 


B(a, 8) 
B(x, t) 


= exp (- fm aač) < C exp(—C,(t — 8)). (6.3.31) 


Finally, we derive from (6.3.3) that 
Or! < D(z, t) < C; 
which, combined with (6.3.1), (6.3.18), (6.3.25) and (6.3.31), yields that 


(ensa+a f Ptexp(—C,(t — s))ds 
£0 +6 [ase eoat- sds 
0 


t t 
<Q+C f exp(— C(t — s))ds+ a f 6'*4 exp(—C,(t — s))ds 
0 0 


t L 202 
< C SI C f tna(s) | ii z dads. (6.3.32) 
0 0 0 
Thus we can obtain 
t L Kr202 
Tmax(t) <Qt+ c f tals) f z dads. (6.3.33) 
0 o 0 
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Applying the Gronwall inequality, we have 
Tmax(t) < Ch. (6.3.34) 
Therefore, we complete the proof. O 


Lemma 6.3.5. Under assumptions in theorem 6.2.1, the following estimate holds for 
all (x, t) € [0, £] x [0, +00), 


t(x, t)>C,>0. (6.3.35) 


Proof. Inserting (6.2.9) into (6.2.10) and recalling (6.2.18), we know 


(=) = òlga- P+ 5 


Let 


then 


Integrating the above equation over [s, t| X [x, L], for any fixed s and t satisfying 
0 < s < t, we have for any 0 < x < L, 


f (- (y, )-2( y,s Jar f PS Vipat 
-[ repaz- f r(L, é)dé 
= ôlogt(z, t) — õlog (z, s) - f Pa- fra (6.3.36) 
Denote 
F(t) = f TED 
and 


* dydé, 


ams) = f (= mO- ys Nave f PS 


we derived from (6.3.36) that 


at (z, t) exp(-5(4+F))) = FFem(-Z(4+F)). pee) 
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Thus, we obtain 


t Pr 
g 0 


1 
-3(4+F)) = t(x, s) 4 


ee iexo( ex( (A | F)) dé. (6.3.38) 


Using (6.3.9), (6.3.24), the Poincaré inequality and the Hélder inequality, we have 


2 


t pl a2 t t L 
| 1 -zdxds < C1 max |u|? ds < a f (/ |e) ds 
o Jo T o zeļo,Z] 0 0 
t L fi y2 
< a f (/ ode) (/ eas) ds 
0 0 o O 


t php 
< a f | —dards < C). (6.3.39) 
o Jo TO 


Thus using (6.3.3), (6.3.17) and (6.3.39), we get 
|A(2; s, t)| < Cr 
which, combining with (6.3.38), leads to 


i («te 8) + f Pige (- F(s, a) a) 
<x(1,1) exp(-3F(s,1)) 
< Cy («te E f Paes (-5Ft a) iz). (6.3.40) 


Integrating (6.3.40) with respect to zover [0, L] and assumption (44) and (6.3.4), 
we have 


Cr" (1+ f (-5Ft a) a) < ap( -376 ») 
aU; (1+ [| (-3r6 a) at). (6.3.41) 


Then, by Gronwall inequality, we derive, for 0 < s < t, 
z 1 ; 
Ci te® ind) < ap( -376 ») ec, (6.3.42) 


Setting s = 0 in the left-hand side of (6.3.40) while, using (6.3.19), (6.3.41) and 
(6.3.42), we get 
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(z, t) > C ex(5 FC [ Pa. s) exp (- Fo, 9) is) 


9) (eo 
>a ex (5 rO 9) (1+ r aD (iro 9) ds 


? 1 L kr?0? 
— exp| <F(s, t “dx ) ds 
freo(are)(f “s)4) 
t 
> Cyt exp(—Cy!t) + f Crt exp(— CO7! (t— s))ds 
0 
: 1 Kr? 
— a f ex (F060) T 7 a) ds 
t L 202 
S08, f ex (576 ») ( f Tran) de (6.3.43) 
0 ô 0 0 


By virtue of lemma 4.3.4, we know 


t 242 t+1 292 
lim exp (5 F(s, n) Gs a dr) ds= lim Pee aul oe ands =0. (6.3.44) 
0 0 


t— +0o t= + co 


Therefore, there exists a time T > 0 satisfying for all t > T, 
t(x, t) > Ci. (6.3.45) 
Finally, if 0 < ¢ < T, it follows from (6.3.40) and (6.3.42) that 


se, Crise (5 SFO, n) («te 0) + f L E (-570. ») is) 


1 
> Ci exp (Fre i) ea HSCs Ge. (6.3.46) 


Thus there exists a constant Cı > 0 such that for any t > 0, 
t(x, t) > CO >0 
which, along with (6.3.45), leads to (6.3.35). o 


By Sobolev’s embedding theorem and the Hölder inequality, we easily derive the 
following corollary from lemmas 6.3.3-6.3.5. This corollary plays an important role 
in obtaining our main results. 


Corollary 6.3.1. Under assumptions in theorem 6.2.1, the following estimate holds 
for all (x,t) € [0, L] x (0, +00) and 0< m< 4HE, 


Co - Vi (t) < P(x, t) <+ Vi (t) (6.3.47) 


where V(t = fy Mds verifying i i(t)dt< C. 
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Lemma 6.3.6. Under assumptions in theorem 6.2.1, the following estimates hold for 
any t > 0 and P € (0, 1], 


tQ 
| dads < C), 6.3.48 
IL (ane 3) l ( ) 
t ; t ; F B 
[iwtoriiassc, f (lu? tlhe) ass G14 sup sx) 
0 0 O<s<t 
(6.3.49) 


Proof. We prove this lemma by adopting the main idea from lemma 5.2.3 in Qin [99] 
and lemma 2.4 in Qin [98]. We only give the proof of (6.3.48) for £ € (0, 1), because 
the case of B=1 is the obvious result of (6.3.8). Multiplying (6.3.11) by 


—1 
1+0) 2140ta B dz in Z?(0, L), we find 
0 
L -1 AL 202 
(/ ene | = fa 1 z | dz 
0 o \(1+0) TP (1+8) 
d 7h L =1 L 
= opis | logeae + ( f (+6)! Pan) q (1+0) "e+ Plrw),)de) 
0 0 0 


L -1 pL L 
1+d-p —p o -1 (ru), m 
+(/ (1+8) ir) i (1+ 0) *t(Sp) pdx — OBL f ds. 


0 


(6.3.50) 


Applying assumptions (A) and (A3), we have 
L 
| (1+0)-8(e,+ P(ru),) dex 
0 


L L 
=| (140) ebde f (1+0) °OP9(ru),,dx 


0 0 
1 E ldap x 4 í 1+d-ß 
< — 1+0 ” dr—l 1+0 F 
Sirag) G+ Pago (140) ar 
L 
+ cp | (1+ gera Ws dz. (6.3.51) 
0 

Noting the positivity of 0 and (6.3.5), we find 


t L 
Í f (1+ 0) ?t(Sz) pdads < Cy. (6.3.52) 
0 0 


Integrating (6.3.50) with respect to t and then using (6.3.51) and (6.3.52), 
lemmas 6.3.1, 6.3.2, 6.3.4, 6.3.6 and the Young inequality, we have, for any e > 0, 
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Kr tQ 
dads 
LI. (at cn) 
L 
saraf fe Mifare- rmf (1+ 0)! Far) deds 
0 
t L 2y pb 3 
cara f [eae (J od) 
0 0 0 
£G4+Ce yf fe Cians f f a f (1+0) + deds 
= o. TEENE ae 


KO? 
< O(e)+ Ce [fl ave 


which, by picking ¢>0 small enough, yields (6.3.48). By (6.3.48) and 
lemmas 6.3.1—6.3.5, we have 


t t L y2 L 
J || u(s) |Z ds < f (/ ac) (| 0dr) ds< Ci, 
0 0 0 0 0 
j 2 2 u? +w? 
f (ttle) ass (14 sup lots Al) [ [fs wate 


< a(14 sup [|0( TO | 
O0<s<t 


L 
mre (146)? aell ds 
0 


Lœ 


Thus we complete the proof. O 


Employing corollary 6.3.1 and lemmas 6.3.1 and 6.3.6, we conclude the next 
corollary. 


Corollary 6.3.2. Under assumptions in theorem 6.2.1, the following estimate holds 
for any (a, t) € [0, L] X [0, +00) and 0< m< UH 


t L 
f I (1+ 02") u2(«, t) < Cy. 
0 0 


Lemma 6.3.7. Under assumptions in theorem 6.2.1, the following estimates hold for 
any t > 0 and p € (0, 1], 


t 
lolx +O lin f (lol? + oln + loli), (6.3.58) 


TOPSITES i (Hea? tenta + | (E2), Jows Ci, (6.3.54) 
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t pL B 
mo f f EE a s)dads < a(ı+ sup TOPS (6.3.55) 
0 0 O<s<t 


Proof. Similarly to the proof of lemma 4.3.6, we can obtain (6.3.53) and (6.3.54). 
Similarly to the proof of lemma 2.3.5, we can also prove (6.3.55). See also lemma 5.2.4 
in Qin [99]. o 


Lemma 6.3.8. Under assumptions in theorem 6.2.1, the following estimates hold for 
any t > 0 and P € (0, 1], 

2 

) (s)ds 


i (ru); 
luO llin + lul? + [ellen + llull 4 
0 T r 
max{f,d +2 + B—q} 
) (6.3.56) 


<a (1+ sup 06) 
0<s<t 


¢max{B,d+2+ B—q} 
Ol (2+ sup 108) / (63.57) 


Proof. Applying equation (6.2.9) and (6.2.10), assumptions (A>) and (A3), corol- 
lary 6.3.1, lemma 6.3.6 and (6.3.55), we can easily derive 


sf Chual 
2dt Jy  7T SCA 


L 2 L L L 2 
= sf ru (w, dz — 6 u? (=>) dx — f P uidx + f “ ndg 
2 Jo T 3 0 T Jr 0 0 T 


L 2 
1 
<f (1n. #) (+r 3) de+ iludl? + Cx + VO) 
0 


T 


= L 02 
PA AOU A a) KO, e 
illollzs + C (1+ OOl) o aso 


: L (ru)? 
< 5 lel’ + Chl vl} 700 + Cul) Zoo + A + loli) l Wady 
ANE AON AHN) KO; 
Tr a Wa iy 
1 1 1 L ó (1+0) 7’ 


which, by the Gronwall inequality, (6.3.55) and the embedding theorem, yields 
(6.3.56). By the interpolation inequality and lemma 6.3.1, we have 


lulle < Clup llul] < Cr + lju 


tmax{p,d+2+ B—q} 
<a(1+ sup lal) 
O<s<t 


Thus we complete the proof. O 
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The next lemma concerns the estimates on radiative density I. 


Lemma 6.3.9. Under assumptions in theorem 6.2.1, the following estimates hold for 
any t > 0, 


+00 L =% + 00 L = 2 > 
f f | (64 +05) I°dQ drde+ pi I | tos(I — I) dQ dade 
0 0 Js 0 0 Js 


<O, sup PATIO e, t), (6.3.58) 
ze[0,L] 
+00 
f fx (x,t, Q, AdQ de< C, sup Oir, t), (6.3.59) 
xe€(0,L] 


Proof. Multiplying (6.2.14) by rI and then integrating the resultant over [0, L] x $ 
and using the boundary conditions (6.2.16), we obtain 


J) o(rl)?| abs f fs (carl? +0,r(T — D)?)d@ dz 


2 
-f Í, TO Bidda f i to,r(I — T) TdQ de. (6.3.60) 
2 $2 


Noting the boundary condition (6.2.16), we know 


+00 
| f o(b IP(L, t; Q, 6) — @ F(0, t: Q, €))dQde 
0 82 


+00 
=| | ob’ I?(L, t Q,6)dQde 
0 82 N {weE(0,1)} 


+00 
-f f œa P (0, t; Q, e) dQ de 
0 5? {we (—1,0)} 
> 0. 


(6.3.61) 


Integrating (6.3.60) with respect to frequency € over [0, +00), using the 
assumption (Ag) and Young inequality, we have 


+00 
2 | I o(b?1?(L, t; Q, €) — (0, t; Q, €))dQ de 
S2 


+00 +00 
+f A f 0P f [ fã- I) 240 drde 
0 2 0 2 
+00 +00 
< a [ Í, to,1° dQ dede + af [ | "Fle, Q) dQ drde 
S3 0 2 0 92 


1 fT% 
< J i J t0, dQ dade + Ci sup grax 4.0} y t) 
2 0 2 ze[0,L] 


Global Existence and Asymptotic Behavior for the 3D Infrarelativistic Model 243 


which, together with (6.3.61), implies 


+00 +00 
| [ i: to, P dQ dzde + f 1 IEZ t0,(1 — I) 2 dQ dade <O, sup G89 4). 
2 82 xe[0,L] 


Similarly, we also derive from (6.3.60) by the Young inequality and assumptions 
(As) that 


+00 
f [ hs T(Oa + 0s) Va dQ dade < Cı sup gmaxta— 49} (g, t). 
ze[0, L] 


Thus, we obtain estimate (6.3.58). 
Now we consider the following integro-differential equation 


œ(rI), = tS = t(0aB+0s1)— t(0a+06)I, 
(0, t;e, Q) = 0 for we (0,1), 
I(L, t;e, Q)= =0 for œ € (—1,0), 
I(x,0;¢, Q) = D(z, e, Q). 


(6.3.62) 


Solving the above ordinary differential equation and using the boundary condi- 
tions, we arrive at 


1 j y a S F 
=f exp (J eeto a) ~ (o4B-+ 061) dy, for w € (0,1), 
0 x 


K i Q) r TO 
a, E = 
Ta 1 L Yy z : ~ 
-1/ exo( / etaa) = (6,B +651) dy, for œw € (—1,0). 
PJs š ro w 
(6.3.63) 


Using the Young inequality and (6.3.58), we have for œ € (0, 1), 


+00 +00 ee 
| 1 1dGae= | rh exp (f= Mta a) (o,B + 0.1) dydQ de 
82 ge rœ (60) 
< 


+ ~ => 
"Se Beene 
esrJjg @ 
+00 
sai) aaralf f [olor (=F +P) dB eds 
0 2 
< T aie 49} g, t). (6.3.64) 
rE|0, 


Analogously, we have the same result for œ € (—1, 0). So we complete the proof of 
this lemma. O 


Now we turn to estimate the temperature 0. 
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Lemma 6.3.10. Under assumptions in theorem 6.2.1, the following estimate holds for 
any t > 0 and p € (0, 1], 


t pL 1+ 
pro f f (1409+) @ deds < a(ı+ sup OPS . (6.3.65) 
0 0 O<s<t 


Proof. Multiplying (6.3.11) by e over Q,, we get 


t L 
joven f I (1+ 09" 9) dads 
0 J0 


t pL t pL 
<Ci + a f f ii 1 et( Sp) pdads 
o Jo o Jo 


Now we estimate each term on the right-hand side of (6.3.59). Using the 
embedding theorem, the Hölder inequality and lemmas 6.3.1—6.3.8, we have 


6, rtr 
ieee a na dads + 


. (6.3.66) 


tQe+ ru(eP) 


t pL t pL t pL 
| |tQeldrds < a f 1 |(ru)? el dads + a f |((ru)* + rw?) el dads 
o Jo o Jo o Jo 
t pL 
+a f f |(u? + v°),eļdzds 
o Jo 
: 2 2 2 2 2 
<e f (Medalia + Iain + oela + Nel + ol.) a 


max{f,d+2+ B—q} 
) (6.3.67) 


z0 (1+ sup ëlo) 
O<s<t 


and 


t pL 
f | |ru(eP),, — KO; €,T,| dads 
o Jo 


t L t L 
<a f f (1460+) luzsldrds+ cr f f (1+0'+?)|u0,|drds 
0 0 0 0 


t L 
+af f (14.0!+9*4)12,0,|deds 
0 0 


PE IP pe pL 5 
č C (/ | (1+ 088) dads) (/ | (1+ 08" Pde) 
0 Jo ` 0 Jo 
t L 1 t L 
+ a f | (14082 dads +5 | f (1 +097 )@ dads 
0 Jo 2 Jo Jo 
t pL 
+ a f f (1+0 +1+ 4)? deds 
0 Jo 


1 ft rt 1+8 
<;/ / (1+ 6° \@2dads-+ a(1+ oan TOS , (6.3.68) 
2 Jo Jo l 0<s<t 
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At last, we use corollary 6.3.1 and lemmas 6.3.1 and 6.3.9 to obtain the following 
estimate, 


t pL 
f i et( Sz) pdads 
o Jo 


< af (14 V| | Seat i 


< af a+ vi(s)) 


+00 oe 
| | IdQ de|ds 
0 2 
max{o«—d,0} 
< a(i sup TOPS . (6.3.69) 
0<s<t 
Inserting (6.3.67)—(6.3.69) into (6.3.66), we get estimate (6.3.65). Oo 


Now let us introduce 


t $ 
X(t) aJ (1 +.0)"* “2 deds, 
0 0 
L 
Y(t) =| (1+ 0)2"02 da, 
0 


K(t, 0) := [ea 


T 


Then we can easily derive from equation (6.2.9) that 
K, = K,(ru), + 
2«(t, 0 2«(t, 0 
Ka = (= a, + K,(ru) £r pg Kalru) Ts + (E TO}. 
T i j T : 


Moreover, by assumptions (Ag) and (A7), we get 
|K] +|Kal Cie), (6.3.70) 
Lemma 6.3.11. Under assumptions in theorem 6.2.1, the following estimates hold for 
any t > 0, 


X()+ Y(t) <C, (6.3.71) 


l8(s)llz» < Ci, (6.3.72) 


lIe(4) — Alin + FO [[In +18 — Ol 


t 
+f (ile = aha + UF lle +110 Allin + PIP 0P) ds a (6.3.73) 
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Proof. Equation (6.2.13) can be rewritten as 


20. 2 2 25D 
e904 = (= 5) | ps 0Po(ru), + 1e poe 2(u? 4 P) 1(Sz) p- 


T T 
(6.3.74) 
Multiplying (6.3.74) by K, over Q, we can obtain 
t pL 2 2) 32 
I / AP, 5 r)a t rue Kıdzds 
0 J0 l T T 
t L 20 t L 
+f f = “Kudods+2u | | (u? +v), Ki dads 
o Jo T 0 Jo 
t pL 
+ l Í A = 0. (6.3.75) 
o Jo 


Employing the technique of lemma 2.3.8 (see also lemma 2.1.9 in Qin [99]), 
similarly to the proof of lemma 2.8 in Qin et al. [106], we can estimate each term in 
(6.3.75). Obviously, 


t L rK 
f f eg? — dads > C,1 X(t), (6.3.76) 
0 JO T 


L 1+ max{f,d+2+ p—g} 
90K, (ru),,dzds ) : 


1 
<> X+ (1+ sup |[0(s)|| z< 
16 0<s<t 


(6.3.77) 


Applying the Cauchy inequality and corollaries 6.3.1, 6.3.2 and lemma 6.3.8, we 
can derive 


2 2 Pp) 2 
T h 0Po(ru) ug: pat Oe | 7 K 09 dzds 
0 Jo T T T 


X(t) + af a (1+0) Tt (ruji + (ro) + w! | deds 
0 


<5 


+a(i+ sup sup 0C) 


0<s 


1+ max{f,d+2 + B—q} 
) . (6.3.78) 


Using the Gagliardo—Nirenberg inequality and corollary 6.3.1 and lemma 6.3.8, 
we have 
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f [ crarterotia 


< a(i vue lie olin) f f aro idas 
safis s l) (S oele f VONN) 
<6 (1+ s 09l)” (op ow.col(f ons) (f leoa) 


ira) ) 


Q 
< a(1+ sup ||0 d=) (6.3.79) 


O<s<t 


iv) 
wo 
z 

= 
w 

a 

w 
xiv 

€ 
ZTN 
z 


+ sup || (ru), 
O<s<t 


with q = max{#34 . 0}, @ = qı +2 max{f, d+2+ 6 -— q}. Similarly, by virtue of 
lemma 6.3.7, 


t L qı 
f f EE O EA (1+ a TOPS (63.80) 
0 0 O<s<t 
Inserting (6.3.79)—(6.3.81) into (6.3.78), we have 


2 2 2 2 2 
PE (orco, (ru), AUSF potr £) — 0; dards 


T T 


<= XQ (1+ sup sup ||0(s Mn) (6.3.81) 


with q3 = max{1+ max{f,d+2+ 6 — q}, œ}. 
It follows from lemmas 6.3.8, 6.3.9 and corollaries 6.3.1, 6.3.2 that 


0 J0 £ í 


t L 
<a f | (ae mee PA 0O i+ (lra), + ulr) deds 


t L 
<G(1+ sa losin) f [+ VO, deds 
0<s<t 0 


qe Ii 


+a(1+ sup (lin) ma (1+ Vi s))||( (ru) Vallee (ru)? ? + r?w?)deds 


0<s<t 


1+ max{f,d+2+fp—q} q 
<a(1+ sup jo a +a(i+ sup woe)? 


O<s<t 
q itl max{f,d+2+p—q} ‘ 1 
(/ Vi(s)ds) (J Mdl (as) 


+a (1+ sup ANa) 


O<s<t 


248 Global Well-Posedness for Some Fluid Models 


1 


14 max{f,d+2+ B—q} 5 
(ff (Ikra? +l.) a) 


<a(14 di I) 
O0<s<t 
q4 
+a(14 ap TOPS 
O<s<t 


q4 
< a(1+ sup TOS (6.3.82) 
O<s<t 


with q4 = sat +2max{f,d+2+ B-— q}. 
Now let us consider the various contributions in the second integral of (6.3.75). 
By lemmas 6.3.1-—6.3.8 and 6.3.10 and corollaries 6.3.1, 6.3.2, we have 


[ le ane ct) duds > C7 Y(t) — G, (6.3.83) 
0 t 
<a, f fi (1+0)'* 74/0, (rt) »»| dads 

0 


T cs fa +0 ads) 
” a au DPE? ru) ded 


95 
ZC (14 sup TOPS (6.3.84) 


0<s<t 


"r KOs pe (ru) .,dxds 


1 
2 


rıTa( ru) dzds 


<0 af n, (1+ 0)'+%0,t,(ru),|dzds 
0 J0 


} s 5 t L 
< C (J f (1 E gat odad) (/ | (1+ 0t 2 (ru), dads) 
0 JO o Jo 


34 2B+3q-d 


2 t 2 
<C (1+ sup TOPS (/ (rw, lj deds) 
O<s<t 0 
+5 
<C (1 + sup TOPS (6.3.85) 
0<s<t 


with g5 =4(3q— d+ +3+ max{f, d+2+ß- q}). 
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Using the embedding theorem and lemmas 6.3.7—6.3.9, we can easily derive 


) 2max{B,d+2+ B—q} 


£ DB. 
I (i+ (rh + wh deds < G (14 sup [10(3)ll 
o Jo O<s<t 


t L t 
f | ereptacassc, f (luh + leis) (as 
0 0 0 


) max{p,d+2+ fp—q} 


’ 


t pL t pL ptoo _ 
i | (ElSe) n)? deds< [ | f | (PeP+PeB+Pe(T 1)?)dQ dedzds 
o Jo o Jo Jo s 


max{a—d,0} 
<G(1+ sup N0) . 
0<s<t 


<A (1+ sup Natel 
O<s<t 


Using the above facts and equation (6.2.13), we can obtain 
HITAN || 
Ales! 


t 
ds< Cy f (leo? + OPo(ra),|P + (rw + (roll + ue? 
0 


+ (ut +) gf? + Salas 


t L 
iü f f (1+ 0)2402 (1+0) +? (ru) + (ru)! + (ro) + u! 
0 0 


t pL 
+ (u? + 07)?) dads+ af f (t( Sz) p)” dzds 


t L 
<a f J (1 +0) 40? drds + af (1+ Vi(s))|| (ru) Mi ds 
0 0 
de 
+a(14 sup OPS 
O<s<t 


t L d6 
<a ff (1 +0)°+ 16? dads + a(ı+ sup TOS 
0 JO O<s<t 
(6.3.86) 


with gg = max{« — d,2max{f,d+2+ 8 — q}}. Thus, by the Sobolev inequality, we 
can conclude 


rêko: (2) t,0,daxds 


0 


ae af f aro (5 t? dxds 
0 


) 
< Gx +G (1+ sup loin) pie 


O<s<t 


TKO; 


la 
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d+p 
1 xt a(t sup ||O(s m) [|r es ml (i =) ds 
16 O0<s<t Jo z 
d+p A t 2 2 3 
z X(t) + Cy (1 sup ||O(s rw) (/ ps a) (/ =) i) 
16 O0<s<t Jo T Jo T z 
Xq-d+6)+} 2 2 \2 
: X(t) + Cy (1 sup ||O(s p) ES ds 
16 O<s<t T z 
1 
<=X(t) a(i sup ||0(s)| wr) (6.3.87) 
8 O<s<t 
with q7 = 3(q — d+ ß)+ (1 + q6). By lemmas 6.3.7, 6.3.8 and corollary 6.3.1, using 


the Cauchy inequality, we have 


Lh 


2 
+0’), (Kov, + = n) dads 


max{B,d+2+ B—q} 
=X + C, (1+ sup OPS : (6.3.88) 
<3 O<s<t 
The last contribution in (6.3.75) can be estimated as follows, 
L 
t(Sz) pK, dards 
0 
=$ 
< T0aBdQ de|| K;| dards 
o Jo |Jo Js? 
t pl 
= 
+ Í | TO ,1dQ de|| K;| dxdt 
o Jo 8? 
t pl 7 = 
+f f to,(I — I)dQ de||K,| dxdt 
o JO s 
It follows from lemmas 6.3.8-6.3.10 and corollaries 6.3.1, 6.3.2 that 
t pL 
Mı < a f f (1+ 0”)|K;|dzds 
0 Jo 
t pl t pl 
<a f | (14+ 024%*1)|(ru),,|dxds+ a f | (1+ 02**%)|0,| dads 
0 Jo o JO 
1 qs 
<-X(t)+ (1+ sup TOPS (6.3.90) 
8 0<s<t 


with qs = q+&-— d+ smax{B,d+2+ 


B—q}. Using the assumption (Ag), the 


Cauchy inequality and lemmas 6.3.8-6.3.10, we have 
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t L +00 
waf fA 
0 2 
zaf [ f Í. 10,1? dQ dedzds + a: [ (1+ 674*?)|(ru),,|" dads 
+00 
raf I | Ja 1+ 0°) )|10,|dQ dedxds 
0 J0 2 


2 
coal ( Ke(rw), + a) eB dedras 


1 max{q—d+ max{f,d+2+ ß-—q},%-d} 
<-X( + (1 + sup TOPS : (6.3.91) 
8 O<s<t 
Using the same technique, we also get 
1 max{q—d+ max{$,d+2+ p—q},a—-d} 
Mz < =X(tH)+Q (1+ sup TOPS (6.3.92) 
8 0<s<t 
—_ the estimates (6.3.90)—(6.3.92) into (6.3.89), we get 
gi 99 
(Sz) pKidadt) < = X(t) + CQ (1+ sup TOPS (6.3.93) 
<3 O<s<t 


ie ase B,q—d+B,qta-—d+3B,5qta—sd+1} 
Inserting all previous estimates (6.3.76), (6.3.77), (6.3.81)—(6.3.85), (6.3.87), 
(6.3.88) and (6.3.93) into (6.3.75), we obtain 


X()+V()N<O (1+ COTS (6.3.94) 


with qo = max{1 + max{f,d+2+6- q}, 4, ģ& + 5B, qr, qo}. Similarly to the 
proof of lemma 2.3.9, we have 


sup ||6(s)||~ < Ci + CL YFr(t). 
O<s<t 


By a direct calculation, we can know that qio < 2q + d + 3. Thus by the Young 
inequality, it follows that 


X(H)+V(HN<C, 
which yields 
sup IOC) < Ci: 


0<s 


Combining lemmas 6.3.6-6.3.10, we can obtain (6.3.73). Therefore, we complete 
the proof. O 


The following two lemmas concern with the uniform estimate of radiative 
intensity. 
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Lemma 6.3.12. The following estimates hold that for any t > 0, 
+00 
<c, (6.3.95) 


+00 ees 
+ f | I dQ de 
0 i L™(Q;) 


+00 =j 
f \I,|dQ de 
0 S? 


IdQde 


2 


+00 = 
| | Pida 
0 ? I= (Qi) 
t L +00 — -5 
+f ff [Bese B) dT dedrds< 6, 
L=(Q;) 0 JO JO 8? 


(6.3.97) 


<Q, (6.3.96) 
L™(Qi) 


+00 = 
f |L|dQ de 
0 Ss? 


Proof. In view of lemma 6.3.9 and (6.3.73), we easily get (6.3.95). Applying the 
Young and the Hélder inequalities, we derive 


+00 + 00 = 
f f Paddas | Í. (fs (o.B+a;s Day) dQ de 
s2 0 2 \J0 = 
+o L pE 
<a f a ({ zzi z: f vB) dB de 
0 2 \Jo TO 0 
+00 L —> 
+a f l (= a ae of o.Tae) dide 
sz \Jo Tœ 0 
+00 2 
<QO+ a f | Ci o(I -1+2) drdQ de < Ci 
0 2 \Jo 


which implies 


+00 


PdQde <C. (6.3.98) 
A L®(Qi) 
It follows from equation (6.2.14) that 
T T T ~ 
I= —( (o +0) + 5] +- (0,B+0,1). 
7 ra os) r? ro i a 


Integrating the above equality and using assumptions (Ag)—(A,,), we can derive 


+00 +ð : : ne +00 
f Í. |L,|dQde< af p" 3 lo tteok OG ae a IdR de 
0 82 52 


+00 » J 


0 2 
+00 +00 
< w boat [ Tida 
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which, along with (6.3.95) and (6.3.98), leads to 
+00 ee 
| |I,|dQ de 
0 S? 
It follows from (6.3.63) that for any œ € (0, 1), 
1 i y a S : a s F 
i al exo( / etaa) ¢ etaa) T (6,B+0,1) dy 
r Jo š ro 5 ro KO) 
1 T y A 5 us 
+f exo( / te Hee) (2 (o,B4 o,1)) dy —“I 
rT Jo r rœ @ t r 


=: M Ny = “1. (6.3.100) 


<0: (6.3.99) 
1=(Q) 


Using the Young inequality, lemmas 6.3.1-6.3.11 and assumptions (Ag)-(4A11) 
and (A3), we have 


t +00 = 
I N? dQ deds 
0 82 
+00 
<af f LOL (r= lt) (Gato,)+r T(Og +s), 
0 JO 9? 


t(oaB+ c1) 
rn-la 


<a f [~ I (f° (teeta lontndy? 


2 L 2 2 
0 


t L t +00 L 
~ => 
caf farema] | Jf T drdQ deds 
0 0 0 0 2 Jo 


<Q (6.3.101) 
t +00 pa 
i | ‘ N? dQ deds 
+00 
< af | | LG = (t(ogB+o51) + ((0a) tB 
0 JO L 


2 
+ (Sa)g0+B + oa B00: + (0s) til + (05) 90:2 + a1) a) dQ deds 


t L t +00 a 4 
<a f | (<2 + 0%) dxdt + a f f 7 1 T? dydQ deds 
0 0 0 0 S2 JO 
t +00 x = 
<C + a f f Í f I dydQ deds 
0 0 32 JO 


2 
+r (oa + oa) dz: a) dO deds 


and 
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which, together with (6.3.98) and (6.3.101), implies 


t +00 ay x t +00 3 
L Í I dQ deds < a+a f (/ | | 12 dG deds) dy (6.3.102) 
0 JO S? 0 0 J0 2 


Using the same technique, we have the above inequality for any œ € (—1, 0). 
By the Gronwall inequality, we have 


+00 
J 1 f PdQdeds< Ce" < CeO" < Cy. (6.3.103) 
Similarly, we can obtain 
+00 5 
I 1 \I)|dQde< Cy. (6.3.104) 
0 S? 
Thus, the estimate (6.3.97) follows from (6.3.103) and (6.3.104). Oo 


Lemma 6.3.13. Under assumptions in theorem 6.2.1, the following estimates hold 
that for any t > 0, 


Proof. Applying lemmas 6.3.9 and 6.3.12, we have 


anes {LL (Ce ossea) a 
saraf (i ° f id@ae) wra f oi fa dae) dz 


<C. (6.3.106) 


By virtue of a direct computation, we also have 


IZW? -f S LGe \ Str Ba 

al e afara (he Oe 
raf a * ft) wra f (fS | rata) dz 
raf ([ © [ia] dz 


=: Gi + Gt G+ G||Zell? + GIZI- (6.3.107) 
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Similarly to the proof of lemma 5.3.10 (see also lemma 2.10 in Qin et al. [106]), 
using lemma 6.3.12, we see that 


L 
gada a f (240)de< C, (6.3.108) 
0 


L 
G< a f (rtr)? dr < Cy. (6.3.109) 


0 


Using (6.3.55) and (6.3.95), we can obtain 
+00 +00 
-af (/ ie cald@hde), wa f al f T rae, 
0 2 2 


Inserting (6.3.108)—(6.3.110) into (6.3.107), we obtain the desired estimate. O 


<C. 


(Cate) 


Finally, we concern estimate on the first-order derivative of 0. 
Lemma 6.3.14. Under assumptions in theorem 6.2.1, the following estimate holds for 


any t > 0, 


t 
lol + f lðæ(s)l?ds< C. (6.3.111) 


Proof. Multiplying (6.3.74) by e7'Q., integrating the resultant over (0, L) and 
using the Young inequality, the interpolation inequality and lemmas 6.3.1-6.3.5, 
6.3.7 and 6.3.8, we can conclude for any e > 0, 


d DK 
— Neo) —0 d 
Slo f TEe,de 


L 2 2 
= 2 | ez (0Pa(ru),— 6 (roe (=) Ox 
0 i T Ẹ y 


2 Digit 
phate “E 4 Q(u? + 0P), + 1(Sp) p) ard 


< $ð? + Allra + dalz + tbl? 
+ MOAN? + Oela + [CDa + Mwele + Soal 
< ella? + C (Pl + [Pil + Gell? + [|(Se)all”)- (6.3.112) 


Now we need to estimate the term \(Se) all” in (6.3.112). By virtue of assump- 
tions (Ag)—(A11), we derive from (6.3.58), (6.3.96) and the Young and the Hélder 
inequalities that 
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2 L +00 3 2 
ll (Sz) all <a f (/ f oa(B— 1da) dx 
0 0 S2 
L +00 = —% 2 
+a f (| | oT- ndide) dx 
0 0 82 
L +00 =4 +00 4 oe 
<a f (J f adde | f oal B +P)dSide) dx 
0 0 Ss? 0 Ss? 
L +00 EEN +00 a = 
+a f fi f o.dGde | f| o0- dide) 
0 0 2 0 2 


L 
< a f Ot da + < (6.3.113) 
0 


which, together with (6.3.112), leads to (6.3.111). o 


6.3.2 Asymptotic Behavior in H! 


This subsection is aimed at showing the asymptotic behavior of solutions in H! to 
the problem (6.2.9)-(6.2.17) by the following two lemmas. 


Lemma 6.3.15. Under assumptions in theorem 6.2.1, we have, as t —> +00, 


I(t) — Tl] 9, (6.3.114) 
IOl 9 (6.3.115) 
lee) — || n> 0, E- 4]|,,. > 0 (6.3.116) 


where constant 0 > 0 is determined by e(t,0) = f (HFa + e(to, 00)) dz and for 
all (x, t) € [0, L] x [0, +20), 

0< CT! <0(z, t) < C. (6.3.117) 
Proof. Similarly to the proof of lemma 5.3.11, we can prove this lemma. Thus we 
omit the detail. o 
Lemma 6.3.16. Under assumptions in theorem 6.2.1, we have as, t > +09, 


IZ lly 9. (6.3.118) 


Proof. Similarly to the proof of lemma 5.3.12, we can also obtain (6.3.118). Here we 
omit it. oO 
Till now we have completed the proof of theorem 6.2.1. o 
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6.4 Global Existence and Asymptotic Behavior in H? 


In this section, we shall show theorem 6.2.2, that is, the global existence and 
asymptotic behavior of solutions in H? to the problem (6.2.9)—(6.2.17) under some 
relative assumptions. 


6.4.1 Global Existence in H? 


We first begin with some estimates on the second-order derivative of velocity and 
temperature. 


Lemma 6.4.1. Under assumptions of theorem 6.2.2, there holds that for any t > 0, 


t 
[POP +O? +IF-Olie+ f (lal? +l Fel?) oa, (4) 


NOCD + NOHO +f (0al? + Hl?) (s)ds< (6.4.2) 


Proof. Differentiating (6.2.10) with respect to ¢ and then multiplying the result by 
u over Qa by theorem 6.2.1 and the Young inequality, we can derive 


cor f || uze(s) ||? ds 


< C+ af f |(ru) „ti + Piti + Po0:i| |u| deds 
0 


raf f n(o p) adst f f bu [uvv — vu) dads 
0 


<atef f u2,dxds + Cy(e) Ofk (ru) alin f o \? dads 
+f feats f 2dnds 


<te f [ u2, dads. (6.4.3) 
0 


Taking ¢ > 0 small enough, we have 


(OI? f MPd C. (6.4.4) 


Noting from (6.2.10) that 


tae] < Ce [Pua + Ilall + [1a + lull + Iel?) (6.4.5) 
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and by the embedding theorem, we have 
t 
Jeol QP + ICO? + Mel + f || ux(s)||"ds< ©. (6.4.6) 


Similarly, we can derive the similar estimates on v, w from (6.2.11), (6.2.12) and 
then obtain estimate (6.4.1). 

Analogously, using the method similar to that in lemma 5.4.1, differentiating 
(6.2.13) with respect to t, then multiplying the result by 0, over Q, and using the 
Young inequality and the embedding theorem, we can derive, 


‘A t 
o+ f || O24(t) ||" ds < C + Cy sup 89)? + af \|(t(Sz) p),||"ds. (6.4.7) 

0 <s< 0 

It follows from lemmas 6.3.9-6.3.12 that 

t 
f Il(<(Sz) p| ds 
t L 2 
= f f (DASR CS deds 


< af fel] (0(B- N +0, - D) dde) ds 


raf f ( [> [ODD CB- 1) + (Bath — 1) 


2 
+ ((0;) (ru), + (6s)99)(1 — I) + oT — ny afi) dads 


t t L +00 
<a f (Medal? + eI?) ds + aff | f PaGacaeas 
0 0 0 0 2 


<i: (6.4.8) 


Inserting (6.4.8) into (6.4.7), we obtain 
t 
1e? + f leals) ds < Cp. (6.4.9) 
0 
Using the Gagliardo—Nirenberg interpolation inequality and the Young 
inequality, we derive from (6.2.13) that 
[acl] < Cr (NOA + Gell + CP )al| + Fel] tell lleer) < Ce. (6.410) 


Combining (6.4.9), (6.4.10) and lemma 6.3.14, we get (6.4.2). Oo 


The next lemma concerns estimate on the second-order derivative of the specific 
volume. 


Lemma 6.4.2. Under assumptions of theorem 6.2.2, the following estimates hold that 
for any t > 0, 
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t 

leet)? f Me(d Ce, (6.4.11) 
0 


t 
n (Pel? + ex”) (8) ds< C. (6.4.12) 
0 


Proof. Similarly to the proof of lemma 2.4.2, we have the following estimate 
t 
letl f (Ita? + | Pal”) (3) d5< O (6.4.13) 
0 


Differentiating (6.2.13) with respect to x, using the Young inequality, the 
Gagliardo—Nirenberg interpolation and the Poincaré inequality and lemmas 6.3.1- 
6.3.14, we derive 

[axel < Co(NOaell + Wella + Fell + ES) (6.4.14) 


By the definition of (Sz)z and lemma 6.3.12, it follows from that 


[ Il (<(S2)z), l| ds = [Ff ESDS Pde 
<a f (Iz=? + [10s Paral f fria) - 


<a (6.4.15) 


which, together with (6.4.13) and lemma 6.4.1, implies (6.4.12). o 
Now we deal with the radiative intensity Z in ‘H’. 


Lemma 6.4.3. Under assumptions of theorem 6.2.2, the following estimate holds for 
any t > 0, 


Proof. It follows from (6.2.14) and the definitions of J and ZT that 


L +00 1 4 2 
lZ? -f (J a Gir". = (Dan dide) dz 
+00 89 

< af ¢ [= usda) dx + af ¢ pe Deg dae) dx 

82 0 82 

+0 +00 = 2 

raf ¢ [ suia) de af (J f 11) ,.lShde) o 

0 92 0 \Jo $2 


=: J + h+ 34+ J4. (6.4.17) 
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Using the same technique as in lemma 5.4.3, we derive from lemmas 6.3.12, 6.3.13 
and theorem 6.2.1 that with small mollification (here we omit the detail) 


J, t+ 2+ B< Cr. (6.4.18) 


Employing the Gagliardo—Nirenberg interpolation inequality and using lemmas 
6.3.12 and 6.3.13, we can conclude 


L +00 3 2 
nsa f ty ( / 1dSide) da 
0 0 2 
L +00 =3 2 
+ c f u f riae) dz 
0 0 S? 
E +00 = 2 
+ a f (/ | ladde) dz 
0 0 82 


<+ © (lalêr m |Z”) <Q (6.4.19) 


which, along with (6.4.17) and (6.4.18), leads to (6.4.16). o 


6.4.2 Asymptotic Behavior in H? 


Now we concern the asymptotic behavior of the global solutions in H? by the next 
lemma. 


Lemma 6.4.4. Under assumptions in theorem 6.2.2, we have, as t —> +00, 


Ie) — Ale, POl A-I, Ale 0 (6.4.20) 


Proof. By a method similar to that in lemma 5.4.4, we have 


lt -le> 0, [Ol] 0. (6.4.21) 


H? 


Similarly, we can also derive from (6.2.13) that 


d ; ; 
gle + Gy Aull? < C (10A + Wal? + P + Nel? Pal E) 


which, along with theorem 1.2.10, lemma 6.4.1 and (6.4.8), gives, as t > +00, 
la| — 0. (6.4.22) 


We can derive from lemma 6.3.12 that 


d 2 L +00 — +00 Bs 
glS = 2 | (| J, Sda) (/ | s.d ae) dx 
0 0 S2 0 82 


< (1+ ul? +10) 
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which, together with theorems 6.2.1 and 1.2.10, implies, as t ~ +00, 
|| (Sz) || > 0. (6.4.23) 


By equation (6.2.13), we see that 


[|x] < Co (Nel + [zl] + [eel] + || Wel] + |](Se) all), (6.4.24) 

which, along with lemma 6.3.15 and (6.4.22), (6.4.23), gives, as t > +00, 
lOH l| — 0. (6.4.25) 

Thus we have, as t > +00, 
0E) — 4] 42 0. 

Similarly to the proof of (5.4.21) in lemma 5.4.4, we can obtain the desired result 
|Z (2)|| 7s 0. o 
Till now we have completed the proof of theorem 6.2.2. O 


6.5 Global Existence and Asymptotic Behavior in HÍ 


In this section, we shall prove theorem 6.2.3, that is, the global existence and 
asymptotic behavior of solutions in H to the problem (6.2.9)—(6.2.17) under some 
relative assumptions. 


6.5.1 Global Existence in Ht 


First, we estimate uy, Vy, Wy and Ou 


Lemma 6.5.1. Under assumptions of theorem 6.2.3, we have, for any t > 0 ande > 0 
small enough, 


|V x(x, 0)|] + lOl, O| < Ch, (6.5.1) 


|V (x, 0) || + Oele, 0) || + |V ile, 0)|| + [| Orex(2, 0) || < Cr, (6.5.2) 


t t 
Ju f Muld +O f (el? + eu? + lll?) (3)ds, (65.3) 


t t 
MOP f hetis Cr+ C2 f (jil + [ltl )(3)d5, (654 
0 0 
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2 i 2 i 2 2 
|| w(t) | +f || Wix(s) ||" ds < Cy + a f (Ile + || Wize| )(s)ds, (6.5.5) 
0 0 


t t 
loud? + f lllo) ds < C+ Cher? f []Orae(s)|2ds 
0 0 


t 
+ ae f (Pul? + | eel”) (s) ds. (6.5.6) 
0 


Proof. Similarly to the proof of lemma 5.5.1, we have the following estimate 
|| ¥ oe(x, 0) |] + |] W(x, 0) |] + |V alx, 0)|| < C. (6.5.7) 
Differentiating (6.2.13) with respect to x, using the Gagaliardo—Nirenberg 


inequality and the Young inequality, we can derive from theorem 6.2.1 and lemmas 
6.4.1 and 6.4.2 that 


KOES O (10l + [tellin + | %2(4) | + AOAO (6.5.8) 


Similarly, differentiating (6.2.13) with respect to x twice, we can also derive 


lð Ðl] < C (10O + Ole + [F] + DEO) 659 


or 


lOs] < O (10l + [Ite()llae + || 7| 


ge F lOi + MOONEN). 


(6.5.10) 
Differentiating (6.2.13) with respect to t, we have 
luO MOn + NAON + Dln + POl l 
+ Ox) IMNZ eI) (6.5.11) 
< O2(|[V2(2)|] 2 + NOl + lOa + MONEO 
+ OMIE. (6.5.12) 


Thus estimates (6.5.1) and (6.5.2) follow from (6.5.7)—(6.5.12). 

Similarly to lemma 2.5.1 (see also lemma 5.4.1 in Qin [99] or lemma 3.2 in Qin and 
Jiang [114]), we can obtain estimates (6.5.3)—(6.5.5). 

Differentiating (6.2.13) with respect to t twice, multiplying the resultant by 6, 
and performing an integration by parts over L7(0, L), and using the embedding 
theorem and the Young inequality, we have 
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1d r ž rK0, g 3 L ‘ 
a eo dx = — f ( E a ) ee = f (e001 + eru( TU) ,) Onda — F) e910, de 
z L 
-f (e+ p- 522) (ru) ete f (o-r) (ru) Ondx 
0 T G a T 7 : 


rf Ì 2 2,2 
— 2f (cu (r- a) ru) Onde+ uf a aa Oyndx 
0 T t 0 T i 


i L 
— 2n f (u? + v) uude — 1 (t(Sz)p) Onda 
0 0 


Similarly to the proof of lemma 2.5.1, by virtue of theorems 6.2.1, 6.2.2 and 
lemmas 6.4.1—6.4.3, and using the embedding theorem and the Poincaré inequality, 
we can also derive that for any e € (0, 1), 


Ay S = (261) llbasll? + Cs (Moal? H [feel]? + [tela 4 [Gelli + Gull?) (6.5.14) 


A2 < ¢l|Otuc||? + Coe (Jute + [lel F Oall? + Nux? 4 lull”). (6.5.15) 


As < O1(|[ ul] + Otel) tell + (rl) Aull SellOrcll” + Coe "Aull", (6.5.16) 


Ag < ellul? + Coe |||], (6.5.17) 


As S¢|une||” + Coe? (1161? + |leell an + NOl? + IOl? + tell”), (6.5.18) 


1 1 
Ag < Colle [|ts Ë Cl] + ll + a)l (6.5.19) 
7 = 2 
Ay < e(o? + wl?) + Coe (Pallin + Ileal? + [lOull?), (6.5.20) 
As < e( llnl? + Ional?) + Coe (ell in + oele + lel? + Meel? + ell?) 


(6.5.21) 
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It follows from (6.5.19) by the Hélder inequality that 


t t + t 1 
ERT one 7 (8) Pas ( i uC as) 
0 O<s<t 0 0 
t j 
x (f (lus? + Non -+ uel?) as) 
0 


t 
<e( sup loa f usd) +67. (6.5.22) 
O<s<t 0 
Now we can estimate Ag as 
L L L 
sca f (ru) de + Ci|| (ru), ef ((Sr) p); da + a f 02. da + a f ((Sr) p) de 
0 0 0 
< O (lal? + [Ou +S) + Ch [ ((Se) puda. (6.5.23) 
By the induction of (6.4.8), we can easily obtain 
2 
(Se) il? < C (lul? + Oe? + IP). (6.5.24) 


Using the Hölder inequality and the interpolation theorem, we can derive from 
theorems 6.2.1 and 6.2.2 that 


4 ((Sz)p kasf (aac o,(B— 1) +0,(Z — Nida) d 


L +00 
< a f ((ru) + (ru)26? + 64 + 07, + (ru)? )dz + af i f I dQ dedz 
S2 


0 


< C, (1ualÈn + 0A +NOal?+ Neal) +0 ff f Rd acde, 
0 0 7 


(6.5.25) 


Differentiating (6.3.67) with respect to ¢ twice and after the lengthy calculation, 
we can derive 


t +00 = t £ t +00 one 
E J BdGacas< C+ œ f llOuls)l|? ds + a f T J Tid dedsdy, 
0 JO 7 0 0 0 JO E 


(6.5.26) 


Applying the Gronwall inequality to (6.5.26), we can obtain 


t pL +00 En i 
i f | f I dQ dedads < (co+ a f ZOK) et 
o Jo Jo 82 o 


t 
<Q+ a f |l0u(s)||?ds. (6.5.27) 
0 
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Inserting (6.5.24), (6.5.25) and (6.5.27) into (6.5.23), we have 


Ag < C(u? + Oul? + [tellin + Neen + IZe?). (6.5.28) 


Thus we derive from (6.5.13)—(6.5.18), (6.5.20), (6.5.21) and (6.5.28) that for any 
e € (0, 1) small enough, 


t t 
louco f ||Qr2(s)||"'ds < Cre + ce" f ||Oxu(s) l| ds+ Cie( sup l0u(s) |? 
0 0 <s<t 
2 2 
+f (re + ||¥ ull Ja). (6.5.29) 
0 


Therefore taking supremum in ¢ on the left-hand side of (6.5.29), picking 
e € (0, 1) small enough, and using (6.5.11), we can derive estimate (6.5.6). The proof 
is thus complete. O 


Next, similarly to lemma 2.5.2, we can establish estimates on Urt, Urt, Wie and Ort 


Lemma 6.5.2. Under assumptions of theorem 6.2.3, the following estimates hold that 
for any t > 0 and e > 0 small enough, 


t t 
InN ff DN d Cr+ CaP f(a? + aa) (sas, (6530 


t t 
lea OUP f Moat ds < Cat Coe? fons, (6.5.31) 
0 0 
2 : 2 t 2 
hP f Mloda Coe fea sas (6.5.32) 
0 0 
2 t 2 2 
loal +f Oxeu(s)||2ds< Cy + oe | moles (6.5.33) 
0 0 


Proof. Similarly to lemma 2.5.2 (see also lemma 5.4.2 in Qin [99] or lemma 2.4 in 
Qin and Jiang [114]), we can obtain estimate (6.5.30)—(6.5.32). 
Now we derive from (6.2.13) that 


ce 07d. 25 0g (6.5.34) 
2 di ; Mpm = i LO. 
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Dina f° (28) oma, aw r ae 


L (py)? + rw? 7 1 
D3(t) = uf ( et =| O¢dz, Dy(t) = -f (cout + z 0w + cos Ordaz, 
0 
t 


L L 
Ds(t) = 2u f (u? + v) Orme da, D(t) -f (t(SP) p) ig te de. 


By virtue of theorems 6.2.1, 6.2.2, lemma 6.5.1 and (6.5.30)—(6.5.32), and using 
the embedding theorem and the Young inequality, we derive that for any e € (0, 1), 


Dy(t)S = (2G) brl? + Co(Ileellin + Ollie + lOellin + Ital”), (6.5.35) 


Dy(t) < elle? + Coe? (url + NOl + Muel? + [tellin ), (6.5.36) 


Ds(t) < 8 (lrs? + lleizell?) + CE? osle + lleell 


H llOn + Itella + lve? + Iwal’), (6.5.37) 


Da(t) <e"||Otecll” + Coe? (Ite H [eller + Noelle + llull? 4 litl?) (6.5.38) 


Ds (8) < ltra + Coe? (Maly + Moala + el?n + leds), (6.5.39) 
Dg(t) < È lOl? + Celal (6.5.40) 
Inserting (6.5.35)—(6.5.40) into (6.5.34), we obtain estimate (6.5.33). oO 
Subsequently, we establish some estimates in H4. 
Lemma 6.5.3. Under assumptions of theorem 6.2.3, we have for any t > 0, 
[PeO + Mau) + Oe)? + Uae IP 
+ f (uc? Pe iel Wael?) (s)ds< Ci, (6540 


Mte Ollin + || xxx (ED [lige + MOa DN + |P O? + MOO 


t 
+f (Pal? + |P llin + 8al? + Oel?) (3) ds < Ca, (6.5.42) 
0 
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t 
Proof. Adding up (6.5.3)—(6.5.5), we conclude 
t 
[Fa + lou | (Mell? 0al) as 
0 


t 
<O C f (|P? + el) as (6.5.44) 
0 


Now multiplying (6.5.44) and (6.5.6) by £ and 2°, respectively, then adding up the 
resultants and (6.5.30)—(6.5.33) and picking ¢ small sufficiently, we obtain (6.5.41). 

Applying lemma 6.3.12, theorems 6.2.1, 6.2.2 and lemmas 6.5.1, 6.5.2 and using 
the Hélder inequality, we can derive from equation (6.2.20) that 


t ae a E 
ficatas f f f | Liicis 
0 0 J0 0 s2 
t pL p+oo -2-2 2 
=AL LCE i S2 + <1) dGhdedrds < Cı, (6.5.45) 
0 JO JO sz \ @ r 


t , t L +00 = 
f leulPass f f | J 1. d@ dedrds 
0 0 0 0 82 
t L t L +00 = 
<af f (2+ 02)deds+o, f f f f BeGacanis 
0 0 0 0 0 82 
t L +00 1 me 
+a f f Í I (+P) dB dedods< Ci, (6.5.46) 
0 Jo Jo 2 \@ 


t t A +00 = 
Í |Z| ds < Í | f i I2 „dQ dedads 
0 0 JO 0 Z 


t pL 
<Q i f (t2 + UA + i + 0°) dads 
o Jo 


t L +00 = 
+af f f f (2+ + P)dQdedrds< C. (6.5.47) 
0 J0 0 S? 


Similarly to lemma 2.5.3 or lemma 5.5.3 (see also lemma 5.4.5 in Qin [99]), we 
have the following estimates 


t 
ltal? + 1 ltæls)||?ds < Ch, (6.5.48) 
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t 
[PPHP f (Palliat Pelin) dss (65.49) 


Noting (6.4.14) and (6.5.10), using the embedding theorem, theorem 6.2.2 and 
lemmas 6.5.1, 6.5.2 and (6.5.45), (6.5.46), we can derive for any t > 0, 


t 
|| Oxe(t)|I° a || On2(t)|\ Zac + f ([l0 ax a lOar) (s)ds < Cy. (6.5.50) 
Similarly to lemma 2.5.3 or lemma 5.5.3, we also have 
t 
[Fa + f (Peel? + [Pal P) (s< C. (6.5.51) 
0 


Differentiating (6.2.13) with respect to t and using theorems 6.2.1 and 6.2.2, we 
can conclude 


Arse < Cs (Gull + IZA + C (P + tell + MeNe + illan + | Felin) < Ce 
(6.5.52) 
which, together with lemmas 6.5.1, 6.5.2 and (6.5.10), implies 


lOl? + [ (Mil? + lOa) (3)d8< Cy (6.5.53) 
Therefore, combining (6.5.51) and (6.5.53), we get 
=> 2 2 2 
EEIEIE 30 + [ (I cen ee Oazi~ ) (8) ds < Ci. (6.5.54) 


Similarly, noting (6.5.12) and (6.5.45), using the same method as in lemma 5.4.5 
of Qin [99], we can obtain 


t 
f (Il Full’ + Gull”) (s)ds< c, (6.5.55) 
0 


t 
I tanne(#)||2 + fi ltal)? ds < Ca. (6.5.56) 


Differentiating (6.2.13) with respect to x and t, using theorem 6.2.2 and lemmas 
6.5.1 and 6.5.2, we can derive 


lizel S Ci brall + Co(l|Pall yo + Well xe + Nall + Nael + IESE): 
(6.5.57) 
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We know that 


Doala cf (Ilo (Seal? +e) (Se) dl? 
0 0 
HASA HND dal) 
= 5 Bi. (6.5.58) 


Using equation (6.2.14) and the Sobolev embedding theorem, theorems 6.2.1, 
6.2.2, (6.5.45) and (6.5.46), we have 


t pl +00 = 2 
Bsa f | (ray Sda) dzds 
0 Jo 0 9 
t È +00 = 2 
<C f f (raf | (r1), dae) dads 
o Jo 0 92 


t pL 
<af f (ru)? (T2 +T?) drds 
0 


0 


t 9 P P 
<o f Meo (IE + IZix) as 


0 


t 
(lZ? + Ze) <C. (6.5.59) 


IA 
Q 
5 


0 


Similarly, we also derive from (6.5.45)—(6.5.47) that 
t 
BSO f (IE + El? + IEP) < Ce (6.5.60) 
0 


Using lemma 6.3.13 and theorems 6.2.1, 6.2.2, we can derive 


t pL +00 = 2 t pL +00 4 
Bsa f | a(f saBae) dzds < a f f af | (o,(B —I));dQdedads 
0 JO 0 s t 0 JO 0 # 
t L . t L +00 oy 
<a f i (12 + (ru)2r? + 672?) dads + a f Í f | I? dQ dedzds 
0 JO 0 Jo J0 s2 


t t L +00 
<a f (Ulin + cline + eal?) as co ff i) f BdGacieds< Ci. (6.5.61) 
0 0 0 0 S2 


In the same manner, we also get 


t 2 2 9 a t L +00 = 
BSO | (leale + Glin + [Olin +e as ce f f f f Bi deiras 
0 0 sü 0 S? 
(6.5.62) 
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Meanwhile, it follows from (6.2.14) and lemma 6.3.12 that 


t L +00 ary 
ee! J dÈ dedas 
o Jo Jo 92 
t pL ptoo -1 2 

a fC Toh 51) dQ dededs 

0 Jo JO 82 (e r t 

t pL t pL p+oo = 
cara f (u? + 07) dads + af | ‘i J BaGacanis 
o Jo o Jo Jo 82 


<C. (6.5.63) 


Thus we derive from (6.5.57)—(6.5.63) that 
t 
I ll Qtxe(8)||°ds< C4. (6.5.64) 
0 


Differentiating (6.2.10) with respect to x three times, using lemmas 6.5.1, 6.5.2 
and theorem 6.2.2 and applying the Poincaré inequality, we derive 


|| Greece || < Ci || ttez l| + Co (|| ell ys + [tall zs + @cll gs + vell). (6.5.65) 


Thus we derive 


t 
| || raaae( 8)||? ds < Cy. (6.5.66) 
0 
Using the same technique, we can derive from (6.2.11)—(6.2.13) that 
|| Ure || < Cr || Vtxee|| + Co (l| Vell gs + |[tell gs + I] ell 2)» (6.5.67) 
|| We || < Cr || Were || + Co (|| well z T lltellz) (6.5.68) 
|lOzzzzs || < C1 (|| Ozz || + lZ zll) ag o (IP-a T [tall z a lllz) (6.5.69) 


Therefore, we have 


t 
f |lOrzr(5)|| ds < C4. (6.5.70) 
0 


Hence, we complete the proofs of (6.5.56) and (6.5.57). m 
Finally, we concern the estimate on Z. 


Lemma 6.5.4. Under assumptions in theorem 6.2.3, the following estimate holds for 
any t > 0, 


|Z (t)| 


PESON (6.5.71) 
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Proof. By equation (6.2.14), we have 


: E — + co - 2 
Tatl = f (/ S Sadat f 1 (I) d Ede) di 
0 0 s2 0 3 ò 5 P 
L +00 í : 
0 0 2 
L tee ; a 
+f (J 1 (T? +t; + Tax) (<5.+4) dde) dx 
9 0 x o 
L ae i WEE 
i | ( T | cme (= 5+ ta) Bae) de 
0 0 82 w 
L hes i Ae i 
H U J, (S+ a) dde) do=: ) | F (6.5.72) 
0 0 s2 \@ a 


2: 


Now we estimate each term in (6.5.72). Noting the expressions of S and Z, we 
have 


L + 00 1 = 2 
Asaf TETEE ETET f (<5 +1) dac) dz 
0 so. . a 0 g2 \@ 


L 
< a f (PERH, + a) (CIT) dæ < Cilltzll? < Ca. (6-5-73) 
0 


Noting assumptions on o, and o,, applying the Sobolev embedding theorem and 
lemma 6.3.13, we have 


L +00 1 a4 2 
F< a f (x8 T T, (/ i} (s+ 1) ddae) dz 
0 0 2\@ 
L +0o =g 2 
< a f CEREA (sre (/ | (1+ o+ o)l, dTde) Ja 
0 0 2 


L 
<C a (P +++ 0 +T?)de 
0 


< O1( Ileal + [olin + [Zollin ) < C- (6.5.74) 


Similarly, we can also derive from lemmas 6.3.13 and 6.4.3 that 


L +00 2 
P3< (O f (1f Eg T?) (/ | E Srx + In) Gade) dx 
0 0 2 \o 


L 
<c I (t+) (+0 +e toe co! 
0 


+00 ok 2 
+ (/ f (1+04+0,)Indde) ) ar 
0 82 


L 
< a f (t44 ao H HE+ +- lZal?) dz 
0 


< Ci (lleellin + [Oellan + Zall) < C (6.5.75) 
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dx 


L +00 1 
rn f (/ | (= See + fw) 0 ie) 
0 0 92 
2 
< C (lale + lale) jra f A ff (1444+ 6.)londShde) dz 


< O (lltal?e + lOe + Zale) < Ci- (6.5.76) 


Inserting (6.5.73)—(6.5.76) into (6.5.72), we have 


Analogously, we also derive from equation (6.2.14) that 


L +00 1 => 2 
|Z aaxeen(t) || = | (J J (r rS) ee + 2A dQ de) dx 
+00 1 T 2 
<Q 4 J Le cs + Tar + Te Tae + Treet Tren) S4 1) dQ de) da 
0 S? - 
È 9 1 > Vy 
fe (x4 Tr + TU, + Tae 4 Tare) Sr +I] dQde } dx 
0 0 S 2 
to po, 1 zN 
(T Tr Tan) See + Lex )dQde | dx 
0 s o 
+00 3 1 => s 
(ae =e Tie) am gS + Terr | dQ de) dx 
0 g 
L +00 2 
+ S (S [ Gmt teas) die) a= 90 6. ee) 
0 0 82 i=l 


Using the same technique as in (6.5.73)-(6.5.76), we can also get the following 
estimates 


+00 j = 
Py h (1 +I] ) ah dear 


2 


L +00 
Ga < a f (zÈ i i l T l aal n G Sy +L) dae) dz 
0 0 
L +00 2 
< a f (EHEHEH + Ta) ++ +(/ f. 1+o,+4;5)I, d&d) da 
0 


< © [eel + lle? + IE?) < Ch (6.5.80) 
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L +00 1 y 2 
G3 < a f (1° Ê T (/ I G Sas 1e) dQ de) dx 
0 l 0 s2 \@ 
L +00 -_ 2 
< a f (8472472, ( LP +P +0476 4 (| 1 (1404+ 0,)lndide) Ja 
0 0 82 


< © (Itale + Gelli + Zla) < Co (6.5.81) 


+00 pE 2 
asaf qt +Ê 1G) Í. G Sas + Ine) dae) dz 
0 
+00 
< Ci (Maln + llên jaf (| i (lto,+6, Inada) de 


< Ci (Mæl Tr {| acl zr F Zolli) < C4. (6.5.82) 


a N 


Using the Sobolev embedding theorem and (6.5.77), we have 


+00 ZER 2 
Gs < Ci T (/ I (<5 zres + In dQ de) dx 
$2 
2 +00 
< Ci (Irale + IlOll? jaf (/ Ja (1+0 +0s) JIan@ide) dx 


< Ci (Ifeall fn + bele + Zele) < Ci- (6.5.83) 


Inserting (6.5.79)—(6.5.83) into (6.5.78), we get 


which, along with (6.5.77), leads to (6.5.71). oO 


By lemmas 6.5.1-6.5.4, we have proved the global existence of solutions in H4 to 
the problem (6.2.9)—(6.2.17) with arbitrary initial datum (to, Vo, 0o, Zo) € H’ and 
the uniqueness of solutions follows from that of solutions in H! or in H?. 


6.5.2 Asymptotic Behavior in Ht 


In this subsection, we shall show the asymptotic behavior of global solutions in H’*. 


Lemma 6.5.5. Under assumptions in theorem 6.2.8, we have, as t > +00, 


I(t) — Tl 0, Ola 0, E- A] yn o. (6.5.85) 
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Proof. Differentiating (6.2.9) with respect to x three times and then multiplying the 
resultant by Tys in L7(0, L), we have 


d 


which, along with (6.5.51) and theorems 6.2.1, 6.2.2 and 1.2.10, leads to, as 
t— +00, 


Similarly, differentiating (6.2.9) with respect to x four times, we can obtain 
d 
dt Tall? < Qh (1 + | Url? + | Una ||” T | thecal” + ial) (6.5.88) 


which, along with (6.5.56) and theorems 6.2.1, 6.2.2 and 1.2.10, yields, as t > +09, 


which, combined with the Poincaré inequality, gives, as t > +09, 


r(t) —Tl| gs 0. (6.5.90) 
From lemma 6.5.2, we can easily get 
d = 
Fla + Of NO 
2 2 
< e(l DN? + [FOl + CTO +0- 
2 
HOP + Ole + EaD. (6.5.91) 


From the calculation of (6.5.59)-(6.5.62), we have 


EPMO c (IZ) i + ZON + eO ie + NDN + Oln + Itel?) 


(6.5.92) 
which, combined with theorem 1.2.10 and (6.5.91), leads to, as t > +00, 
|| x(t) || — 0. (6.5.93) 
Noting that, as t > +00, 
IZ(4) ll 0 (6.5.94) 


and using (6.4.14), we have, as t > +00, 


|| @xxx(t) || — 0. (6.5.95) 
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From lemma 6.5.1, we can easily obtain, for any e > 0, 
d 
gleo + Cy" llOO? 
< e(a (DË + [Pau + Gla OI + [Fal 


+ []u( 2)? + NDP + ECS) Ol. (6.5.96) 


From equation (6.2.14), we have 
(Se) ull s Cr (ha ®l?n + lOa ONË + Za? + IZO + Izl) 
(6.5.97) 
which, by theorem 1.2.10 and (6.5.96), leads to, as t > +00, 
lOt) l| — 0. (6.5.98) 
On the other hand, we have 
lea D< Co Mu ON + MO + |W 2(4) |] + UOC) ON Oe EA); 
which, combined with lemma 6.4.4 and (6.5.93)—(6.5.97), yields, as t > +00, 
|| @xxe(t) || — 0. (6.5.99) 
Thus it follows from (6.5.98) and (6.5.10) that, as t > +00, 
|| 9x222(t)|| — 0, (6.5.100) 


which, obviously, along with theorem 1.2.10 and the Poincaré inequality, leads to 
our desired estimate |] (2) — Ol| gı 0, as t—> +00, Analogously, applying lemmas 
6.5.1, 6.5.2 and theorem 1.2.10, we can derive from (6.2.10)-(6.2.12) that 
I| ¥ (4) || ,:— 0. Here we omit it. Oo 


Lemma 6.5.6. Under assumptions in theorem 6.2.3, we have, as t > +00, 


IIZ(4)|lys— 0- (6.5.101) 


Proof. We can derive from (6.5.73)—(6.5.76) that 
Fi < C1|| Texel”, (6.5.102) 


Fe <O4( [tellin + [Oslin + IZellzn) (6.5.103) 


Fs < C, eallin + Gelli + lZ?) (6.5.104) 
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Fi < Ci(lrellie + [Gelli + IZel? + Zel’). (6.5.105) 


Applying (6.5.72), (6.5.102)—(6.5.105) and theorems 6.2.1, 6.2.2, we have, as 


t — +00, 


Similarly, using (6.5.79)—(6.5.83), (6.5.106) and theorems 6.2.1, 6.2.2, we also 
have, as t > +00, 


\|Zearze(t)||’— 0. (6.5.107) 
Therefore, we complete the proof. O 
Till now we have completed the proof of theorem 6.2.3. O 


6.6 Bibliographic Comments 


About the infrarelativistic model with radiation, we have recalled some known 
results in section 6.5. For the cylindrically symmetric Navier-Stokes equations, we 
would like to refer to [99, 103, 114] and the references therein. However, it should be 
pointed out that the authors have established main results in [99, 103, 114] only 
when the initial total energy is sufficiently small. In this chapter, our results have 
improved these known results on the cylindrically symmetric case. 
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